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Anosov subgroup conjecture



Notation: Hyperbolic Space
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Real hyperbolic space



Notation: Hyperbolic Space
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Hyperbolic plane

Real hyperbolic space

Non-compact symmetric space of rank 1



𝐿!-Spectrum
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𝐿!-Spectrum
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Euclidean setting

R
n
: σc(−∆) = [0,∞)



𝐿!-Spectrum
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Euclidean setting

Torus Z
n\Rn

: σd(−∆)



𝐿!-Spectrum
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Euclidean setting

Cylinder Z
n−k\Rn: σd(−∆) ∪ σc(−∆)



𝐿!-Spectrum
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Euclidean setting

Real Hyperbolic space



𝐿!-Spectrum
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Euclidean setting

Real Hyperbolic space

λ0(H
n) = (n−1

2
)2



𝐿!-Spectrum on hyperbolic surfaces
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𝐿!-Spectrum on hyperbolic surfaces
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Modular curve SL(2,Z)\H2 (non-compact and finite area):

λ0(H
2) = 1

4



𝐿!-Spectrum on hyperbolic surfaces
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σc(−∆)

λ0(H
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𝐿!-Spectrum on hyperbolic surfaces
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σd(−∆) ⊂ σc(−∆)

λ0(H
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𝐿!-Spectrum on hyperbolic surfaces
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σd(−∆) ⊂ σc(−∆)
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𝐿!-Spectrum on hyperbolic surfaces
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Thin group: Γ ≤ SL(2,R) s.t. Vol(Γ\H2) = ∞

λ0(H
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𝐿!-Spectrum on hyperbolic surfaces
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λ0(H
2) = 1
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𝐿!-Spectrum on hyperbolic surfaces
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λ0(H
2) = 1

4

λ0(Γ\H
2)

Characterize λ0(Γ\X) := inf
f ∈ C∞

c
(Γ\X)

∫
Γ\X

∥gradf∥2 dvol
∫
Γ\X

∥f∥2 dvol
= inf σc(−∆)

Thin group: Γ ≤ SL(2,R) s.t. Vol(Γ\H2) = ∞



Convergence/Critical Exponent
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Convergence/Critical Exponent
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𝑹

δΓ = lim sup
R→∞

log(#{γ ∈ Γ | d(e, γe) ≤ R})

R



Characterization in Rank 1

23

δ(Γ) ≤ 1

2

Theorem [Elstrodt ‘73, Patterson ‘76]



Characterization in Rank 1
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Theorem [Elstrodt ‘73, Patterson ‘76, Sullivan ‘87, Corlette ‘90]



Temperedness
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Temperedness
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Temperedness
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Equivalent conditions in rank 1
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By definition

• L2(Γ\G) is called tempered if ĜK does not involve complementary series

• −∆ acts on (Hπ)
K by multiplication by λ2 + ρ2



Equivalent conditions in rank 1
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When Γ\X is of higher rank and infinite volume?



(Riemannian) Symmetric Space 

Reflection is an involutive isometry

Extends the concept of central symmetry on geodesics



Noncompact Symmetric Space 

• Compact type: nonnegative sectional curvature, e.g. sphere 

• Euclidean type: vanishing curvature, isometric to Euclidean space

• Noncompact type: nonpositive curvature, e.g. real hyperbolic space



Fourier transform

Real hyperbolic space 1-dimensional Cartan subspace

Fourier transform

G/K −→ a



Non-compact Symmetric Space 

• G noncompact semisimple Lie group (connected, finite center)

• K maximal compact subgroup of G

e.g., Hn(R) = SO(n, 1)◦/SO(n), SPos(n) = SL(n,R)/SO(n)

X is a Cartan-Hadamard manifold

(complete, simply connected, with non-positive sectional curvature)

• on which the Fourier transform is available

• with additional symmetric property

• which growths exponentially fast at infinity

X = G/K



Non-compact Symmetric Space 

• G noncompact semisimple Lie group (connected, finite center)

• K maximal compact subgroup of G

e.g., Hn(R) = SO(n, 1)◦/SO(n), SPos(n) = SL(n,R)/SO(n)

