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Classical Fourier series: one dimensional setting

o Let f € L1(T). The partial sum of the Fourier series of f is
defined by

Sn(f)(x) = Zn: F(k)e™, neN,
k=—n

where f (k) is the k-th Fourier coefficient of f:

1 .
=— [ f(y)e ™dy.
o= /T (v)e "™dy

Theorem (Carleson 1966 Acta Math.; Hunt 1968)

F(k)

Fsup [Sn(A)lllLyry < ol FllLymy T <p<oo

Consequently, S,(f) — f a.e. provided f € Ly(T), answering
Lusin's conjecture in 1915.



One dimensional setting

Theorem (Kolmogorov 1923)

There exists g € L1(T) such that Sp(g) diverges almost
everywhere.

e For L1(T) functions, people consider instead the so-called Cesaro
means (or Fejér means) which are defined as follows: for f € L1(T)
and N € N,

on(f) = %
Theorem (Fejér 1904; Lebesgue 1905)
Let f € L1(T). Then

on(f) — f, ae



Two dimansional setting: partial sums
For f € L1(T?), the rectangular partial sum Sy, »(f) is defined by

Sma(F)y) = Y > flk Nt —r < x.y <,
k=—ml=—n

where

Fk, 1) = f(x y)e () gxdy .

—T J =T

Theorem (Tevzadze 1970)
Son(f) — £, ae., fecLy(T?).
Theorem (Fefferman 1971; Sjolin 1971)

Son(f) — f, ae, fely(T?), 1<p<oo.



Cesaro means

Theorem (Fefferman 1971, BAMS)

There exists a continuous function f defined on T? such that

lim Sma(f)(x) exists nowhere.
m,n—00

e For f € L1(T?), the Cesaro means ((C,1) means) are defined by

1
Tmn(F)(x,y) = CESCES)] kz;) /2; Si(

£ F -

k=—ml=—n




Cesaro means

Theorem (Sake 1934, Fund. Math.)
There is a function f € L1(T?) such that

a.e.

limsup |omn(f)] = oco.

m,n—o00

Theorem (Jessen-Marcinkiewicz-Zygmund 1935, Fund. Math.)

e

Tmn(F) Z5 £, min{m,n} — 0o, f € LlogL(T?).

o L,(T?) C Llog L(T?) C L1(T?), 1 < p < 0.
e The space Llog L(T?) is sharp in the sense of almost
convergence; see Marcinkiewicz-Zygmund 1939.



Cesaro means

Theorem (Marcinkiewicz-Zygmund 1939, Fund. Math.)
For fixed B > 0, define

Y5={(mn)eN?:m/n< B3 n/m< B} (2)

There exists a positive constant cg depending only on 3 such that,
for any f € L1(T?),

| sup  |omn(F)lLy o (r2) < csllfllLy(r2)-
(m,n)exg

As a consequence, for each f € L1(T?), the Cesaro means o n(f)
converges almost everywhere to f whenever min{m, n} — oo with
(m,n) € Xp.

e In 1996, Weisz proved that the operator sup(m, n)es; [Om,n| is
bounded from the Hardy space H, (T?) to L, 4(T?) provided
3/4<p<ooand 0< g < 0.



Noncommutative trigonometric Fourier series

Our dlM: Can we obtain the Marcinkiewicz-Zygmund
theorem for noncommutative trigonometric Fourier series in
quantum tori setting?

Z. Chen, Q. Xu, Z. Yin, Harmonic analysis on quantum tori.
Comm. Math. Phys. 322 (2013), 755-805.



Noncommutative trigonometric Fourier series

e Transference theorem:

operator-valued — quantum tori setting

Z. Chen, Q. Xu, Z. Yin, Harmonic analysis on quantum tori.
Comm. Math. Phys. 322 (2013), 755-805.



Fourier series: operator-valued setting

e In the sequel, always let (M, 7) be a semifinite von Neumann
algebra.
e Noncommutative Lebesgue spaces: L,(M), 1 < p < co

Loo(M) = M, |Ixllp = [r(IxIP)]/P.

