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An introuction to noncommutative harmonic analysis

BEEAE (BRIUKE) 8 HH8HZE10H

In this series of talks, | shall start with the Fourier analytic topics on integers and Euclidean spaces
such as Hilbert transform, Fejer means, Littlewood-Paley theory, and then present the corre-
sponding topics on group algebras and quantum tori/Euclidean spaces. The square and maximal
functions will be the central reseach objects. And we will see that it is the martingale theory,
semicommutative harmonic analysis and the variaous transference techniques that play important
roles.
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Introduction to measure equivalence

Lk CRER T RE) 8H14HE16H

In these lectures, we introduce some basis on measure equivalence of countable groups, which
was introduced by Gromov in 1990s as a measure-theoretic analog of quasi-isometries in geometric
group theory. Due to the close connection between measure equivalence and orbit equivalence,
we also discuss orbit equivalence theory, which was initiated by Dye in the late 1950s. In lecture 1,
we review the definition of measure equivalence between two countable discrete groups, basic
examples and some properties of measure equivalence. In lecture 2, we review (stable) orbit
equivalence and show measure equivalence is the same as stable orbit equivalence and review
some elasticity results on orbit equivalence of amenable group actions. In lecture 3, we review
some rigidity results on measure equivalence of nonamenable group actions and survey some
recent work and open problems related to measure equivalence.

Resources: There are no standard textbooks that focus on measure equivalence theory, but there
are several excellent surveys ([4-8, 16]) and books on related materials, say on orbit equivalence
([9, 13, 14]) and von Neumann algebras ([1, 10]). Some basic training in ergodic theory for general
group actions may be helpful, see e.g. [11, 12, 14]. For Geometric Group Theory, see the standard
textbooks [2, 3].



[1] C. Anantharaman and S. Popa, An introduction to 111 factors, book in preparation, available at:
https://www.math.ucla.edu/~popa/Books/IIunV15.pdf.

[2] Pierre de la Harpe, Topics in geometric group theory, Chicago Lectures in Mathematics, Univer-
sity of Chicago Press, Chicago, IL, 2000.

[3] Cornelia Drutu and Michael Kapovich, Geometric group theory, American Mathematical Society
Colloquium Publications, vol. 63, American Mathematical Society, Providence, RI, 2018. With an
appendix by Bogdan Nica.

[4] Alex Furman, Gromov’s measure equivalence and rigidity of higher rank lattices, Ann. of Math.
(2) 150 (1999), no. 3, 1059-1081.

[5] Alex Furman, Orbit equivalence rigidity, Ann. of Math. (2) 150 (1999), no. 3, 1083-1108.

[6] Alex Furman, A survey of measured group theory, Geometry, rigidity, and group actions,
Chicago Lectures in Math., Univ. Chicago Press, Chicago, IL, 2011, pp. 296-374.

[7]1 D. Gaboriau, Examples of groups that are measure equivalent to the free group, Ergodic Theory
Dynam. Systems 25 (2005), no. 6, 1809-1827.

[8] Damien Gaboriau, Orbit equivalence and measured group theory, Proceedings of the Inter-
national Congress of Mathematicians. Volume Ill, Hindustan Book Agency, New Delhi, 2010, pp.
1501-1527.

[9] Adrian loana, Orbit equivalence of ergodic group actions, note available at https://mathweb.
ucsd.edu/~aioana/orbit’%20equivalence.pdf.

[10] Adrian loana, von Neumann algebras, note available at https://mathweb.ucsd.edu/
~aioana/von}20Neumanny20algebras.pdf.

[11] Alexander S. Kechris, Classical descriptive set theory, Graduate Texts in Mathematics, vol. 156,
Springer-Verlag, New York, 1995.

[12] Alexander S. Kechris, Global aspects of ergodic group actions, Mathematical Surveys and
Monographs, vol. 160, American Mathematical Society, Providence, RI, 2010.

[13] Alexander S. Kechris and Benjamin D. Miller, Topics in orbit equivalence, Lecture Notes in
Mathematics, vol. 1852, Springer-Verlag, Berlin, 2004.

[14] David Kerr and Hanfeng Li, Ergodic theory, Springer Monographs in Mathematics, Springer,
Cham, 2016. Independence and dichotomies.

[15] Alexander S. Kechris and Benjamin D. Miller, Topics in orbit equivalence, Lecture Notes in
Mathematics, vol. 1852, Springer-Verlag, Berlin, 2004.

