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The g-relations
Consider operators a; and their adjoints a; for i € I; for I = [d] or [ =N
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The g-relations
Consider operators a; and their adjoints a; for i € I; for I = [d] or [ =N

Bosonic relations

aia; — a}ai = 5ij1 aiaj = ajai |
Fermionic relations
aia,;f + a;‘-a,,- = 51’]'1 a;a; = —a;a; )
Cuntz relations
aia; = 5@'1
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The g-relations
Consider operators a; and their adjoints a; for i € I; for I = [d] or [ =N

Bosonic relations

* *
aiaj — ajai = 5ij1

Fermionic relations

* *
a;a; + a;a; = 5ij1

Cuntz relations

a;a

j = 6ij1
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The g-relations

Consider operators a; and their adjoints a; for i € I; for I = [d] or [ =N

Bosonic relations (¢ = 1)

a;a; — a;

j Jaizéijl

Fermionic relations (¢ = —1)

* *
a;a; + a;a; = 5ij1

Cuntz relations (¢ = 0)

*
aiaj = 52']'1

g-relations for —1 < ¢ <1

* *
a;a; — qa;a; = dg51
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Bozejko, Speicher 1991

@ there exists a realization of the ¢-relations on a Hilbert space for all
—1 < ¢ <1, such that a; is adjoint to a}

@ this is a Fock representation, i.e., there is vacuum vector ) such that

a;2=0 for all ¢

e if ¢ # 1, then the a; are bounded operators
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Bozejko, Speicher 1991

@ there exists a realization of the ¢-relations on a Hilbert space for all
—1 < ¢ <1, such that a; is adjoint to a}

@ this is a Fock representation, i.e., there is vacuum vector ) such that
a;2=0 for all ¢

e if ¢ # 1, then the a; are bounded operators

Bozejko, Kiimmerer, Speicher 1997

@ operatoralgebraic and probabilistic properties of the ¢-Gaussian
operators and algebras

e ¢-Gaussian functor H — T'y(H)
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EESSS———
The q C*-algebras and von Neumann algebras
o C*(aj,al |1 €l)

o C*(a;+aj|iecl)

e vN(a;,a} |i€ )
o VN(a;+af|iel)

o & = E DA
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The q C*-algebras and von Neumann algebras
o C*(aj,af |1 el

i

o C*(a;+aj|iecl)

e vN(a;,a} | i € I) isomorphic to B(H)
o VN(a;+af|iel)
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The q C*-algebras and von Neumann algebras

o C*(aj,af|iel)
» for ¢ = 0: (extension of) Cuntz algebra Oy

o C*(a;+aj|iecl)
» for ¢ = 0: the free Gaussian functor of Voiculescu

e vN(a;,a} | i € I) isomorphic to B(H)
o VN(a;+af|iel)
» for ¢ = 0: the free group factor L(Fy)
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The g C*-algebras and von Neumann algebras

o C*(aj,af|iel) (I = [d], where d < o0)
» for ¢ = 0: (extension of) Cuntz algebra Oy
» for |g| < v/2 — 1 isomorphic to ¢ = 0 (Jorgensen,Schmitt, Werner 1995)
» for |¢| < 0.44 isomorphic to ¢ = 0 (Dykema, Nica 1993)

o C*(a;+aj|iecl)
» for ¢ = 0: the free Gaussian functor of Voiculescu

e vN(a;,a} | i € I) isomorphic to B(H)
o VN(a;+af|iel)
» for ¢ = 0: the free group factor L(Fy)
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The q C*-algebras and von Neumann algebras

o C*(aj,af|iel) (I = [d], where d < o0)
» for ¢ = 0: (extension of) Cuntz algebra Oy
» for |g| < v/2 — 1 isomorphic to ¢ = 0 (Jorgensen,Schmitt, Werner 1995)
» for |¢| < 0.44 isomorphic to ¢ = 0 (Dykema, Nica 1993)

o C*(aj+alliel)
» for ¢ = 0: the free Gaussian functor of Voiculescu
» for g sufficiently small (depending on d, d < o0): isomorphic to ¢ =0
(Guionnet, Shlyakhtenko 2014)

e vN(a;,a} | i € I) isomorphic to B(H)
o VN(a;+af|iel)
» for ¢ = 0: the free group factor L(Fy)