Examples and notes:
(i) Let (Q,F, 1) be a measure space. M = L(Q), 7= [
(ii) M = B(¢2), T = Tr, the usual trace for matrices.

(iii) The tensor von Neumann algebra (N, 7):
N = Lo(THEM, <p:7'®/ .
T2

(iv) Lp(N) = Lp(T? Lp(M)), 1 < p < 0.



e For f € L1(Loo(T?)®M), we mean
f:T? = M.

e In the case f € L1(Loo(T?)@M),

. 1 T .
f(k,1) = (277)2/ f(x,y)e et dxdy € M.

e In the case f € L1(Loo(T?)RM), Sy n(f) and om n(f) can be
similarly defined:

Smn(f)(x,y) = Z ka/ i(loctly)

k=—mI=—n



Fourier series: operator-valued setting

e In the sequel, we always let

N = Lo(T?)@M.

Theorem (Chen-Xu-Yin 2013)
Let f € L1(N'). Then

||(0'n,n(f))n|‘/\17oo(N,€oo) < C||f||L1(N)

Consequently, o, ,(f) — f bilaterally almost uniformly provided

fe Ll(N).

Note: the case for o () is unknown.



Noncommutative maximal functions
o Let x = (Xn)neB

X = su inf  {t7(1 — e) : sup||lex,e <t
I aty = S0 _inf (£7(1— €) :sup el v < 1)

e Noncommutative maximal function “makes no sense”:
see Junge and Xu 2007, JAMS
e In the classical setting,

€ = X{sup, |xa|>A}

Theorem (classical result)
Let f € L1(T?). Then

tsuplonn(F)lllLs e (m2) < €llflliycr2)-

M. Junge and Q. Xu, Noncommutative maximal ergodic theorems. J. Amer.
Math. Soc. 20 (2007), no. 2, 385-439.



Noncommutative pointwise convergence

e Let (M, 7) be a semifinite von Neumann algebra. Consider
(Xk)k>1 C M and x € M. We say (xk)x>1 converges to x
bilaterally almost uniformly (b.a.u. in short) if for any € > 0, there
is a projection e € P(M) such that

T(l—-e)<e, lim [le(xx —x)ellL m) = 0.
k—00
e almost uniform convergence:

T(l—e) <eg, lim H(Xk—X)eHLoo(M) =0.

k—o00

e By Egorov's theorem, in the commutative setting with 7(1) < oo,
the above convergence is just almost everywhere convergence.

M. Junge and Q. Xu, Noncommutative maximal ergodic theorems. J. Amer.
Math. Soc. 20 (2007), no. 2, 385-439.



Cesaro means L log? L(N)
Theorem (Hong-Sun 2018, JFA)

1@mal ) Ing e ¥te) < €Il 10g2 L0
Consequently,

m,n(f) b.ay. f, m,n— co.

1. Let log, (t) = max{0, log(t)}, t > 0. Considering the Orlicz
function

O,(t) =t(1+log, t)P, 0<p< oo,
the corresponding noncommutative Orlicz space is denoted by
LlogP L(M).
2. Llog?L C LloglL

3. Conde-Alonso, Gonzdlez-Pérez and Parcet 2020, Forum Math.
Sigma



Why is Llog? L(N)

L for p> 1, [[(0n(F)NLo(Los(meM o) < ol FllLp(Loe(m)@A)s

= cp?/(p —1)?, this is a sharp order as p — 1.

2. [[(on(FNl Ly(Loe (Mm@t ne) < Nl L10g2 L(Loo(m)@M)-
3. combining the last two items, we can get the above theorem.