[16] Yehuda Shalom, Measurable group theory, European Congress of Mathematics, Eur. Math.
Soc., Zirich, 2005, pp. 391-423.
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An introuction to noncommutative harmonic analysis (1)

PekeRE (RRDUKRE) 9:30

LP-improving bounds and weighted estimates for maximal functions associated
with curvature

i (WA T K%) 14:30

In this paper, we establish weighted estimates for a wide class of maximal functions along some
finite type curves and hypersurfaces. In particular, various impacts of non-isotropic dilations are
considered. Via the methodology of sparse domination, the weighted estimates for the global
maximal functions can be reduced to the LP-improving properties of the corresponding localized
maximal functions. We mainly focus on proving the L? — L% bounds (q > p) for localized maximal
functions with non-isotropic dilations of curves and hypersurfaces whose curvatures vanish to fi-
nite order at some points. As a corollary, we obtain the weighted inequalities for the corresponding
global maximal functions, which generalize the known unweighted estimates. This is a joint work
with Dr. Huiju Wang and Dr. Yujia Zhai.

Sharp convergence for sequences of Schrodinger means and related generaliza-
tions

E2% (MR 16:00

For decreasing sequences {t,,}°° , converging to zero, we obtain the almost everywhere conver-
gence results for sequences of Schrédinger means e’ f, where f € HS(RN),N > 2. The
convergence results are sharp up to the endpoints, and the method can also be applied to get

the convergence results for the fractional Schrédinger means and nonelliptic Schrédinger means.
This is a joint work with Dr. Huiju Wang and Prof. Dunyan Yan.

8H9H ()
An introuction to noncommutative harmonic analysis (2)

PekERE (BRDUKR2E) 9:00



Noncommutative continuous differentially subordinate martingales
2 (PR KY) 14:30

We introduce the notion of differential subordination in the context of noncommutative
continuous-time martingales and show that for 2 < p < oo this domination enforces the corre-
sponding L? bound between the two processes. As applications, we obtain best-order L? inequal-
ities for the second-order Riesz transforms on a class of group von Neumann algebras equipped
with a conditionally negative length function.

Cesaro summability of double Fourier series on quantum tori

JEEL (i K2%) 16:00

In 1939, Marcinkiewicz and Zygmund proved that

< sl fllpi(r2)

| sup tomnto],

(m,n)eXg

where (0., (f))mn>1 are the Cesaro means of the rectangular partial sums of f € L;(T?) and
Y5 = {(m,n) € N* : m/n < B,n/m < S} for fixed 3 > 0. In this paper, we establish the
Marcinkiewicz-Zygmund theorem on the quantum torus T2, which implies bilateral almost uniform
convergence with initial datain L, (T?%). Meanwhile, we also study the Cesaro means (F,,(z)),,>; of
the square partial sums of x € L,(T2) and get the following noncommutative weak type maximal
inequality:

[Fa@) sl o rie) < ellelliya

which implies bilateral almost uniform convergence of F,,(x) with = € L,(T3).

8J110H (A=)
An introuction to noncommutative harmonic analysis (3)

PEEERE (BRIUK2E) 9:00

A Complete Theory of Operator-Valued Hardy Spaces
T3ctE (BRIUKR) 14:30

In this talk, we study the operator-valued Hardy spaces introduced by Tao Mei, and establish their
wavelet characterizations. In addition, we introduced two kinds of general Hardy spaces, one
is the operator-valued Hardy spaces associated with anisotropic dilations, and the other is the
operator-valued Hardy spaces on spaces of homogeneous type, and we also establish the classical
Fefferman’s duality theorem between Hardy and BMO spaces in our setting. As applications, we



also obtain the real and complex interpolations theory on these spaces. This is joint work with
Prof. Guixiang Hong and Prof. Xinfeng Wu.

Campanato Spaces via Quantum Markov Semigroups: I. Finite case
bl (RBUKE) 15:30

We study Companato spaces associated with a quantum Markov semigroup on a finite von Neu-
mann algebra M. Let (T}):>( be a Markov semigroup and ( P;);> its associated Poisson semigroup.
For a > 0, we define the column Campanato space LS (P) as a subspace of M with finite norm,
where the column norm is given by

/]

1 1
ce®) = 1 fllw +sup = | P|(T — Rf)[a}+1f|2H020.
t>0

The norm || fllzrpy = [|f*]|zc(p) is called the row norm. In this article, we will first show the
unexpected equivalence of these two norms of £ (P) and L. (P) for 0 < « < 2 by identifying
both of them as the Lipschitz norm, where the Lipschitz norm is given by

1 a[aHlPtf '
= 4+ su
s = W+ 300 o | S|

After that, we prove that the little column Campanato space /¢ (P) coincides with the little row
1

Campanato space //,(P) whenI'? > 0and 0 < «a < 3. Furthermore, we define a high-order
version of the Campanato norm and show that, for 0 < o < oy < 2, they are all equivalent
to each other when the index [a] + 1 in the Campanato norm replaced by any integer greater
than a. These arguments are not an obvious discovery due to the noncommutativity. Last but
not least, follows from Mei’s work, we explore the Campanato spaces associated with the general
semigroups (7});>o satisfying quasi-monotone or the property I'> > 0. It is worth mentioning
out that our arguments can also apply in the classical case. This is based on a joint work with the

professor Guixiang Hong.