» for ¢ sufficiently small (depending on d, d < o0): isomorphic to ¢ =0
(Guionnet, Shlyakhtenko 2014)
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The q C*-algebras and von Neumann algebras

o C*(aj,af|iel) (I = [d], where d < o0)
» for ¢ = 0: (extension of) Cuntz algebra Oy
» for |q| < /2 — 1 isomorphic to ¢ = 0 (Jorgensen,Schmitt,Werner 1995)
» for |¢| < 0.44 isomorphic to ¢ = 0 (Dykema, Nica 1993)
» for all |¢| < 1 isomorphic to ¢ = 0 (Kuzmin, March 2022)
o C*(a;+aj|iecl)
» for ¢ = 0: the free Gaussian functor of Voiculescu
» for g sufficiently small (depending on d, d < oo): isomorphic to ¢ =0
(Guionnet, Shlyakhtenko 2014)
» forall -1 < ¢ <1, ¢#0, d= oo: not isomorphic to ¢ =0
(Borst, Caspers, Klisse, Wasilewski, Feb 2022)
e vN(a;,a} | i € I) isomorphic to B(H)
o VN(a;+af|iel)
» for ¢ = 0: the free group factor L(Fy)
» for g sufficiently small (depending on d, d < oo): isomorphic to ¢ =0
(Guionnet, Shlyakhtenko 2014)
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The g-Fock space
Fix ¢ € [-1, 1] and consider Hilbert space H. The ¢-Fock space

—<.7.>q
Fy(H) = @PHen (H® =CQ)

n>0

is completion of algebraic Fock space with respect to inner product

<f1 Q- ® fnagl & ®gm>q = dnm Z H<frvgo(r)>qi(a)

oc€Sp r=1

o i(o) =#{(k,]) |1 <k <l<mn;o(k) > oc(l)} is number of inversions
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The qg-Fock space
Fix ¢ € [-1, 1] and consider Hilbert space H. The ¢-Fock space

e ()
Fy(H) = @PHen (H® =CQ)

n>0

is completion of algebraic Fock space with respect to inner product

<f1 Q- ® fnagl & ®gm>q = dnm Z H<frvga(r)>qi(0)

oeS, r=1

o i(o) =#{(k,l) |1 <k <l<n;o(k)>oc(l)} is number of inversions
@ inner product is positive definite, and has a kernel only for ¢ = 1 and
g = —1 (Bozejko, Speicher 1991)

@ for ¢ =1 and ¢ = —1 first divide out the kernel, thus leading to the
symmetric and anti-symmetric Fock space, respectively
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I
Creation and annihilation operators
e a*(f)Q=f and
e its adjoint is given by a(f)Q =0 and

A Rfa=fRA - ® fa

(L@@ fn=Y @ @1 @ fr1 @@ fo
r=1

= & = E DA
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Creation and annihilation operators

a'(fit=f and (AR @fp=fO/@ @ fn
e its adjoint is given by a(f)Q =0 and

aNfi® @ f=) 0 LIS @@ i1 ® @ fa

r=1

@ those operators satisfy the g-commutation relations

a(f)a*(g) —qa™(g)alf) = (f,9)-1  (f,9€H)
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Creation and annihilation operators

a(f)i=f and  dH()AL® - Rfa=fRHAD D fa

e its adjoint is given by a(f)Q =0 and

W) h@ @ fn=Y ¢ V@ 1@ fr1 @

r=1

@ those operators satisfy the g-commutation relations

a(f)a*(g) —qa™(g)alf) = (f,9)-1  (f,9€H)

@ prominent special cases:
» g = 1: CCR relations
» g = 0: Cuntz relations
» g = —1: CAR relations

® fn

o with the exception of the case ¢ = 1, the operators a*(f) are bounded
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|
g-Gaussian Distribution
@ consider ¢g-Gaussian operators
X(f)=alf)+a*(f) [ €Hrel
@ consider vacuum expectation state
7(T) = (Q,TQ),, for T € B(F,(H))

e multivariate g-Gaussian distribution is the non commutative
distribution of a collection of g-Gaussians with respect to the vacuum
expectation state 7
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|
g-Gaussian Distribution
@ consider g-Gaussian operators
X(f)=alf)+a*(f) [ €Hrel
@ consider vacuum expectation state
7(T) = (Q,TQ),, for T € B(F,(H))

o multivariate g-Gaussian distribution is the non commutative
distribution of a collection of ¢-Gaussians with respect to the vacuum
expectation state 7