M. Junge and Q. Xu, Noncommutative maximal ergodic theorems. J. Amer.
Math. Soc. 20 (2007), no. 2, 385-439.

Y. Hu, Noncommutative extrapolation theorems and applications. lllinois J.
Math. 53 (2009), no. 2, 463-482.

G. Hong and M. Sun, Noncommutative multi-parameter Wiener-Wintner type
ergodic theorem, J. Funct. Anal. 275 (2018), no. 5, 1100-1137.



More comments related to Llog L type spaces

Finding the largest r.i. subspace Y of L1(T) such that

Sp(f), or Sp(f)—f, feY.

» Lie, Victor The pointwise convergence of Fourier series (lI).
Strong L1 case for the lacunary Carleson operator. Adv.
Math. 357 (2019), 106831, 84 pp

» Lie, Victor Pointwise convergence of Fourier series (1). On a
conjecture of Konyagin. J. Eur. Math. Soc. (JEMS) 19
(2017), no. 6, 1655-1728.



Cesaro means in L,, p > 1

Theorem (Hong-Wang-Wang, 2019)

[@mn(F)mnz1llL,w ) < GollfllL,n, 1< p < oo

G. Hong, S. Wang, and X. Wang, Pointwise convergence of
noncommutative Fourier series, arxiv, 2019.



Noncommutative Fourier series: recent results

» X. Lai, Sharp estimates of noncommutative Bochner-Riesz means
on two-dimensional quantum tori. Comm. Math. Phys. 390 (2022),
193-230.

» S. Wang, Lacunary Fourier series for compact quantum groups.
Comm. Math. Phys. 349 (2017), no. 3, 895-945.

» Conde-Alonso, Gonzalez-Perez and Parcet Noncommutative
strong maximals and almost uniform convergence in several
directions. Forum Math. Sigma 8 (2020)

> C. Pang, M. Wang, and B. Xu, Noncommutative pointwise
convergence of orthogonal expansions of several variables. Math.
Nachr. 294 (2021), no. 8, 1559-1577.

» G. Hong, S. Wang, and X. Wang, Pointwise convergence of
noncommutative Fourier series, arxiv, 2019.



Main result 1

Conclusion:
1. omnin Ly, only for o p;
2. Om,pin Llog2 L, done;

3. Om,nin Lp, done.



Main result 1

Theorem (Jiao-Zhou 2022)
For fixed B > 0, define

Ys={(mn)eN?:m/n< B n/m< B}

There exists an absolute constant cg > 0 such that for any

fe Ll(N),

[(@m,n(£))(m,myess AoV o) < Bl FllLy 1)



Comments for Possion means

Let 0 < r,s < 1. For f € L1(N') where N = Loo(T?)®@M, define
the (Abel-) Poisson mean as follows:

Prs(F)x,y) = DD Flk, 1)rHlslleeth) (s y) € [, 7]

keZ IeZ

Theorem (Jiao-Zhou 2022)

Let B> 0. Then there exists a constant cg > 0 depending only on
B such that, for any f € L1(N),

1(Prs()) 1 yes s Inco o) < Bl i)

where

BN 1 1 1—-r 1-—s
Zﬁ:{(f,S)E[E,l)X[E,l)IT_S,ﬁéﬁ}, B> 0.



Main result 2

For f € L1(T?), let (Marcinkiewicz 1939)
1 n
Fo(f)= ——— S5 1(F), neN.
(= Gy LSl 7

Theorem (Marcinkiewicz 1939)
Fo(f) — f, ae f € LlogL(T?)
Theorem (Griinwald 1941; Herriot 1942)

Fo(f) — f, ae feLi(T?).

e In 1968, Zhizhiashvili also provided a proof for this result.



Main result 2

Theorem (Jiao-Zhou 2022)

There exists an absolute constant ¢ > 0 such that for any
fe Ll(Tg),

I(Fa(F))n>1llA e Vte) < €Il

Note: (1) Main results 1 and 2 can be transferred to quantum tori
setting. (2) Both the noncommutative maximal inequalities imply
the b.a.u.