/1

8 HMH (J4m)

S H B RER A (1)
X (LK) 8:30

Fourier restriction estimates on quantum Euclidean spaces
Eie (RIUK¥F) 10:30
In this talk, we study the Fourier restriction phenomena on quantum Euclidean spaces, and estab-

lish the analogues of the Tomas-Stein restriction theorem and the two-dimensional full restriction
theorem. This is based on a joint work with Guixiang Hong and Xudong Lai.



A paley’s inequalities for discrete group

hE KRB TK%) 16:00

In this report, we first review some properties of lacunary Fourier series in L, spaces associated
with the unit circle. Then, we will try to introduce a Paley’s inequality of lacunary Fourier series
for von Neumann algebra of discrete group. This resul unify and generalize the work of Rudin
for abelian discrete ordered groups and the work of Lust-Piquard and Pisier for operator valued
functions. The report will be based on the joint work with Chuah Chianyeong, Liu Zhenchuan and
Mei Tao.

S8H12H ()

B H B REEF AT (2)
e (WL R) 9:00

The endpoint estimates of martingale commutators
s (PRRY) 14:30

In this article, we establish the endpoint estimate of commutators generated by martingale oper-
ators and the martingales from BMO. As applications, on the one hand, in the martingale setting,
we obtain the endpoint estimates of commutators for both the martingale transform and the
martingale fractional integral. On the other hand, in harmonic analysis, we establish the endpoint
estimates of commutators both for the dyadic Hilbert transform beyond doubling measure and for
the maximal operator of Cesaro means of Walsh-Fourier series.

On Lipschitz retractions of the space of bounded linear operators

PRFE (PR 16:00

The study of nonlinear projections in Banach spaces has been one of the crucial topics in the Ribe
program for quite a long time. One of the essential theorems in this area, due to Lindenstrauss,
asserts that ¢, is a Lipshictz retract of /.. Quite recently, Tanaka used some deep tools in operator
theory to obtain a noncommutative version of Lindenstrauss’ result. This talk will mainly focus on
Lipschitz retractions in the space of bounded linear operators on Banach spaces. Specifically, we
use different approaches, relying on Banach space theory, to further generalize Tanaka’s theorem
in a general framework. This talk is based on joint work of Prof. Lixin Cheng and Dr. Wuyi He.

10



8 H13 H (JHN)

S H B REE R AT (3)
e (WL K) 9:00

8J114H (J4H)
Introduction to measure equivalence (1)

LKk R (OREEPRTRE) 9:00

Rigidity of quantum group actions on compact connected spaces

FWiwi (B REE I K%) 14:30

The quantum group theory was initiated in Drinfeld’s celebrated work in 1980s. Motivated by
noncommutative geometry and harmonic analysis, Woronowicz established around 1990 a rele-
vant analytic theory of quantum groups in the framework of operator algebras, which was later
completed by Stefaan Vaes around 2001 under the name of "locally compact quantum groups”.
This analytic theory has witnessed rapid developments in recent decades, with deep interactions
with operator algebras, free probability and quantum information theory. This talk will include
a quick review of basic ideas of this theory, and present some recent progress in this field, in
particular with an emphasis on some combinatorial approach to compact quantum groups as well
as to the rigidity results for their actions on classical spaces.

Amenable fusion algebraic actions on compact quantum spaces

W R (GEPCKEE) 16:00

We define fusion algebraic actions on compact quantum spaces and show that a discrete quantum
group is amenable iff its fusion algebraic action on a compact quantum space is amenable and
admits an invariant state. This is joint work with Xiao Chen and Debashish Goswami.

8H15H ()
Introduction to measure equivalence (2)

KSR (REMT.RYE) 9:00

"



Quantitative mean ergodic inequalities I: power bounded operators acting on
one noncommutative L, space

X (2 H K% 14:30

In this talk, we study the concrete noncommutative square function for ergodic averages with
respect to a large subclass of power bounded operators, including invertible contraction operators
and Lamperti operators, on a fixed noncommutative L,-space for 1 < p < oco. As a consequence,
we obtain the the quantitative mean ergodic theorems for these operators under consideration.
This is joint work with Guixiang Hong and Bang Xu.