@ is given by g-deformed version of the Wick/lIsserlis formula

X)X ) = Y, ¢ ] (i fo)s

wEP2(k) (Lr)er

where cr(7m) denotes number of crossings of pairing =
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Contribution of Pairing to Moment

TIX (1) X (f2) X (f3) X (f4) X (f5) X (f6)]

non-crossing
X(f3) X(f2)
X (fa) X (f1)
(f1, fa) - (f2, f3) - (f5, fo)
X(fs) X (fs)
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Contribution of Pairing to Moment

TIX (1) X (f2) X (f3) X (f4) X (f5) X (f6)]

one crossing
X(f3) X(f2)
X (f4) X(f1)
q-{f1, f3) - (f2, fa) - {f5, f6)
X(fs) X(f6)
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Contribution of Pairing to Moment

TIX (1) X (f2) X (f3) X (f4) X (f5) X (f6)]

three crossings
X(f3) X(f2)
X(fs) X (f1) 5
q° - (f1, fa) - (f2, f5) - (f3, fe)
X(f5) X(fs)
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NSNS
The g-Gaussian von Neumann algebras I' (#)

g-Gaussian operators

X(f) = a(f) +a*(f)
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I
The g-Gaussian von Neumann algebras I' (#)
g-Gaussian operators and ¢-Gaussian algebras
X(f) = a(f) +a*(f),

I1(1(7'[rea|) = VN(X(f) | fe Hreal)

= & = E DA
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|
The g-Gaussian von Neumann algebras I' (#)

g-Gaussian operators and ¢-Gaussian algebras

X(f) = (l(f) =+ a*(f)v 1—‘q(,Hreal) = VN(X(f) | f € Hreal)

[',(R?) has the following properties:

@ it is a non-injective, prime, strongly solid Il;-factor for all —1 < ¢ < 1
(Ricard 2005, Nou 2004, Avsec 2011)
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|
The g-Gaussian von Neumann algebras I',(#)

g-Gaussian operators and ¢-Gaussian algebras

X(f) = (l(f) =+ (Z*(f), 1—‘q(,Hreal) = VN(X(f) | f € Hreal)

[',(R?) has the following properties:

@ it is a non-injective, prime, strongly solid Il;-factor for all —1 < ¢ < 1
(Ricard 2005, Nou 2004, Avsec 2011)

e it is isomophic to T'g(RY) for small ¢ (Guionnet, Shlyakhtenko 2014)

@ we have a couple of distributional properties of the generators
X1,...,Xg for small ¢ (Dabrowski 2014)
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|
The g-Gaussian von Neumann algebras I',(#)

g-Gaussian operators and ¢-Gaussian algebras

X(f) = (l(f) =+ a*<f)7 1—‘q(,Hreal) = VN(X(f) | f € Hreal)

[',(R?) has the following properties:

@ it is a non-injective, prime, strongly solid Il;-factor for all —1 < ¢ < 1
(Ricard 2005, Nou 2004, Avsec 2011)

e it is isomophic to T'g(RY) for small ¢ (Guionnet, Shlyakhtenko 2014)

@ we have a couple of distributional properties of the generators
X1,...,Xg for small ¢ (Dabrowski 2014)

@ combinatorial description is nice and concrete
@ analytic description is more abstract and mostly perturbative around
the case ¢ =0
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Regularity properties of generators
Consider X7, ..., X selfadjoint operators in a tracial vN-algebra (M, 7)

Conjugate system: &;,...,& € L2(Xy,..., Xq)
T(fiQ(Xl,...,Xd»:T®T[a¢Q(X1,...,Xd)], i.e. 51:(91*9(89 }

Roland Speicher (Saarland University) Conjugate system for q-Gaussians 10 / 27



Regularity properties of generators
Consider X7, ..., Xy selfadjoint operators in a tracial vN-algebra (M, 7)

Conjugate system: &;,....&; € L3(Xy,..., Xq)

T(fiQ(Xl, R ,Xd)) =S T®7‘[8¢Q(X1, - ,Xd)], i.e. 51 = 8;‘(2 Q0N

&1, ..., &g are Lipschitz conguate if
0 & € dom((‘?j)
° 3352 S W*(X) ® W*(X)
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Regularity properties of generators
Consider X7, ..., Xy selfadjoint operators in a tracial vN-algebra (M, 7)
Conjugate system: &;,....&; € L3(Xy,..., Xq)

