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Paleys inequality in analytic HP-space

Denote by T the unit circle.
Lacunary sequence (or, Lacunary set) (ng)ren C Z: there exists
0 > 0 such that for all £ € N,

g 11] > 1434
1|

Given (c¢;) C C, a classical Khintchine type inequality states that
there exists Cs5 < oo such that
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Paleys inequality in analytic HP-space

Plancherel theorem
27
[ I estdo =3 el
0 k k

o (3(N) C LM(T). (L lexl?)? = | fll sy provided f(2F) = ¢ and
f(n) = 0 otherwise.
e However, the map

P f = (f(nk))keN

does not extend to a bounded map from L(T) to /3(N). e.g.

ko ok
f(z) = HkN:1(1 + #) which have norm || f||z1(r) = 1 while
(f(2%))1<k<n has norm @ since f(2F) = % fork=1,---,N.



Paleys inequality in analytic HP-space

Let Hl(’]I‘) be the real Hardy space on the unit circle:

={f € LXT) : (| fllarery = 1l + ()2 < o0}

with H the Hilbert transform of f. A classical theorem of Paley [1]
asserts that

(Y 1F)2)2 < Callf i ny,

JEA

where A is a lacunary sequence. Moreover,

(Z w) ~inf {||fllieny = £ € HY(T), f(ni) = x|
k

1. R. E. A. C. Paley, On the lacunary coefficients of power series, Ann. of Math, (2), 34(3):615616, 1933.



Paleys inequality in analytic HP-space

e (?C HYT). P: HY(T) — {5 is bounded.

o A subset £ C N is called a Paley set([2]) if the above equivalence
holds for all choices of (¢x)x € l2,ni € E with constants depending
only on E.

e Rudin[3] proved that E is a Paley set only if

sup#EN[2", 2" < C
neN

e Paley set F is a finite union of lacunary sequences.

2. G. Pisier, Multipliers and lacunary sets in non-amenable groups. Amer. J. Math. 117 , no. 2, 337-376, (1995)

3. W. Rudin, Remarks on a theorem of Paley. J. Lond. Math. Soc., 32(1957), 307-311.



Paleys inequality in analytic HP-space

Theorem (Paley)

Let 0 < p < oo and let (ny) be a lacunary sequence of positive
integers. Then f(z) =Y 72, f(ng)z"* € HP(T) if and only if
Sney |f(ng)]? < co. Moreover, for each such p there exists a

constant C' that depends only on p such that

CH Dz < I laeery < 1)z

e Rudin[5] has shown that Paley inequality holds for the case of
compact connected abelian group with a total order.

4. Jevtic, M., Vukotic, D., Arsenovic, M., Taylor Coefficients and Coefficient Multipliers of Hardy and Bergman-Type
Spaces, vol. 2. RSME Springer Series, New York (2016)

5. W. Rudin, Fourier Analysis on Groups. Wiley, New York, (1990).



Paleys inequality in analytic HP-space

S1: all trace class operators on £2,
HY(SY) = HY(T) ® St C L}(T; SY).

Theorem (Lust-Piquard, Pisier; 1991)

Suppose A is a lacunary sequence, then there is a constant C such
that for all functions f = >, axe™™ € H'(S'),a;, € S,

(@)l < ClIf sy,

where [|(ax)||| := inf{er(Yy laxl?)? +tr(S [b7[2)7 : e = ar + by}

6. F. Lust-Piquard, G. Pisier, Noncommutative Khintchine and Paley inequalities. Ark. Mat. 29 , no. 2, 241-260,
(1991)



Paleys inequality in BMO space

Fefferman-Stein: the dual space of H!(T) is BMO(T)

1
| fllBaocry = Sl}pm/l\f — f1| ds, f € L(T)

with the supremum taking over all arcs I C T. By Fefferman-Stein’s
H'-BMO duality theory,

(Z \ck|2> ~ inf {||flliny = £ € HY(T), f(ni) = x|
k

has an equivalent formulation that, for any (cx) € £,

()

>

k

BMO(T)



Paley inequality on nc analytic hardy spaces

A w* closed subalgebra A of M is called a subdiagonal algebra of M

with respect to E(or D), if
Q@ A+ A*is w* dense in M;
@ ¢& is multiplicative on A, i.e., £(ab) = E(a)E(b) for all a,b € A,

© The restriction of 7 on D = AN A* is semifinite.
Q 7(&(x)) = 7(x) for every positive operator z € M.

where A* = {a* : x € A}.