X = G/K

• Γ is a lattice: Vol(Γ\X) < ∞

• Γ has infinite covolume: Vol(Γ\X) = ∞



Cartan Subspace

Rank

a ≈ R
ℓ

and ℓ = dim a = rankG/K

Cartan subspace a: maximal connected, totally geodesic, flat sub-manifold of X

Positive Weyl chamber a
+

∀v ∈ a
+
: ⟨α+

j , v⟩ ≥ 0

α
+

1

α
+

2

α
+

3



Preliminary: From Rank 1 to Higher Rank
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• Cartan decomposition G = K(exp a+)K



Preliminary: From Rank 1 to Higher Rank
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• Cartan decomposition G = K(exp a+)K

• Cartan projection µ : G −→ a
+ such that

• d(e, γe) = ∥µ(γ)∥ ∀γ ∈ Γ



Preliminary: From Rank 1 to Higher Rank
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• Cartan decomposition G = K(exp a+)K

• Cartan projection µ : G −→ a
+ such that

• d(e, γe) = ∥µ(γ)∥ ∀γ ∈ Γ



Spectrum Bottom and Temperedness
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(modified) Poincaré Series
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Concepts of Different Convergence Exponents
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(modified) Poincaré Series
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Concepts of Different Convergence Exponents
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Characterization in Higher Rank
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Theorem [Anker-Z. ‘22]



Growth Indicator Function
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Patterson-Sullivan measure in rank 1



Growth Indicator Function
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Patterson-Sullivan measure in rank 1

Patterson-Sullivan measure in higher rank



Concepts of Different Convergence Exponents
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Spectrum Bottom and Critical Exponent
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Theorem [Lee-Oh ‘23]



Convergence Exponents Relation
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Theorem [Wolf-Z. ‘23]

δ̃Γ =

⎧

⎨

⎩

sup
H∈a

+ ψΓ(H) · ∥ρ∥
ρ(H) if ψΓ ≤ ρ

sup
H∈a

+

ψΓ(H)−ρ(H)
∥H∥ + ∥ρ∥ otherwise



Another Characterization
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Corollary [Wolf-Z. ‘23]



Anosov Case and Product Case
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• [Edwards-Oh ’23]: if Γ is Anosov

• [Weich-Wolf ’23]: if Γ ≤ H
n ×H

n



General Case
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• [Edwards-Oh ’23]: if Γ is Anosov

• [Weich-Wolf ’23]: if Γ ≤ H
n ×H

n

• [Lutsko-Weich-Wolf ’24]: in general



Rank 1: Convex Cocompact Subgroup
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Rank 1: Convex Cocompact Subgroup
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Equivalent condition



Higher Rank: Anosov Subgroup

[Kleiner-Leeb ‘06]



Higher Rank: Anosov Subgroup

[Kleiner-Leeb ‘06]

Anosov subgroup



Higher Rank: Anosov Subgroup
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[Kleiner-Leeb ‘06]

Anosov subgroup

Oh‘s Conjecture: Let G be a semisimple real algebraic group of higher rank



Strichartz Inequality

58



Strichartz Inequality
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Space-time mixed norm estimate



Euclidean Strichartz Inequality 
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In ℝ" [Segal '76, Strichartz '77, Ginibre-Velo '95, Keel-Tao '98]



Strichartz Inequality on 𝑋 = 𝐺/𝐾
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Strichartz Inequality on 𝑋 = 𝐺/𝐾
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Strichartz Inequality on Γ\X
Global-in-time [Burq-Guillarmou-Hassell ‘10, Fotiadis-Mandouvalos-Marias ‘18, Z. ‘20]

Global-in-time Strichartz inequality holds without lossing any derivatives for

the large X-admissible set if the following conditions are met:
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Remark.

• δΓ < ρ =⇒ temperedness =⇒ Kunze-Stein phenomenon [Z. ’20]

• δΓ > ρ =⇒ no more global-in-time Strichartz [BGH ’10]

• δΓ small enough =⇒ Γ is convex cocompact [Liu-Wang ’23]


