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Fusion algebra

Definition (Hiai-lzumi, 1998)

A fusion algebra R(7) is a unital algebra over Z with a

basis J such that

(1) The unit eis in J.

(2) The abelian monoid N[7] is closed under multiplication,
that is, for all o, B in J, there exists uniquely a family
of nonnegative integers (N, ;),e7 such that

af = N}
veJ

(3) There exists a map (called conjugation) x — X on J
such that a8 = pga for all o, 8 in 7.
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(4) Fronenius reciprocity holds:
Yo _ N8
Na7ﬂ o N,?,B o Na”y

forall a, 8,y € J.

(5) There exists a map d : J — [1, 00) such that
d(x) = d(x) and

d(a)d(8) = > NI 4d(7),

veJ

for all x,, B € J. We call d the dimension function.
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An example aion o
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Let I be a discrete group. The integer group ring ZI is a Goswami

fusion algebra. Fusion algebraic

actions

Here N, = dstu, 5 = slandds=1forall s, t,uinT.



Fusion algebraic actions on compact quantum
spaces

Definition (Chen-Goswami-H.)

Let A be a unital C*-algebra, R(7) be a fusion algebra with
a basis J, and SG s be the semigroup generated by J with
respect to ring multiplication, i.e.,

SGz ={m2 7 | 71,7 € J}. An action of R(J)
on Ais a map («, a) — o4(a) from SG7 x A to A such that

(1) For any fixed v in SG7, the map
0q 1 A— A, a> 0q(a) is C-linear, unital,
norm-contractive and preserves x—operation.
(2) 0aop = 04p for any o, B in SG7.
(3) o is the identity map on A.
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Amenable fusion algebraic action

Definition
An action o : R(J) ~ A of a fusion algebra R(J) on a
unital C*-algebra A is said to be amenable, if there exist a

sequence {&p}n>1 in Co(J) ® A such that

(1) <§n7§n>A =1a.

(2) &na = a&, for any a € A.

(3) 1104 %0 &n — &nll2,a — 0 @as n — +oo, for any v € J.
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For f =3 c70a®an, 8= 5c708®bgin Cc(JT)® A,
define the A-valued inner product on C.(J) ® A by

(f,g)a = Z aqb}, € A,

aed
and
fc .= de@aac (Cf = Z5a®cao¢> , Ve € A,
acg aceJ

and a norm

1
12,4l := [IF, £)all 2
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The twisted convolution related to a fusion algebraic
action o : R(J) ~ A by

fx, g = Z In(08) ® anoa(bg),
a,BeT

Here I, : (2(J) — (?(J) is given by
(08) = 3= Yeeq NS 50
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Definition of CQG

A compact quantum group(CQG) is a unital C*-algebra A
with a unital x-homomorphism A: A — A® A (minimal
tensor product) satisfying:
> (Associativity)(A ® id)A = (id @ A)A;
» (Cancellation)A(A)(1 ® A) and A(A)(A® 1) are dense
in A® A.

If Ais commutative, then A = C(G) for a compact group G.
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Examples

. C(G) for a compact group G with A(f)(x,y) = f(xy)
for f in C(G) and x,y in G;
. C*(T) for a discrete group I' with A(s) =s® s for

every sin I,

. For g in [-1,1], define C(SUq4(2)) (the twisted SU(2))
to be the universal unital C*-algebra generated by a
and b such that the matrix (2
A(a)=a®a—qgb*®@band A(b)=b®a+ a*® b.
. The universal unital C*-algebra C*(p, q) generated by
two projections p and g with
A(p)=p@p+(1—p)®(L—p)and
Alg)=q®q+(1-q)®(1-q).

) is unitary. Here
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There exists a unique state h (the Haar measure of G) on
A = C(G) such that

(h® id)A(a) = (id @ h)A(a) = h(a)1

for every a in A, and a unique functional € (the counit of A)
defined on a dense *x-subalgebra A of A such that

(e®@id)A = (id®@e)A = id.
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A nondegenerate (unitary) representation U of a compact
quantum group G is an invertible (unitary) element in
M(K(H) ® A) for some Hilbert space H satisfying that
Uip Uiz = (id @ A)U.

K(H)-compact operators on H;
M(K(H) ® A)-the multiplier C*-algebra of K(H) ® A.
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For two representations U; and U, with the carrier Hilbert
spaces H; and H, respectively, the set of intertwiners
between U; and U,, Mor(Uy, U,), is defined by

MOI‘(Ul, U2) = {T S B(Hl, H2)’(T® ]_)Ul = U2(T® ].)}

Two representations U; and U, are equivalent if there exists
a bijection T in Mor(Ui, Us). A representation U is called
irreducible if Mor(U, U) = C.
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G-CQG

Every irreducible representation of a CQG is finite
dimensional.

G- the set of equivalence classes of irreducible unitary
representations of G;

d.-the dimension of the carrier Hilbert space of a € @;
x(@) = 2% u% is the character of o in G where
(uff)1<ij<d. is a representative of a.
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Take a representative U* as (ujj)1<ij<d, With uj € A. The
matrix U is still an irreducible representation (not
necessarily unitary) called the conjugate representation of
U® and the equivalence class of U@ is denoted by a.
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Given two finite dimensional representations «, 8 of G, fix
orthonormal bases for a and 3 and write o, 5 as U®, U? in
matrix forms respectively. The direct sum o + 3 is the
equivalence class of unitary representations of dimension

0
d. + dg given by ( 0 UB)

The tensor product o, is an equivalence class of unitary
representations of dimension d,dg whose matrix form is

given by U*? = U5 U23
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G-CQG

Every unitary representation of G is a direct sum of
irreducible representations.

The tensor product af of two irreducible representations «
and [ is a direct sum of irreducible representations:

Oéﬁ = E’YG@ N;MS’Y‘
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For
o(G) = P B(Ha) = ) Ma, (C),
046@ aE@

~ ~ ~

define Ag : M(co(G)) = M(co(G) @ co(G)) by
Ag(ed) =3, ef @ e, and £: M(co(G)) — C by
g(eff) = 1 for a being the trivial representation of G,
otherwise 0.
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Discrete quantum group actions

Definition R
A (left) action of a discrete quantum group G on a unital
C*-algebra A is a non-degenerate *-homomorphism

~

p:A— M(cp(G)® A) such that
(1) (id ® p)p = (Ag @ id)p;
(2) (@ id)p=id.

Denote this action by p : G~ A
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A discrete quantum group action p : G A gives a fusion
algebraic action of R(G) on A by

x(7)

P .

o, .a—
v

d’Y

-a

for all ain A and 7 in SGg with x - a = (x5 ® id)p(a).
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For any action p: G ~ A, a state ¢ on A is called Camaariit

FA-invariant under p if o(x(a) - a) = da(a), for every avin
G and ain A.
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-y ble di Debashish
say that & 1s an amenable discrete quantum group. Comnarl

Examples of amenable discrete quantum groups include
amenable discrete groups, dual of compact groups and

—
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Theorem (Chen-Goswami-H.)

Letp: G ~ A be an action of a discrete quantum group G
on a compact quantum space A. Then the following are

equivalent:
(1) The discrete quantum group G is amenable.

(2) The action p is FA-amenable, and there exists an
FA-invariant state on A.
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Thank you.
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