Paley inequality on nc analytic hardy spaces

Let (G, <) be a countable discrete group with a bi-invariant order:
elet G be a subsemigroup of G with the properties: GT UG~ = G
and GT NG~ = {e}.

e Define the relation < in G by 2 <y if and only if 271y € G+.
oWe write z < y if e 7'y € GT and 271y # e.

ox < y implies zx < zy for every z € G.

e This order will be invariant under right multiplication if (and only if)
G is normal in the sense that zGT2z~1 C GT, for every z € G.



Paley inequality on nc analytic hardy spaces

L(G) ={)g: g € G}'; T is the trace on L(G).
Put Ag = {D cgAg: 9> e}’ and Dg:= AgN AL ={\l: e C}).

Let N := L(G)®B(H). Then

*

Ay i= AGEB(H) = {z =3 A ®cy € B(H): g > e,c € M} .
geG

is a maximal semifinite subdiagonal subalgebra of N" with respect to
E® 1.




Paley inequality on nc analytic hardy spaces

For 0 < p < 0o, we define the noncommutative Hardy spaces H?(N\)
by

HY() = (Aga M) n e

7. W. B. Arveson, Analyticity in operator algebras, Amer. J Math.,89(1967), 578-642.

8. M. Marsalli, G. West, Noncommutative H, spaces, Journal of Operator Theory, 40(1998), 339-355.



Paley inequality on nc analytic hardy spaces

Let 0 < p < co. We define the space SP(¢2,) as follows:

QO Ifo<p<?,
SP(€7.) = SP(€2) + SP(67)

equipped with the intersection norm:

I(ar)nzollspiz,y = inf  {[(br)nollse(ez) + [ (ek)nzollspez)}
ap=bg+cg

Q@ Ifp>2,
SP(e2,) = SP(£2) N SP(£2)

equipped with the intersection norm:
[(ak)nzollseez,) = max{||(ax)n>0llsr(2), [ (ar)n>oll sp(e2) }-

9. M. Junge, C. Le Merdy, Q. Xu, H°® functional calculus and square functions on noncommutative L p-spaces,
Astérisque 305, vi+138 pp(2006).



Paley inequality on nc analytic hardy spaces

For each g € G4, let Ly = {h:g <h < g?}. For E C G4, let
N(E,g) =#(LyNE). We say E C G is lacunary, if

N(E)= sup N(E,g) < oc.
9€G 4

For a general subset E C G, let By = ENG+, E_=E—-E,. We
say E is lacunary if N(E) = N(Ey) + N((E_)™1) < c0.

Theorem (CHLM2020)

Assume that E is a lacunary subset of G.. Then, for any sequence
(ck)x C SY, and any sequence (gx)%>, C E, we have

| (er)iztllsn ez, )

=~ inf{(tr®7)(|f!) L f € LN, flgr) = ek, f(g) = 0,Vg < 6’}

v




Sketch for the proof of Theorem

e By the convexity of |- |* and the complete positivity of 7, we have
that, for any finite sequence gx € G,

1 1
76l Y ardg | < (16l Y arrg?)z = O larl?)z.
k k

k

o Writing ¢ = ai + bg, we get,

1 " errgell < Hl(er)is ls1ez,)- (2.1)
k

e For f € HY(N) and € > 0, by Riesz factorization theorem, there
exist ¥,z € H2(N) such that f = yz and ||y|l2]|z|l2 < || f|l1 +e.



Sketch for the proof of Theorem

~

Given an element g; € E with f(g;) # 0. Recall that

f(g) = 1c(fA;), we have

-~

flg) = > GWz(h~'g) = A + B;,

e<h<g;
where
Az = (@) [yZi (Ao 01)]
Bi: = (1¢®1) [(Agi—l ® 1) Yiz} :
where

e<h<h2<yg;

Y, = Z An @ Y(h).

e<h<h2<g;



Sketch for the proof of Theorem

e Since N(E,g) < K, we get

;
[(A)izillsrezy < K2 ([ fllpry +€)-
and
1
(BT lls1e2y < Kz2([Iflor vy +€)-

Therefore,

~

I(fg))imilliime) < 1(B)imllorme) + 1(A)is llorvmee)

1
< 2K2([[fllpray +2),

This completes the proof by letting ¢ — 0.



Paley inequality on nc analytic hardy spaces

Let H be the linear map on L?(LG) such that

ch®)\ ch@))\ ch@)/\g). (2.2)

gze g<e
For f=3_,cg®Ag € L?*(LG), set

I fll Brroca) = inf{llull Lo cqy + vl = f = u+ Ho}
where the infimum is taken over all u,v € L>(N).

