IASM of HIT, Harbin, 10 April 2024

L“-spectrum, convergence exponents,

and temperedness
on locally symmetric spaces

Hong-Wei Zhang (Paderborn University)

PADERBORN
UNIVERSITY

f



Objects to Study

Smallest eigenvalue of —A < — Temperedness of L*(I'\G)

Convergence rate of I



Objects to Study

Smallest eigenvalue of —A < — Temperedness of L*(I'\G)

Convergence rate of I

Anosov subgroup conjecture Strichartz inequality



Notation: Space

Hyperbolic plane

H? = {z € C|Imz > 0} (upper half-plane)
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Real hyperbolic space

H*={z e RxR"| —azg+z3+ - -22,,=-1, 20 > 1} (hyperboloid)
H" = SO¢(n+ 1,R)/SO(n)

Non-compact symmetric space of

H" = H*(R) H"(C) H" (H) H2(O)
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L?-Spectrum on hyperbolic surfaces

Spectral gap oo(—A)
Hyperbolic plane H?: O.- ———————— - R

Modular curve SL(2,Z)\H? (non-compact and finite area):
O'd(—A) C O'C(—A)

i.e., there are
e infinitely many embedded eigenvalues
e no exceptional eigenvalues

(Selberg’s 1/4 Conjecture for general Riemann surface)



L?-Spectrum on hyperbolic surfaces

Spectral gap go(—A)
Hyperbolic plane H?: O.- ———————— - »

Thin group: I' < SL(2,R) s.t. Vol(I'\H?) = oo
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L?-Spectrum on hyperbolic surfaces

Spectral gap g.(—A)

oa(—A) oc(—A)
O = = = == —— - - >
¥ Ao(I'\H) >
i.e., all eigenvalues are exceptional (finitely many)
|grad f||* dvol
Characterize A\g(I'\X) := inf fF\X = info.(—A)

fece(I\X) fF\X | £1]? dvol



Convergence/Critical Exponent

1 r <
5r — lim sup - 220FY €T d(e,ve) < RY)
R—o0 R

21



Convergence/Critical Exponent

1 I <
5 — limsup og(#1{y € I'| d(e,ve) < R})
R— o0 R

or =inf ¢ s € R‘ Z e sUere) g
vel

. » . —sd(e,ve
Poincaré Series: E e~ sdleve)
vyel

< 00 if s> or
= 00 if s <or

eg MH*: 0<6r<1 ImH™0<ér<n-1 )



Characterization in Rank 1

Xo(D\H?) = 5

L?(T'\G) is tempered

Ao(T\H?) =

23



Characterization in Rank 1

Mo(T\X) = p? L?(T\G) is tempered

Theorem [Elstrodt ‘73, Patterson ‘76, Sullivan ‘87, Corlette ‘90]

ro(T\X) p° if 0<dr <p
O p—
p* — (6r — p)? if p<dr<2p

where p = 21 on H"(R), n on H"(C), 2n + 1 on H"(H), 11 on H?*(0)

24



Temperedness

(G connected semisimple Lie group — direct integrals:

D

S,
L*(T\G) = /@ H . dv(m) and L*(T\X) = / (H,)" dv(r)

AN

G
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Temperedness

(G connected semisimple Lie group — direct integrals:

D
(Hr)" dv(r)

AN

O
L*(T'\G) = /@ H.. dv(r) and L2(T\X) = /G

In rank 1, G K, consists of
e the unitary spherical principal series 74y (A € R/ + 1)

e the trivial representation m4;, = 1
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Temperedness

(G connected semisimple Lie group — direct integrals:

D
(Hr)" dv(r)

AN

O
L*(T'\G) = /@ H.. dv(r) and L2(T\X) = /G

In rank 1, G K, consists of
e the unitary spherical principal series 74y (A € R/ + 1)

e the trivial representation m4;, = 1

e the complementary series m4;\ (A € I), where

. J0.0) if X = H*(R) or H*(C)
(O, T+ 1} if X = H"(H) or H*(O)

(no higher rank analogue) 27



Equivalent conditions in rank 1

Ao(D\X) = p? - » L*(I'\G) is tempered

o(I') < p

By definition

o L2(I'\Q) is called tempered if G does not involve complementary series

e —A acts on (H,)® by multiplication by \? + p?

28



Equivalent conditions in rank 1

Ao(T\X) = p? < » L*(I'\G) is tempered

o(I') < p

(®) When I'\ X is of higher rank and infinite volume?

