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Operator algebras

Today we will talk about both C ∗-algebras (norm closed) and von
Neumann algebras (weakly closed).

Group algebras

Every discrete group Γ acts on `2(Γ) and the norm closure of CΓ
is the reduced group C ∗-algebra C ∗λ(Γ) and the weak closure is the
von Neumann algebra L(Γ).

In general, if you have a state on a C ∗-algebra then, using the
GNS construction, you can build a von Neumann algebra – many
constructions exist on both levels.
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Free Gaussian algebras

Free group factors

If we take Γ = Fn then we obtain very important examples L(Fn) –
the free group factors.

Voiculescu’s construction

For appropriate operators (ai )i∈[n] satisfying aia
∗
j = δij1 the von

Neumann algebra generated by (ai + a∗i )i∈[n] will be isomorphic to
L(Fn).

The corresponding C ∗-algebras are not the same.

How to construct
such operators?
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Fock spaces

Full Fock space

Let H be a Hilbert space. The Hilbert space F(H) :=
⊕∞

n=0 H⊗n is
called the (full) Fock space, where H⊗0 := CΩ.

Creation/annihilation operators

For v ∈ H we can define the creation operator a∗(v) and the anni-
hilation operator a(v) via a∗(v)(w1⊗· · ·⊗wn) := v ⊗w1⊗· · ·⊗wn

and a(v)(w1⊗· · ·⊗wn) := 〈v ,w1〉w2⊗· · ·⊗wn (with a(v)Ω := 0).

Field operators

If H is the complexification of a real Hilbert space HR then we define
s(v) := a∗(v) + a(v) for v ∈ HR.
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Commutation relations

The creation and annihilation operators satisfy the relation
a(v)a∗(w) = 〈v ,w〉1.

Canonical (anti)commutation relations

One can also build (anti)symmetric Fock spaces and the relations
satisfied by the creation/annihilation operators are the following:

a(v)a∗(w)± a∗(w)a(v) = 〈v ,w〉1.

Could it be that for each q ∈ [−1, 1] we can find operators satisfying
a(v)a∗(w)− qa∗(w)a(v) = 〈v ,w〉1?
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q-Gaussian algebras

Bożejko-Speicher

One can introduce a deformed inner product on the Fock space
F(H) so that the creation and annihilation operators satisfy the
q-commutation relations.

q-Gaussian algebras

Let HR be a real Hilbert space and let H be its complexification.
Then the von Neumann algebra generated by (a(v) + a∗(v))v∈HR is
denoted by Γq(HR) and called the q-Gaussian algebra.

Mateusz Wasilewski Non-isomorphism of q-Gaussians



q-Gaussian algebras
The Akemann-Ostrand property

Main results

q-Gaussian algebras

Bożejko-Speicher

One can introduce a deformed inner product on the Fock space
F(H) so that the creation and annihilation operators satisfy the
q-commutation relations.

q-Gaussian algebras

Let HR be a real Hilbert space and let H be its complexification.
Then the von Neumann algebra generated by (a(v) + a∗(v))v∈HR is
denoted by Γq(HR) and called the q-Gaussian algebra.

Mateusz Wasilewski Non-isomorphism of q-Gaussians



q-Gaussian algebras
The Akemann-Ostrand property

Main results

Some more details

Formulas

The creation operator stays the same: a∗(v)(w1 ⊗ · · · ⊗ wn) =
v ⊗w1 ⊗ · · · ⊗wn) and the commutation relations force a(v)(w1 ⊗
· · · ⊗ wn) =

∑n
i=1 q

i−1〈v ,wi 〉w1 ⊗ . . . ŵi · · · ⊗ wn.

The inner product

The fact that a∗(v) is the adjoint of a(v) provides a formula for the
inner product. The difficult part is to show that this inner product
is positive definite.

The trace

The formula τ(x) := 〈Ω, xΩ〉 defines a trace on Γq(HR).
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Are they all the same?

The extreme cases q = ±1 definitely give different algebras. What
about q ∈ (−1, 1)?

Free transport

Guionnet and Shlyakhtenko proved that if dim(HR) is finite and |q|
is very small then Γq(HR) is isomorphic to the free Gaussian algebra
(also works on the C ∗-level).

It is possible that it happens for all
q ∈ (−1, 1).

Nothing is yet known in the case dim(HR) =∞ – that’s the plan
for today.

Mateusz Wasilewski Non-isomorphism of q-Gaussians



q-Gaussian algebras
The Akemann-Ostrand property

Main results

Are they all the same?

The extreme cases q = ±1 definitely give different algebras. What
about q ∈ (−1, 1)?

Free transport

Guionnet and Shlyakhtenko proved that if dim(HR) is finite and |q|
is very small then Γq(HR) is isomorphic to the free Gaussian algebra
(also works on the C ∗-level).

It is possible that it happens for all
q ∈ (−1, 1).

Nothing is yet known in the case dim(HR) =∞ – that’s the plan
for today.