T(fiQ(Xl, ... ,Xd)) =7 T[aiQ(Xl, ... ,Xd)], ie. &= a;kQ ® N

v

&1, ..., &g are Lipschitz conguate if
0 & € dom(aj)
° 8352 S W*(X) ® W*(X)

Normalized dual system: Dy, ..., Dy
@ unbounded operators on L?(X,7) with C(X) C domain
e D=0, 1€ dom(Dy)
o [D;, X;] = 6i; P
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Regularity properties of generators

Consider X7, ..., X selfadjoint operators in a tracial vN-algebra (M, 7)

Conjugate system: &;,...,& € L2(Xy,..., Xq)

T(fiQ(Xl, ... ,Xd)) = T®T[8¢Q(X1, - ,Xd)], i.e. er = 8;‘(2 ®Q N

v

Normalized dual system: Dy,..., Dy

@ unbounded operators on L?(X, 1) with C(X) C domain
e D=0, 1€ dom(Dy)
(] [DZ,X]] = (5”PQ
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Regularity properties of generators

Consider X7, ..., X selfadjoint operators in a tracial vN-algebra (M, 7)

Conjugate system: &;,...,& € L2(Xy,..., Xq)

T(fiQ(Xl, ... ,Xd)) = T®T[8¢Q(X1, - ,Xd)], i.e. er = 8;‘(2 ®Q N

Normalized dual system: Dy,..., Dy

@ unbounded operators on L?(X, 1) with C(X) C domain
e D=0, 1€ dom(Dy)
(] [DZ,XJ] = 5”PQ

v

Theorem
If (Dq,...,Dyq) is a normalized dual system, then a conjugate system is
given by

0NN =¢ =D )

10 / 27



Regularity properties of generators
Consider X1, ..., X  selfadjoint operators in a tracial vN-algebra (M, 7)

Conjugate system: &;,...,&; € L2(Xy,..., Xq)
T(&Q(X1,. .., Xq)) =7 T[0:Q(X1,...,Xg)], e  &§=0;QA®Q J
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Regularity properties of generators
Consider X7, ..., Xy selfadjoint operators in a tracial vN-algebra (M, 7)

Conjugate system: &;,...,&; € L2(Xy,..., Xq)
T(&Q(X1,. .., Xq)) =7 T[0:Q(X1,...,Xg)], e  &§=0;QA®Q J

@ note that the non-commutative derivative 0y :

CXWN N feH) 2CXUN) [ FeH)oCX()|feH)

X(f1) - X(f) = Y _F )X (F1) - X (fre1) ® X (frr) -+ X (fn)

k=1

has an easy (independent of ¢) description on the algebra generated
by all X(f)
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Regularity properties of generators
Consider X7, ..., Xy selfadjoint operators in a tracial vN-algebra (M, 7)

Conjugate system: &;,...,&; € L2(Xy,..., Xq)
T(fiQ(Xl,...,Xd)):T®T[aiQ(X1,...,Xd)], i.e. 5,:8;*Q®Q J

@ note that the non-commutative derivative 0y :

CXWN N feH) 2CXUN) [ FeH)oCX()|feH)

X(f1) - X(f) = Y _F )X (F1) - X (fre1) ® X (frr) -+ X (fn)

k=1
has an easy (independent of ¢) description on the algebra generated
by all X (f)
@ in order to calculate its adjoint 8}, however, we have to understand
the behaviour of 0f as an unbounded operator on the Hilbert space

Oy : L*(M,7) — L*(M,7) ® L*(M, )
12



I
Embedding of vN-algebra into Fock space

Ty(H) = Fy(H) = L*(Ty(H),T)
T+— T
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I
Embedding of vN-algebra into Fock space

Ty(H) = Fy(H) = L*(Ty(H),T)
T+— T

X(f1) - X (fn) = X(f1) - X ()2
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I
Embedding of vN-algebra into Fock space

Ty(H) = Fy(H) = L*(Ty(H),T)
T+— T

X(f1) - X (fn) = X(f1) - X ()2

= 1® @ fa

=] 5 = = DA
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R
Embedding of vN-algebra into Fock space

Ty(H) = Fy(H) = L*(Ty(H), 7)
T+— T

X(f1) -+ X(fn) = X(f1) -+ X (fn)Q2

WHe @)=L - &f

Wick product

stochastic integral
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R
Embedding of vN-algebra into Fock space