29



(Riemannian) Symmetric Space

Extends the concept of central symmetry on geodesics

| Reflection is an involutive isometry
o $/




Noncompact Symmetric Space

e Compact type: nonnegative sectional curvature, e.g. sphere
e Euclidean type: vanishing curvature, isometric to Euclidean space

e Noncompact type: nonpositive curvature, e.g. real hyperbolic space



Fourier transform

Fourier transform

Real hyperbolic space 1-dimensional Cartan subspace



Non-compact Symmetric Space

X =G/K

e (G noncompact semisimple Lie group (connected, finite center)

e K maximal compact subgroup of G

e.g., H"(R) = SO(n, 1)°/SO(n), SPos(n) = SL(n,R)/SO(n)

X is a Cartan-Hadamard manifold
(complete, simply connected, with non-positive sectional curvature)
e with additional symmetric property

e which growths exponentially fast at infinity

e on which the Fourier transform is available



X =G/K

Non-compact Symmetric Space

e (G noncompact semisimple Lie group (connected, finite center)

e K maximal compact subgroup of G

e.g., H"(R) = SO(n, 1)°/SO(n), SPos(n) = SL(n,R)/SO(n)

o [' < (G: discrete and torsion-free subgroup of GG

e [ is a lattice: Vol(I'\X) < oo

e [' has infinite covolume: Vol(I'\X) = oo



Rank

Cartan Subspace

Cartan subspace a: maximal connected, totally geodesic, flat sub-manifold of X

a ~ R’ and / =dima =rankG/K

A

Positive Weyl chamber a™

Yo eat: (a],v) >0




Preliminary: From Rank 1 to Higher Rank

Weyl Chamber a™

e Cartan decomposition G = K(expat)K

p-axis
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Preliminary: From Rank 1 to Higher Rank

Weyl Chamber a™

e Cartan decomposition G = K(expat)K

p-axis

e Cartan projection p : G — at such that \/

o d(e,ve) = |u(v)]| Vyerl
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Preliminary: From Rank 1 to Higher Rank

Weyl Chamber a™

e Cartan decomposition G = K(expat)K

I -
5>

p-axis

<

e Cartan projection p : G — at such that \/
o de,ve) = [lp(v)|  Vyel

e In rank 1: dima™ =1, p € a™ is a positive number

In higer rank: p € a™ is a vector, known as p = % Y st Mo

e

38



Spectrum Bottom and Temperedness

MIO\X) =|pllP* === ———= > L*(I'\G) is tempered

39



(modified) Poincaré Series

e |Leuzinger ’03|: Lower and upper bounds of A\g(I'\.X) in terms of

or =1inf < s € R} Z e S < o0
yel

40



Concepts of Different Convergence Exponents

Weyl Chamber a™

p-axIs

or =inf{s €R| > r e~ sIrI < o0} a1



(modified) Poincaré Series

e |Leuzinger ’03|: Lower and upper bounds of A\g(I'\.X) in terms of

or =1inf < s € R} Z e S < o0
yel

e |Carron-Pedon ’04, Anker-Z. ’22|: Introduce the modified critical exponent

S = inf { s € R| 37 el (i ) —maxOa—e k)| ¢ o
verl’

e 0 <dép <dr <2|p|| and ér = ér in rank 1
42



Concepts of Different Convergence Exponents

Weyl Chamber a™

p-axIs

(o> (7)) < R

or =inf{s e R| S e mints, |||} oy (v)) —max{Os—[lpll Hlu(M) o) 13

yel’



Characterization in Higher Rank

M (T\X) = ||p||P*=——=——== @ ________ > L*(I'\G) is tempered

o if 0<dr <ol
pl2 = (e —llol)? if o]l < br < 2o

44



Growth Indicator Function

Patterson-Sullivan measure in rank 1

o [Patterson '76]: prob. measure v over Ar s.t. y,v = e 0000 )y ¥y e T

e [Sullivan ’79]: prob. measure v over 0X s.t. y,v = e "0y = 7 > 5
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Growth Indicator Function

Patterson-Sullivan measure in rank 1

o [Patterson '76]: prob. measure v over Ar s.t. y,v = e 0000 )y ¥y e T

e [Sullivan ’79]: prob. measure v over 0X s.t. y,v = e "0y = 7 > 5

Patterson-Sullivan measure in higher rank

e [Albuquerque '99|: Peterson’s construction under assumptions on Ar

e |Quint '02|: generalization of Patterson-Sullivan’s results by introducing

= inf i —s{lp(¥)|
wr(H)—HHHClIBlIf{mf seR| Z oSl 5o
YEL, u(y)eC



Concepts of Different Convergence Exponents

Weyl Chamber a™

C

p-axIs

Yr(H) = | H|| infrec inf{s € R| 3. cpo e e < o0} .