Mateusz Wasilewski Non-isomorphism of q-Gaussians



q-Gaussian algebras
The Akemann-Ostrand property

Main results

Are they all the same?

The extreme cases q = ±1 definitely give different algebras. What
about q ∈ (−1, 1)?

Free transport

Guionnet and Shlyakhtenko proved that if dim(HR) is finite and |q|
is very small then Γq(HR) is isomorphic to the free Gaussian algebra
(also works on the C ∗-level). It is possible that it happens for all
q ∈ (−1, 1).

Nothing is yet known in the case dim(HR) =∞ – that’s the plan
for today.

Mateusz Wasilewski Non-isomorphism of q-Gaussians



q-Gaussian algebras
The Akemann-Ostrand property

Main results

Are they all the same?

The extreme cases q = ±1 definitely give different algebras. What
about q ∈ (−1, 1)?

Free transport

Guionnet and Shlyakhtenko proved that if dim(HR) is finite and |q|
is very small then Γq(HR) is isomorphic to the free Gaussian algebra
(also works on the C ∗-level). It is possible that it happens for all
q ∈ (−1, 1).

Nothing is yet known in the case dim(HR) =∞ – that’s the plan
for today.

Mateusz Wasilewski Non-isomorphism of q-Gaussians



q-Gaussian algebras
The Akemann-Ostrand property

Main results

Approximation properties

Approximately finite dimensional

A C ∗-algebra (or a von Neumann algebra) is AF(D) if it is equal to
the closure of a union of an increasing family of finite dimensional
∗-subalgebras.

Nuclearity and injectivity

A C ∗-algebra A is nuclear if A⊗maxB = A⊗minB for any C ∗-algebra
B.

A vNa M is injective if the left-right action M ⊗Mop → B(L2(M))
is min-continuous.

For vNas AFD = injective! (Connes)
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Aproximation properties of free groups

Free groups are not amenable hence their C ∗ algebras are not nuclear
and the von Neumann algebras are not injective.

Haagerup showed that C ∗λ(Fn) has the metric approximation prop-
erty, which is a strong form of having finite dimensional approxima-
tions.

Akemann and Ostrand discovered the surprising fact that the left-
right action C ∗λ(Fn)⊗C ∗ρ (Fn) 7→ B(`2(Fn)) becomes min-continuous
if we take the quotient onto the Calkin algebra.
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The Akemann-Ostrand property

A vNA M has the Akemann-Ostrand property if there exist weakly
dense C ∗-subalgebras A ⊂ M and B ⊂ Mop such that the left-right
action A⊗ B 7→ B(L2(M))/K(L2(M)) is min-continuous.

Proof strategy

Embed A into a nuclear C ∗-algebra Ã such that [Ã,B] ⊂ K .
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Solidity

Ozawa proved that if M has the AO property (with A locally reflex-
ive) then M is solid, i.e. the commutant of any diffuse subalgebra
is injective.

Prime factors

A II1-factor M is called prime if it cannot be decomposed as a non-
trivial tensor product. The unique injective II1-factor is not prime.
Non-injective solid factors are prime (e.g. the free group factors).
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Free vs q-Gaussian algebras

AO for free Gaussian algebras

The C ∗-algebra generated by field operators embeds into the one
generated by creation operators, which is nuclear (Toeplitz-Cuntz).
The commutator of the left creation operator with the right annihi-
lation operator is of finite rank, so all commutators are compact.

q-Gaussians

In this case the commutator is equal to the operator qN (multipli-
cation by qn on the n-th tensor power in the Fock space), which is
not compact if dim(HR) =∞.

Γq(`2) might not have the Akemann-Ostrand property but it is hard
to check it for all possible C ∗-subalgebras A and B.
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q-Gaussian C ∗-algebras

We will try to disprove the Akemann-Ostrand property with respect
to a specific C ∗-subalgebra, namely the one generated by the field
operators.

Theorem (Borst, Caspers, Klisse, W.)

For q 6= 0 the q-Gaussian C ∗-algebra Aq(`2) is not isomorphic to
the free Gaussian C ∗-algebra.

Proof.

One can show that these algebras have a unique trace, so they
remember the von Neumann algebras, therefore an isomorphism
would transfer the AO property.
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Crucial lemma

Lemma

B ⊂ A ⊂ M, infinitely many mutually orthogonal subspaces Hi ⊂
L2(M), left and right invariant. Suppose that, for some δ > 0 and
bj , cj ∈ B we have

inf
i
‖
∑
j

bjc
op
j ‖B(Hi ) > (1 + δ)‖

∑
j

bj ⊗ copj ‖B⊗minBop .

Then M does not have AO with respect to A.
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The case of q-Gaussians

Write `2 = Rd ⊕ HR and take M := Γq(`2), A := Aq(`2), B :=
Aq(Rd), and Hi := BfiB, where (fi )i∈N is an ONB of HR.

If k is large enough then for an orthonormal basis (ξj) of (Rd)⊗k , we
can choose bj := W (ξj)

∗ and cj := W (ξj) and use Nou’s Khintchine
inequality.
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Thank you for your attention!
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