Ty(H) = Fy(H) = L*(Ty(H), 7)
T+— T

X(f1)- - X(fa) = X(f1) - X(fn)2 J)

—
fin
—h
n
—
=]

WHe @)=L - &f

Wick product

stochastic integral
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R
Embedding of vN-algebra into Fock space

Ty(H) = Fy(H) = L*(Ty(H), 7)
T+— T

X(f1)- - X(fa) = X(f1) - X(fn)2 J)

—
fin

—h
n

—
=]

@=-=--
[ —_—
. -

WHe @)=L - &f

—
in

—h
™

—
=

Wick product

stochastic integral
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-
From X(---) to W(---) and back

There are combinatorial relations between

X(f)X(f2) - X(fn) = !)

—h
iy

—
n

—+
=1

and

O==-

] I

] ]
Whehe of)= & O...

. 1

—
=

.. in both directions.
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-
From X(---) to W(---) and back

There are combinatorial relations between

X([®f®@ @ fa)= (L J)

i, L f

=1

and

O==-

] I

] ]
Whehe of)= & O...

. 1

—
=

. in both directions.
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I
From X(---) to W(---)

X(f1@ f2) = W(f1® fa) + (f1, f2)W ()

=] 5 = = DA
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NN
From X(---) to W(---) and back

X(f1@ f2) = W(f1® fa) + (f1, f2)W ()
W(f1® fa) = X(fi®f) - (f1, f2)X(Q)
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-
From X(---) to W(---) and back

X(fi® f2) = W(fi® f2) + (f1, f2)W(Q)
i 0

<L<'> S 66 . b4
f1 fg

W (f1® fa) = X(fi®f) - (f1, f2)X(Q)
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From X(---) to W(---) and back
X(fi® fa) = W(Hef +
1 1
<£<.'> 66 .
f

W(f1 @ fa) =

66
f

fE f 1 f2

Roland Speicher

(Saarland University) Conjugate system for g-Gaussians

(f1, f2)

56

(f1, f2)X

X

f, f,

W)

(©2)
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) to W(--

From X(--
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From X(---) to W(---) and back

sobd = 114844
fggtf fggf

=
w

4

[\]
s
Q Q=--

|

—_
- Q=--
T @ T

w
w

DA
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) to W(---) and back

From X(--
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) to W(---) and back
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) to W(---) and back
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Regularity properties of generators
Consider X7, ..., Xy selfadjoint operators in a tracial vN-algebra (M, 7)

Conjugate system: &;,...,&; € L2(Xy,..., Xq)
T(fiQ(Xl,...,Xd)):T®T[aiQ(X1,...,Xd)], i.e. 5,:8;*Q®Q J

@ note that the non-commutative derivative 0y :

CXWN N feH) 2CXUN) [ FeH)oCX()|feH)

X(f1) - X(f) = Y _F )X (F1) - X (fre1) ® X (frr) -+ X (fn)

k=1
has an easy (independent of ¢) description on the algebra generated
by all X (f)
@ in order to calculate its adjoint 9} we have to understand the
behaviour of d¢ as an unbounded operator on the Hilbert space

oy : L*(M,7) — L*(M,7) ® L*(M, 1)
17,2



Non-commutative derivative on the algebra

X (@ @)=Y ([ )X @@ fi) ®X(fr1®- @ fn)

k

188685558 - 15880888 .
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Non-commutative derivative on the Fock space

OW(fi®-® fa) = Z(—l)"'q"ﬁwW(singl. left) @ W (singl. right)
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Non-commutative derivative on the Fock space

OW(fi®-® fa) = Z(—l)"'q"'&rW(singl. left) @ W (singl. right)

™

bbbosed - [$aééTo$é
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Non-commutative derivative on the Fock space

OW(fi®-® fa) = Z(—l)"'q"'&rW(singl. left) @ W (singl. right)

™

056666666 - . - 160009 o
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Non-commutative derivative on the Fock space

OW(fi®-® fa) = Z(—l)"'q"'&rW(singl. left) @ W (singl. right)

i RN
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Non-commutative derivative on the Fock space

OW(fi®-® fa) = Z(—l)"'q"'&rW(singl. left) @ W (singl. right)

i oo
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Non-commutative derivative on the Fock space

OW(fi®-® fa) = Z(—l)"'q"'&rW(singl. left) @ W (singl. right)