Spectrum Bottom and Critical Exponent

MIO\X) = |pllP*————=———-—-—-———-———=- > L?(I'\G) is tempered
A O,
O(T) < ol Yr(H) < p(H) VH €a

Theorem [Lee-Oh 23]

L*(T\G) is tempered <= (exp(H)f, g) < || fllz2[lgllpze™ =Pt

— Yr <p

48



Convergence Exponents Relation

MIO\X) = |pllP*—=——=———-—-—-———-———=- > L*(I'\G) is tempered
1 ©,
v v
o(T") < lpll~ » Yr(H) <p(H) VHEa
; SUp yoF Yr(H) - % if ¢r<p
P p—

H)—p(H .
SUD 7o vr( ”}I”’O( )+ ol otherwise
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Another Characterization

MIO\X) = |pllP*————=———-—-—-——————=- > L*(I'\G) is tempered
A O,
6(T) < ol < » Yr(H) < p(H) VH €a

Corollary [Wolf-Z. 23]

M(T\X) = [l - max{o, up ‘”“H)—P(H)}

Heay IH|

50



Anosov Case and Product Case

MIO\X)=|pl|* = —————= - L*(I'\G) is tempered

_—_—_—_>

\4

O(T) < [|p] < > Yr(H) < p(H) VH €a

e [Edwards-Oh ’23|: if ' is Anosov

o |[Weich-Wolf "23|: if ' < H" x H"

51



General Case

Mo (T\X) = ||p||*2 > L?(I'\G) is tempered
6(I) < ol » ¢Yr(H) < p(H) VH€a

o |[Edwards-Oh ’23|: if I' is Anosov
o |[Weich-Wolf "23|: if ' < H" x H"

e |Lutsko-Weich-Wolf ’24|: in general

52



Rank 1: Convex Cocompact Subgroup

I' convex cocompact

!

["\Conv(Ar) compact

Figure: Convex hull of the limit set Ar in H?

53



Rank 1: Convex Cocompact Subgroup

" convex cocompact Equivalent condition

ﬂ I' < G is convex cocompact if the orbit map v +— e

I'\Conv(Ar) compact is a quasi-isometric embedding: there exist C; > 1,

(s > 0 such that

1
A \ 5-hls = C2 < d(e.re) < Cibls + C:

for all v € . Here | - |g is the word metric.

- (shortest length over .S)

Figure: Convex hull of the limit set Ar in H?



Higher Rank: Anosov Subgroup

[Kleiner-Leeb ‘06]

I' acts on a closed convex subset cocompactly implies

I' is a lattice or ['\ X is a product of rank one copies
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Higher Rank: Anosov Subgroup

[Kleiner-Leeb ‘06]

I' acts on a closed convex subset cocompactly implies

I' is a lattice or ['\ X is a product of rank one copies

Anosov subgroup

A representation 7 : S — G is Anosov if there exists C' > 0 s.t. forallv € S

and every simple root «,

a(u(m(v))) = Clyls = C

I' is called an Anosov subgroup if it is the image by an Anosov representation

Oh‘s Conjecture: Let G be a semisimple real algebraic group of higher rank

[' <Gis Anosov =— ¢Yr <p




Strichartz Inequality

e.g. Free Schrédinger equation: (10 + Az)u(t,z) =0, u(0,x) = f(x)

whose solution is given by u(t, z) = 2 f(x)

58



Strichartz Inequality

e.g. Free Schrodinger equation: (i0; + Ay)u(t,z) =0, u(0,x)= f(x)

whose solution is given by u(t, z) = 2 f(x)

Space-time mixed norm estimate

1/p
lullczzzany = ([ dhulfang) S 1500

e for all admissible pairs (p, q)
e s = (: without loss; s > 0: with loss of derivatives

e 7 bounded: local-in-time; 7 unbounded: global-in-time



Euclidean Strichartz Inequality

e.g. Free Schrodinger equation: (i0; + Ay)u(t,z) =0, u(0,x)= f(x)

whose solution is given by u(t, z) = 2 f(x)

In R" [Segal '76, Strichartz '77, Ginibre-Velo '95, Keel-Tao '98]

Global-in-time Strichartz inequality without loss

[ull e, La@ny) S I fllz2@n)

holds for all admissible pairs (p, q), i.e.,

c+2 =% p22 (pq) # (2,00

60



Strichartz Inequalityon X = G /K

The solution to the Free Schrodinger equation satisfies

lullzer,raxy) S I llzx)

61



Strichartz Inequalityon X = G /K

The solution to the Free Schrodinger equation satisfies
lullzer,raxy) S I llzx)

for all (p,q) admissible in the sense that
{Gg) €03 x(0,3) |5 +2=5F U {(0,3)}

Q|

|
S = N =
/.

N =

I T

62
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Strichartz Inequality on I'\X

Global-in-time [Burqg-Guillarmou-Hassell ‘10, Fotiadis-Mandouvalos-Marias ‘18, Z. 20]

Global-in-time Strichartz inequality holds without lossing any derivatives for

the large X-admissible set if the following conditions are met:
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Strichartz Inequality on I'\X

Global-in-time [Burqg-Guillarmou-Hassell ‘10, Fotiadis-Mandouvalos-Marias ‘18, Z. 20]
Global-in-time Strichartz inequality holds without lossing any derivatives for
the large X-admissible set if the following conditions are met:

e X hasrank 1

e | is convex cocompact

o or < p
Remark.

e i1 small enough = T is convex cocompact |Liu-Wang ’23|
e )r <p =— temperedness — Kunze-Stein phenomenon |Z. ’20]

e 0r > p — no more global-in-time Strichartz [BGH 10|