The first key lemma: a maximal inequality with respect to
rectangles

For f € L1(N) and h,s > 0, set
1 h S
Ins(F)(x,y) = / / f(x+u,y +v)dudv, (x,y)€ R2.
4hs —hJ—s

Lemma

If hys >0, h=2%s ors =2% for some fixed a € N, then there
exists an absolute constant ¢ > 0 (which is independent of «) such
that, for any f € L1(N),

1Uhs(F))sllAy o (o) < €lFllLyen)-

e The constant ¢ above is independent of «.



1. In the case h = s, this is just the noncommutative
Hardy-Littlewood maximal inequality, which is proved by Mei
2007, Mem. AMS via nc martingales.

2. The proof of Chen-Xu-Yin theorem for o, , is reduced to
noncommutative Hardy-Littlewood maximal inequality.

3. In the classical setting (M = C), this lemma can be proved
by covering lemma.

4. In the noncommutative setting, covering lemma seems do not
work; see also Hong-Liao-Wang.

5. The proof of last lemma can be proved by Mei's lemma.

Mei, Operator valued Hardy spaces, Mem. Amer. Math. Soc. 188 (2007),
no. 881, vi+64.

G. Hong, B. Liao, and S. Wang, Noncommutative maximal ergodic inequalities
associated with doubling conditions, Duke Math. J. 170 (2021), no. 2,
205-246.



Proof of main result 1

Theorem 1

1(@m,n(F))(mmessllnr wVite) < lIFllL -

» Take positive f € Ly(N).

» Take k € N such that 2 < m < 2K*1, and decomposition
om,n(f) into four parts:

Um,n(f) = Pm,n,k(f) + Qm,n,k(f) + Rm,n,k(f) + Sm,n,k(f)-

» Control every part by I, ¢(f).



The second key lemma: a maximal inequality with respect
to parallelograms

For f € L1(N), o € Z and h > 0, define

t+2%h

1 h
Ana(f)(x,y) = W/—h /t—zah f(x+ s,y + t)dsdt.

Lemma
Let o € Z. There exists an absolute constant ¢ > 0 such that, for

any f € Ll(N),

[(Ana(F)h>0llAy oV tse) < lFll i)

e The constant ¢ above is independent of «.
e This result actually belongs to Cadilhac and Wang.



Comments for key lemma 2

Hong-Xu 2021

1O 1o 2(F) = Ex(F)P) 2l < €I,
keZ
consequently,
[I'sup bk o (F)l 1y oo < €Il
keZ

P G. Hong and B. Xu, A noncommutative weak type (1,1) estimate for a
square function from ergodic theory, J. Funct. Anal. 280 (2021), no. 9,
Paper No. 108959, 29 pp.

» L. Cadilhac and S. Wang, Noncommutative maximal ergodic inequalities

for amenable groups, manuscript (2022).

» Jones et al. 1998



Proof for key lemma 2: main ideas

» Step 1: By Mei's lemma, reduce the problem into lacunary
case.

» Step 2: using noncommutative CZ decomposition to
decompose f into three parts.

> Step 3: estimate every part.



Mei's Lemma

Mei's Lemma For any interval | C R, there exist ny,j; € Z such
that / < DEM € DRl and [DEM| < 6]1), or 1 ¢ DR € D and
\D,[,?]‘”\ < 6|/|. The number n; is actually the unique element in Z

such that
27n,fl o—n

<l
<<

o Let (Ix)kez C Umez]:,[n (i € {1,2}) be a decreasing dyadic
intervals. For f € L1(N) and « € Z, let (Ix := (ax, bx] with
b — ai = 2_k)

bi [t+2%by
Al F)(x,) = San- 2k/ / f(x + s,y + t)dsdt.

+2%a
e For positive f € L1(N),

Apa(f) < 144Z/k7a(f) + similar formula.