™

060660066 - . ;5856680006
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Non-commutative derivative on the Fock space

OW(fi®-® fa) = Z(—l)"'q"'(STrW(singl. left) @ W (singl. right)

056660066 - .. ;485668006

Note: For conjugate variable we only need the vacuum part of 0
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I
Non-commutative derivative on the Fock space -
vacuum part

. 6666066

= & = E DA
Roland Speicher (Saarland University) Conjugate system for q-Gaussians



Non-commutative derivative on the Fock space -
vacuum part

(OmefenQeQ) = (m = 3)
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Non-commutative derivative on the Fock space -
vacuum part

Om @ f@n,Q®0) =(-1)™ (m=3)

cbiobidd -+ ITULTLLSY -
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Non-commutative derivative on the Fock space -
vacuum part

Om @ f@n,Q®0) =(-1)™ (m=3)

permutation

Cbedbede ~ T LLdddd T

m f n2
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Non-commutative derivative on the Fock space -
vacuum part

(m+1)m
2

Om e fon,2e0) =(-1)"q (m=3)
[ T T O Y T TR o 4.
e 0000000 oll
m f 2
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Non-commutative derivative on the Fock space -
vacuum part

(m+1)m

OmefeonQe)=(=1)" > (mmn)y, (m=3)

[ T T O Y T TR o 4.
e 0000000 o-ll
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Non-commutative derivative on the Fock space -
vacuum part
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Non-commutative derivative on the Fock space -
vacuum part

(m+1)m

OmefeonQe)=(=1)" > (mmn)y, (m=3)
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Non-commutative derivative on the Fock space -
vacuum part

(m+1)m

OmefeonQe)=(=1)" > (mmn)y, (m=3)

(m+1)m

key factor: ¢ 2
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R
Results for all q with a similar flavor as ours

Diagramatics and Wick products

o Effros, Popa: Feynman diagrams and Wick products associated with
g-Fock space, 2003
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Operator algebraic context

@ Avsec: Strong solidity of the g-Gaussian algebras for all —1 < ¢ < 1,
preprint 2011 (weak*-completely contractive approximation property)
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g-Fock space, 2003

Operator algebraic context
@ Avsec: Strong solidity of the ¢-Gaussian algebras for all —1 < ¢ < 1,
preprint 2011 (weak*-completely contractive approximation property)

» Wasilewski: A simple proof of the complete metric approximation
property for g-Gaussian algebras, 2019
» Wildshut: Strong solidity of g-Gaussian algebras, Master's thesis 2020

Roland Speicher (Saarland University) Conjugate system for g-Gaussians 21 /27



Results for all g with a similar flavor as ours

Diagramatics and Wick products

o Effros, Popa: Feynman diagrams and Wick products associated with
g-Fock space, 2003

Operator algebraic context

@ Avsec: Strong solidity of the ¢-Gaussian algebras for all —1 < ¢ < 1,
preprint 2011 (weak*-completely contractive approximation property)
» Wasilewski: A simple proof of the complete metric approximation

property for g-Gaussian algebras, 2019
» Wildshut: Strong solidity of g-Gaussian algebras, Master's thesis 2020
Stochastic context

@ Donati-Martin: Stochastic integration with respect to g-Brownian
motion, 2003

@ Deya, Schott: On multiplication in g-Wiener chaoses, 2018
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Linear basis for concrete calculations

o Let {e,...,eq} be an ONB of H. Then

is a linear basis, but not an ONB.
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Linear basis for concrete calculations

o Let {e,...,eq} be an ONB of H. Then

is a linear basis, but not an ONB.

@ Many calculations have a nice combinatorial form in this basis, but
there is no explicit formula for inverse of the corresponding Gram
matrix.
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Linear basis for concrete calculations

o Let {e,...,eq} be an ONB of H. Then

is a linear basis, but not an ONB.

@ Many calculations have a nice combinatorial form in this basis, but
there is no explicit formula for inverse of the corresponding Gram
matrix.