Noncommutative martingale ergodic and ergodic martingale theorems
SR (AR RE) 15:30

For a noncommutative probability space (M, 7), let £, be the conditional expectation with respect
to a filtration (M,,),.>1 of M and A,,, be the ergodic average with respect to a Dunford-Schwartz
operator 7'. Then we prove the norm convergence and pointwise convergence for the martingale
ergodic average &, (A,,) and ergodic martingale average A,,(&,z) where x € L,(M). We also
prove the maximal inequalities for both &, (A,,z) and A,,(E,x). Moreover, we try to generalize
these results to the continuous parameter case.

Sharp endpoint L, estimate of Schrodinger groups under noncommutative alge-
braic framework

WRIA (RDUK2E) 16:30

In this talk, I will discuss our recent progress on sharp endpoint Lp estimates of Schrodinger groups
on general measure spaces. This space may not equipped with good metrics but admit a P-
Markov semigroup satisfying purely algebraic assumptions. We shall construct an abstract form
of ‘P-Markov’ metric codifying some sort of underlying metric and position, and then construct
a new noncommutative BMO space consisting of all functions with higher cancellation proper-
ties. Motivated by noncommutative harmonic analysis, this approach establishes the first form of
Schrodinger groups theory for arbitrary von Neumann algebras and can be applied to many exam-
ples, including Schrodinger groups associated with non-negative self-adjoint operators satisfying
purely Gaussian upper bounds on doubling metric space, standard Schrodinger groups on quan-
tum Euclidean space, matrix algebras and group von Neumann algebras with finite dimensional
cocycles. This is a joint work with Guixiang Hong and Wang Liang.

SH16H (J8 )

Introduction to measure equivalence (3)
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kSR (REMTR) 14:30

A2 P Bl B T R EAZ B 1~ 23 TRl Ry ok 28 o MR o

XU (FIFKR%) 16:30
TSR 3 225 ) ) B B3R T W] DA P B0 A 005 B A BR BT AR ) R A A 5, IIIFRZ =5 ) B
HERBE ST . FAT1A T BRE s 56 T /5 % Hausdorff 23 /)i # 4 M2, JERH 1 1) &
(HIES R B as ) 6 TERAE SR 0 fa et E B, HIE 7 L84 M Banach 53[h] A3 ik
PR T 23 ) M oS (Rl R BR A s e T, I DA B 2R 2SRl ST 5 o 0] 5 T BR S 5 1k it 5%
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SH17H (J12)

w1 (1)
fiesy (VR K) 9:00

8 H18 H (&)
BT (2)

e ("AREE T KR2F) 9:00

Primitivity for random quantum channels

FHAL (VRS Tl K%) 14:00
In this paper, we consider the empirical spectrum distribution of the output of n-fold composition
of random quantum channels. As a corollary, we derive a generic lower bound for the primitive

index of random quantum channels. Our method is the graphical Weingarten calculus introduced
by Collins and Nechita.

Noncommutative weak (1,1) estimates for singular integral operators

Fong (W2REE Tl KR2E) 15:00

In this talk, we introduce our recent results on noncommutative weak (1,1) bounds for several
singular integral operators. We first show the weak type (1,1) bounds for noncommutative max-

13



imal truncated singular integral operators with kernels satisfying the L,-Dini smooth condition.
The proofs are based on a new noncommutative Calderén-Zygmund decomposition introduced
recently by L. Cadilhac. Next, we state the weak type (1,1) bound for noncommutative maximal
operator with a rough kernel. To deal with the rough kernel, we use the microlocal decomposition
in the proofs of both bad and good functions.

Problem session 16:30

8H19H (AT)

w1 (3)
fiesy (VR K) 9:00

Forward and reverse entropy power inequalities

el (W ZRTE TR 2F) 14:30

Shannon’s entropy power inequality, which plays a fundamental role in information theory and
probability, may be seen as an analogue of the Brunn-Minkowski inequality in convex geometry. In
this talk, we survey various recent developments on forward and reverse entropy power inequal-
ities and discuss close connections with classical inequalities in convex geometry and functional
analysis.

The Tight Exponent Analysis for Quantum Privacy Amplification
WeAME (Wa2REE Tl K 2%) 16:00

The privacy amplification against quantum side information is a vital step in the Quantum Key
Distribution which ensure that both parties of communication can share a pair of uniform secret
key independent of the adversary. In this talk, | will introduce some recent progress on the
reliability of the privacy amplification, i.e., the exponent of the asymptotic decreasing of the leaked
information. Specifically, we derive an upper bound for the reliability which complement a earlier
lower bound established by Hayashi, and the two bounds match when the rate of randomness
extraction is above a critical value. Thus, we determined the exact security exponent for the case
of high rate.
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