Cuculescu projections

Lemma
Take f € L1(M) such that f > 0. Consider the martingale (fp)n>1
with f, = E,(f), n > 1. For any fixed A > 0, there exists a

sequence of decreasing projections (q,(7)‘)),,21 in M satisfying the
following properties:

(i) for every n>1, qf,)‘) € My,
(ii) for every n>1, qf,)‘) commutes with q
(iii) for every n > 1, ¢V f,gY < MgV,

)

(iv) if we set M) = /\2021%(1)\)' then ¢ g™ < \g™) and

f,)i)l fa q r('l);)]_ ;

M (1= M) < 7((1 = gM)F) < Fllymy.

eqgo=1 g, = qn71X(0,)\)(qnflfnqnfl)-



New CZ decomposition

Theorem (Cadilhac et al. 2021)

Let f € L1y(N), f >0 and X\ > 0. Then there is a decomposition
of f such that

f =g+ by + bosr (4)
where
(1) &= qfq+ > k>1 Pefepr,
gl vy < Il and gl vy < Riegs
(i) ba = > =1 Pr(f — fi)pk and

Do = el vy < 27(F(L = ) < 201F]| 1y y;
k>1

(ili) bofr = Y- g1 Pk(F — fi)ak + qi(f — fic) i



Comments for Cuculescu projections and CZ decomposition

» |. Cuculescu, Martingales on von Neumann algebras, J. Multivariate
Anal. 1 (1971), no. 1, 17-27.

» N. Randrianantoanina, Non-commutative martingale transforms, J.
Funct. Anal. 194 (2002), no. 1, 181-212.

» J. Parcet, Pseudo-localization of singular integrals and
noncommutative Calderén-Zygmund theory, J. Funct. Anal. 256
(2009), no. 2, 509-593.

» G. Hong, X. Lai, B. Xu, Maximal singular integral operators acting
on noncommutative L,-spaces, arxiv, to appear in Math. Ann.

» L. Cadilhac, J. Conde-Alonso, and J. Parcet, Spectral multipliers in

group algebras and noncommutative Calderén-Zygmund theory,
arXiv:2105.05036 (2021), to appear in J. Math. Pure Appl.



Sketch of the proof: New CZ decomposition

® g,'s are the so-called Cuculescu projections,
Ap(1 = q) < [[f]l,)-

Since we are in dyadic case, gn = 3_gcp(,) IOXQ:

Pn = Q4n—-1 — 4n = Z aQXxXQ,
QeED(F)

ba=>Y_ Y, polf—fo)raxe

k>1 QeD(Fy)

and

bott =) Y palf —fo)daxq + qo(f — fo)paxe:
k>1 QeD(Fy)



Three estimates

e Easy! Estimate 1 There exists a projection e; € N such that
sup [er0n(g)erfloc <A, Ap(l—en) < cf[fs.

e Estimate 2 There exists a projection e; € N such that
sup [e20n(ba)ezlloc <A Ap(1 - e2) < clf]1.

e Estimate 3 There exists a projection e3 € N such that

sup ||eson(bor)eslloc < A, Ap(1 —e3) < c|/f1.
n



Lemma

Suppose that by and bug are from (4) associated with the given
positive f € L1(N) and X\ > 0. For k < n, there exists an absolute
constant ¢ such that

1Ay o (ban) |y ay < €257 "B nll Ly (v)-

e This estimate is movatied by G. Hong and B. Xu 2021, JFA.



Comments for o, , and F, in Hardy spaces

e In 1996, Weisz proved that the operator sup(m, n)ex; [Om,n| is
bounded from the Hardy space H, 4(T?) to L, 4(T?) provided
3/4<p<ooand 0< g < 0.

e Atomic decomposition!

e Z. Chen, N. Randrianantoanina, and Q. Xu, Atomic
decompositions for noncommutative martingales, arXiv, 2020.



Thanks for your attentions!