@ Notation:

ey = e’i(l) ®®ez(m) for w = (’L(l),,’l/(m)) € [d]*
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Now let’'s look on the conjugate variable ¢;
We want & = 072 ® ), so we need &; with

<ai€'u7 Q® Q> = <€'U7 'SZ)‘I
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Now let’'s look on the conjugate variable ¢;
We want & = 072 ® ), so we need &; with

<8i€v; Q® Q> = <€v> €2>q
Note that

(0ey, 2R Q) #0
only if

permutation

° |[v|=2m+1

o v =m(w)iw

o |wl=m, €S, l 000$0‘£

m(w) w

Roland Speicher (Saarland University)
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Now let’'s look on the conjugate variable ¢;
We want & = 072 ® ), so we need &; with

<8i€v; Q® Q> = <€v> €2>q
Note that

(0ey, 2R Q) #0
only if

° |[v|=2m+1

o v=m(w)iw l ‘ ll
o |wl=m,TeS, 00

m(w) w
Then

(m+1)m
<6ievv Qe Q>q = <6ie7r(w)iwv Qe Q>q = (_1)mq 2 <e7r(w)7 ew)q

Roland Speicher (Saarland University)

Conjugate system for g-Gaussians

23 / 27



I
Now for the conjugate variable ¢;
Then

<aiev, Q® Q>q =

o & = E DA
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Now for the conjugate variable ¢;

Then OOA

<aiev7 N® Q>q = <8ie7r(w)iwa Qe Q>q
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Now for the conjugate variable ¢;

Then OOA

<aiev7 N® Q>q = <aie7r(w)iwa Qe Q>q
(m+1)m

= (_l)mq 2 <e7r(w)7ew>q
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Now for the conjugate variable ¢;

Then OOA

<aiev7 N® Q>q = <aie7r(w)iwa Qe Q>q
(m+1)m

= (_l)mq 2 <e7r(w)7ew>q
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Now for the conjugate variable ¢;

Then OOA

<aiev7 N® Q>q = <aie7r(w)iwa Qe Q>q
(m+1)m
= (_l)mq 2 <e7r(w)7 ew)‘]
(m+1)m
= (_1)mq 2 <Tiwew(w)iw7 6w>q
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Now for the conjugate variable ¢;

Then (@] Oé

<ai€y,ﬂ®9>q = 7r(w zwaQ®Q>

(Oie
(—1)"g GRS
(-
(-

<e7r(w)7 ew>f1
(m+1)m

= 1) 2 <7'iwerr(w)iw7 e’w>q
(m+1)m
= ].) 2 <€v7 T 6w>q
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Now for the conjugate variable ¢;
Then OOé
m(w) i w
<86U,Q®Q>q—< ﬂ(wzwaQ®Q>
(m+1)m
( 1) <e7r(w)7ew>f1
(m+1)m
( 1)mq 2 <riwew(w)iw>ew>q
m (m+1)m
=(=D"q¢ 7 (ev: TiCu)q
= (v, (—1)™q (m+21)mr wew)q
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Now for the conjugate variable ¢; o
sosee:
(0iew, Q@ Q)g = (ier(w)iw: L ® Q)q
= (~1)"¢ 5 (enuy, culg
= (=" W@‘iwew(w)m,ew)q
= (=" (eu rhueu)g
= (e, (=1)"g F 100
= (o0 D (=1)"g T el
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Now for the conjugate variable ¢;
Then 00A
m(w) i w
<a€vvﬂ®ﬂ>q_< ﬂ(wzwaQ®Q>
(m+1)m
:( 1) <e7r(w)7ew>f1
(m+1)m
=( 1) 2 <Tiwew(w)iw7ew>q
(m+1)m
=(=1D"q¢ 2 (ew,Tjweuw)q
= (e, (=1)"q (m+21)mr wew)q
(m+1)m
= <€U:Z( 1)™q g TiwCuw)q
&
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Theorem (Miyagawa, Speicher 2022): We have or all —1 < ¢ < 1:
@ a conjugate system (&1, ...,&y) for the g-Gaussians (X71,..., Xy) is

given by
(Jw[+1)|w]|
=, (Mg e
we[d]*

o the above sum converges in operator norm, thus &; € I'g(R%)

@ (&1,...,&) is Lipschitz conjugate, i.e., 0;&; exists and belongs to the
von Neumann algebra T'3(RY) @ T'y(R%)
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Theorem (Miyagawa, Speicher 2022): We have or all —1 < ¢ < 1:
@ a conjugate system (&1, ...,&y) for the g-Gaussians (X71,..., Xy) is

given by
(Jw[+1)|w]|
=, (Mg e
we[d]*

o the above sum converges in operator norm, thus &; € I'g(R%)