Let BMOA(LG) be the space of all f € H2(LG) with finite

[ - ||BMO(£G)‘n°rmS-
° Hl(LG)* = BMOA(LG).

10. M. Marsalli, G. West, The dual of noncommutative H?!. Indiana Univ. Math. J. 47, no. 2, 489-500, (1998)



Paley inequality on nc analytic hardy spaces

Let N' = M®L(G) with the trace tr ® 7. For 1 < p < oo, let
HP(N') be the norm (respectively weak operator) closure in LP(N)
of the collection of all finite sums 3 -, ¢y ® Ag with ¢ € LP(M). In
this case, H'(N') coincides with the projective tensor product
LY'(M)®H'(L(G)), and its dual is isomorphic to

BMOA(N) = M&BMOA(L(G)) the injective tensor product. The
Hilbert transform id ® H extends to a bounded map on LP(N) for all
1 <p<oo. So, for 1 < p < oo, HP(N) is a complemented subspace
of LP(N'), and we have the following equivalence for

f=22,¢g®Ag € LP(N),

1 llp 2 1) cg @ Mgl + 11D g @ Agllp.

g=e g<e



Paley inequality on nc analytic hardy spaces

Corollary (CHLM2020)

Assume that E is a lacunary subset of G4.. Then, for any sequence
(cx)x C SP, and any sequence (g;)3, C E, we have

o0
I(er)iillsoezy =~ 1D ek ® Agllamow),
pst

(o)
Ier)2illsiezy = 1D ek ® Agllsiny,
=1

o
H(Ck)i":lezo(egr) ~ | ch ® )\ngsp(N), l<p<oo
k=1




Paley inequality on nc analytic hardy spaces

Corollary (CHLM2020)

For any sequence (g;);2, in a lacunary subset E € G

(oo}
Z Agi ® Cyg;
=1

>~ |[(cg;)i21llsp@ez,), 0 <p < oo,
Lr(N)

I eq)Zallseez,) = inf {1 fllzoery : f € L2,

(gi):Cgi},1<p<OO.

v




Free group Iy

A conditionally negative definite length ¥ on G. By that, we mean %
is a Ry -valued function on G satisfying 1(g) = 0 if and only if g = e,

P(g) =¢(g~"), and
> agant(gth) <0 (3.1)
g,h

for any finite collection of coefficients a, € C with Zg ag = 0.



For g € Fy in the form of g = a/1bF - - aINbFN | let

N 2

N 2
|g|z: Z]l + Zkz
=1

=1

Then

Vi g— |g|z

is a conditionally negative definite function on 5, and the
unbounded linear operator L, : Ay — 9.\, generates a symmetric
Markov semigroup on the free group von Neumann algebra £(F3).

12. C. Berg, J. Christensen, P. Ressel, Harmonic Analysis on Semigroups: Theory of Positive Definite and Related
Functions. Graduate Text in Mathematics, Springer-Verlag, (1984)



Free group Iy

For (21, 22) € T?, let 7, be the *-homomorphism on £(IF3) such that
T:(Aa) = 210, T2(Ap) = 22Xp.

Given f € L(IFy), viewing 7. (f) as an operator valued function on
T2, one can see that

m (A @id)m.(f) = La(f)

with A being the Laplacian on T2.
e L, +— Laplacian. e subgroup ker(1,).



Free group Iy

A bi-invariant order on free groups Fs : (a,b) «— Z[A, B|:

pa)=1+A, pla)=1—A+A2 - A3 +...,
p(B) =1+ B, u(b")=1-B+B>—B3+....

Denote by “<" the dictionary order on Z[A, B] assuming 0 < B < A.
We then formally define the ordering on the free group Fa by setting

g <hinTFy if pu(g) <p(h)in A.

For any word X of A, B, denote by Jx(g) the coefficient of the X
term in u(g).

12. A. A. Vinogradov, On the free product of ordered groups. (Russian) Mat. Sbornik N.S. 25(67), 163-168, (1949)



Free group Iy

Let
F) = ker(v.) = {g € Fa: Jalg) = Jp(g) = 0}

For g € F9, g > e if Jap(g) > 0 since Jaa(g) = 0.
e Given a sequence g, € Fo, then E = {g, : n € N} is a lacunary
subset of Iy if any of the following holds:

@ The sequence J4(gn) € Z is lacunary.
@ Ja(gn) = 0 for all n and the sequence Jp(g,) € Z is lacunary.
@ Ja(gn) = Jp(gn) =0 for all n, and Jap(gy) is lacunary.

e For instance, {a'b* € Fy : i,k; € N*} and

{anbzka_ka_zk : k € N} are lacunary subsets of Fs.