@ (&1,...,&) is Lipschitz conjugate, i.e., 0;&; exists and belongs to the
von Neumann algebra T'3(RY) @ T'y(R%)

o this relies on norm estimates (coming from work of Bozejko)

1
lnl < m+1)C Iy and  rif| <
w(q)
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Theorem (Miyagawa, Speicher 2022): We have or all —1 < ¢ < 1:
@ a conjugate system (&1, ...,&y) for the g-Gaussians (X71,..., Xy) is

given by
(lw|+1D)|w]
=D (DM e
we[d]*
o the above sum converges in operator norm, thus &; € I'g(R%)

@ (&1,...,&) is Lipschitz conjugate, i.e., 0;&; exists and belongs to the
von Neumann algebra T'3(RY) @ T'y(R%)

o this relies on norm estimates (coming from work of Bozejko)

1
lnl < m+1)C Iy and  rif| <
w(q)

(lwl+D]w]

@ but note: in the end the factor ¢~ 2 beats them all, even when
taking the dimension d™ of H®™ into account
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Consequences for the g-Gaussians
For all =1 < ¢ < 1 we have the following properties:

@ division closure of the g-Gaussians in the unbounded operators
affiliated to I'y(R?) is isomorphic to the free field
(Mai, Speicher, Yin)
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Consequences for the g-Gaussians
For all =1 < ¢ < 1 we have the following properties:
@ division closure of the g-Gaussians in the unbounded operators
affiliated to I'y(R?) is isomorphic to the free field
(Mai, Speicher, Yin)
@ there is no non-zero non-commutative power series of radius of
convergence R > || X;|| such that )" a,, X" = 0 (Dabrowski)
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@ division closure of the g-Gaussians in the unbounded operators
affiliated to I'y(R?) is isomorphic to the free field
(Mai, Speicher, Yin)
@ there is no non-zero non-commutative power series of radius of
convergence R > || X;|| such that )" a,, X" = 0 (Dabrowski)
@ any self-adjoint non-commutative polynomial p(X7,..., Xy) has
Holder continuous cumulative distribution function (Banna, Mai)
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Consequences for the gq-Gaussians
For all =1 < ¢ < 1 we have the following properties:
@ division closure of the ¢-Gaussians in the unbounded operators
affiliated to I'y(R?) is isomorphic to the free field
(Mai, Speicher, Yin)
@ there is no non-zero non-commutative power series of radius of
convergence R > || X;|| such that )" a,, X" = 0 (Dabrowski)
@ any self-adjoint non-commutative polynomial p(X7y,..., X ) has
Holder continuous cumulative distribution function (Banna, Mai)
@ the ¢-Gaussians have maximal microstates free entropy dimension
(Dabrowski)
So(X1,..., Xq) =d
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Consequences for the gq-Gaussians
For all =1 < ¢ < 1 we have the following properties:

division closure of the ¢g-Gaussians in the unbounded operators
affiliated to I'y(R?) is isomorphic to the free field
(Mai, Speicher, Yin)
there is no non-zero non-commutative power series of radius of
convergence R > || X;|| such that )" a,, X" = 0 (Dabrowski)
any self-adjoint non-commutative polynomial p(X7,..., Xy) has
Holder continuous cumulative distribution function (Banna, Mai)
the ¢g-Gaussians have maximal microstates free entropy dimension
(Dabrowski)

So(X1,..., Xg) =d

I',(R%) does not have property T' and does not have a Cartan
subalgebra
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Consequences for the gq-Gaussians
For all =1 < ¢ < 1 we have the following properties:
@ division closure of the ¢-Gaussians in the unbounded operators
affiliated to I'y(R?) is isomorphic to the free field
(Mai, Speicher, Yin)
@ there is no non-zero non-commutative power series of radius of
convergence R > || X;|| such that )" a,, X" = 0 (Dabrowski)
@ any self-adjoint non-commutative polynomial p(X7y,..., X ) has
Holder continuous cumulative distribution function (Banna, Mai)

@ the ¢-Gaussians have maximal microstates free entropy dimension
(Dabrowski)
So(X1,..., Xg) =d

o T';(R?) does not have property T' and does not have a Cartan
subalgebra

Thank you for your attention!
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@ CAUTION @

YOU HAVE REACHED THE

LAST PAGE

OF THE INTERNET
[ TURN OFF YOUR BROWSER AND GO BACK TO WORK

THERE'S HOTHING ELSE TO SEE HERE
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