Free group Iy

Corollary (CHLM2020)

Suppose (gi)r € FY is a sequence with (Jap(gx))x € Z lacunary.
Then for any (ci)r with elements in SP(H ), we have

)

9k

e Bz ) = ®tv~(

for all 0 < p < co. Moreover, for p =1, we have

H(Ck)Hsl(egr)
:inf{(7'®tr)< Y e +| D f(g)@Ag)}
Jap(9)>0 Jap(9)<0

Here, the infimum runs over all f € L'(L(F3)) ® S1(H) with
fgr) = cx.




Paley’s inequality in the semigroup language

For each t > 0, let Py(e?) = e~ klte’k?  For f e LY(T),

1
I f1l Bavory = sup 1B [1f = PelHPTN Z ooy

9 1
00 a 2
I f1l £ (ry = </0 ‘mptf tdt)

Garnett, Garsia, Stein, Mcintosh, Duong/Yan, Hoffman/Pascal...

LY(T)



Paley’s inequality in semigroup language

For a conditionally negative definite length ¢ on GG, we say a
sequence (hy)ken of elements of G is ¥-lacunary if there exists a
constant § > 0 such that

¥(hk)
o(h; " )

(1 +6)p(hy)
St (hy,).

AVANIY

for any k > j.



Paley’s inequality in semigroup language

Let
Ti: Ag > e W9,

be the semigroup of operators on the group von Neumann algebra
0

L(G) associated with 1. Let
1
0o 2 2
£l = 7 ( | gnn)] s ds>

Il = sup |17 1 = TP

o H.(1)* = BMO(¢))?
e MRL(G) +— id® Ty

13. M. Junge, T. Mei, BMO spaces associated with semigroups of operators, Math. Ann. 352, no. 3, 691-743, (2012)



Paley’s inequality in semigroup language

Lemma (M)
Let f =3, cx ® A, € L2(B(H)®L(G)), we have

L (mr) = ([ 2n )

This means the left hand subtract the right hand of above is a
nonnegative self-adjoint element of B(H).
Moreover, if we assume (hy) is a 1-lacunary sequence, then

—_ < Z E
‘/0 ’83T8f ~ <1+ 5) ‘ |Ck’

k

0
%Tsf

2
sds




Sketch for the proof of Theorem

°
o0 8 2
/0 %Tsf sds = ;akvj(ck)‘hk)*cj/\hj,
with
V() (hy)

W = ) + D)2

e First inequality: Cauchy-Schwartz inequality.
e Second inequality: v-lacunary property and >, ax; <1+ %..




Paley’s inequality in semigroup language

Theorem (M)

Suppose that (hy)r, C G is a y-lacunary sequence. Then, for any
N eNand f =30, cx ® A\, with ¢y € B(H), we have

£ B arouy = || D lenl?-
k,hi#e

At the other end, we have, for any (c) € S(¢2),

“|foper)

. >l o
~sinf ¢ (tr @ 7) (/0 ‘asTsf

hara +ha infirmiim riine avar all £ = TYRIOIS L))

2 3
s ds) (7(fAR) = ¢k




Sketch for the proof of Theorem

[ ]
Ty (If = TP =D arjlcrrn,) cirn,
k7j
with
ayj = e_tw(hlzlhj)(l - e‘tw(hlzl))(l — ety > .

),

e By v-lacunary property:

supZak]§1+5 +672= c(;,supZakjgc(;.
J
J

1T (7~ TP | 3 [ e o] e[

k,hk;ﬁe

e The BMO estimate follows from

|17 [1f = Te(HP]]| < c5

> lexl?
k

and



Sketch for the proof of Theorem

e the H'-estimate: By duality, we may choose by, such that
132 Ik = 1 and

tr (Z\ckF) = sup(tr @ 7)(f*9),

k f,QO

[

where the superum runs over all finite sum
p= Zgil bAn,, [ = ZkN:1 ckAn,,- Combining the Holder inequality
with the second inequality of above Lemma we obtain
1
2 3
SdS)

tr (Z|Ck|2> §4<1+§>2(7‘®tr) </OOO‘§STSf
k

The other direction follows by taking tr on the both sides of the first
inequality of above Lemma.




Thanks for your attention!
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