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1 Introduction

In this paper, we consider the local discontinuous Galerkin (LDG) methods for one-dimensional linear
convection-diffusion equations

Up + Uy — Ugy = 0, (z,t) € [0,27] x (0,71, (1.1a)

u(z,0) = uo(z), r € R, (1.1b)

where wg is sufficiently smooth. We will consider the periodic boundary condition w(0,t) = u(2w,t),
the mixed boundary condition u(0,t) = g1(¢), u,(2m,t) = g2(t) and the Dirichlet boundary condition
u(0,t) = g3(t),u(2m,t) = ga(t). We study the superconvergence property concerning Radau points, cell
averages, supercloseness of the LDG method with generalized alternating numerical fluxes,

As an extension of discontinuous Galerkin (DG) method for solving first order hyperbolic equations,
the LDG method was proposed by Cockburn and Shu [16] in the framework of solving second-order
convection-diffusion equations. The idea of the LDG methods is to rewrite the original equation with
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high spatial derivatives as a first order system so that the DG method can be applied. Remark that in
addition to stability issue, the local solvability of auxiliary variables introduced should also be guaranteed
when choosing numerical fluxes.

Being a deeper insight of DG methods, superconvergence has been investigated basically measured
in the discrete L? norm for Radau points as well cell averages, in the L? norm for the error be-
tween the numerical solution and a particular projection of the exact solution (supercloseness), and in
weak negative-order norm for enhancing accuracy. For example, by virtue of the duality argument in
combination with the standard optimal a priori error estimates, Cockburn et al. [15] proved that the
post-processed error is of order 2k + 1 superconvergence in the L? norm for linear hyperbolic systems
and Ji et al. [21] demonstrated that the smoothness-increasing accuracy-conserving (SIAC) filter can
be extended to the multidimensional linear convection-diffusion equation in order to obtain (2k 4+ m)th
order superconvergence, where m = 0,% or 1. Here and blow, k denotes the polynomial degree of the
discontinuous finite element space. Later, to efficiently compute multi-dimensional problems, the line
filter, namely the one-dimensional kernel is designed via rotation in [17], and a rigorous proof of the post-
processed errors is also given. For arbitrary non-uniform regular meshes, by establishing the relation of
the numerical solution and auxiliary variable as well as its time derivative, superconvergence of order
k+3/2 is proved for linear convection-diffusion equations [14]. For supercloseness results concerning high
order equations, see, for example, [20,24]. Note that aforementioned supercloseness results are not sharp.

Recently, motivated by the successful applications of correction functions to finite element methods
and finite volume methods for elliptic equations [11], Cao et al. [5-8] studied superconvergence properties
of DG and LDG methods for linear hyperbolic and parabolic equations. Specifically, they offered a
novel proof to derive the (2k + 1)th or (2k + 1/2)th order superconvergence rate for the cell average
and numerical fluxes, which will lead to the sharp (k + 2)th order superconvergence for supercloseness
as well as the function errors at downwind-biased points. Note that these superconvergent results are
based on a supercloseness property of the DG solution to an interpolation function consisting of the
difference between a standard Gauss—Radau projection of the exact solution and a carefully designed
correction function. It is worth pointing out that a suitable correction is introduced to balance the
difference between the projection error for the inner product term and for the DG operator term, and in
standard optimal error estimates when a Gauss—Radau projection is used, the projection error involved
in the DG operator term is exactly zero. This indicates that the standard Gauss-Radau projection is not
the best choice for superconvergence analysis. The superconvergence of the direct DG (DDG) method
for the one-dimensional linear convection-diffusion equation was studied in [4]. We would like to remark
that all the work mentioned above are focused on purely upwind and alternating numerical fluxes.

In order to obtain flexible numerical dissipation with potential applications to nonlinear systems, the
upwind-biased flux was proposed in [23], which is a linear combination of the numerical solution from both
sides of interfaces. Stability and optimal error estimates were obtained by constructing and analyzing
some suitable global projections with emphasize on analysis of some circulant matrices. Note that the
design of global projections was similar to those in the work for the Burgers—Poisson equation [22].
Moreover, Cheng et al. [13] studied the LDG methods for the linear convection-diffusion equations when
the generalized alternating fluxes were used, and they obtained the optimal L? norm error estimate in
a unified setting, especially when numerical fluxes with different weights are considered. In [3], Cao et
al. investigated the superconvergence of DG methods based on upwind-biased fluxes for one-dimensional
linear hyperbolic equations. More recently, Frean and Ryan [18] proved that the use of STAC filters was
still able to extract the superconvergence information and obtain a globally smooth and superconvergent
solution of order 2k + 1 for linear hyperbolic equations based on upwind-biased fluxes. Moreover, the
af-fluxes, which were introduced as linear combinations of average and jumps of the solution as well as
the auxiliary variables at cell interfaces, has been a hot research topic in recent years [1,12,19].

In current paper, we aim at analyzing the superconvergence properties of LDG methods using gener-
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alized alternating numerical fluxes for the convection-diffusion equations. The contribution of this paper
is to consider the more flexible generalized alternating fluxes. The critical step in deriving supercon-
vergence is to construct special interpolation functions for both variables (the exact solution u and the
auxiliary variable ¢) with the aid of some suitable correction functions, essentially following [3]. Taking
into account the stability result, we use special projections to eliminate or control the troublesome jump
terms involving projection errors; see, e.g. Lemma 3.2. To be more precise, we will establish the super-
convergence between the LDG solution (up,qn) and special interpolation functions u§ = Pyu — Wf as
well as qf = Psq — Wq[, where W/ and Wf are correction functions to be specified later, with the main
technicality being the construction and analysis of some suitable projections tailored to the very choice
of the numerical fluxes. By a rigorous mathematical proof, we prove a superconvergence rate of 2k + 1
for the errors of numerical traces and for the cell averages, and k + 2 for the DG error at generalized
Radau points.

The paper is organized as follows. In section 2, we present the LDG method with generalized alter-
nating fluxes. In section 3, we construct special functions to correct the error between the LDG solution
and the standard Gauss—Radau projections of the exact solution. Section 4 is the main body of the
paper, in which we show and prove some superconvergence phenomena for cell averages and generalized
Radau points for periodic boundary conditions. Other boundary cases including the mixed boundary
condition and Dirichlet boundary condition will be considered in section 5, and the choice of numerical
initial discretization is also given. In section 6, we present some numerical experiments that confirm the
sharpness of our theoretical results. We will end in section 7 with concluding remarks and some possible
future work.

2 The LDG scheme

In this section, we present the LDG scheme with generalized alternating fluxes for the linear convection-
diffusion equation (1.1). As usual, we divide the computational domain Q = [0, 27] into N cells

O:x%<$%<"~<IN+%:27T.

For any positive integer r, we define Z,, = {1,- - -,r} and denote
1 .
Tj = 5(%‘7% taiy)s L= (2-37504), JELN

as the cell centers and cells, respectively. Let h; = Tjn— @y be the length of the cell I; for j € Zy,

and h = max hj. We assume the partition €2, is quasi-uniform in the sense that there exists a constant
SYA

C independent of h such that Ch < h; < h. Define the finite element space
Vi ={v e L*(Q) :v|;, € P(I;), Vj € Zy},
where P¥(I;) is the space of polynomials on I; of degree at most k > 0. We use
Ujy1 = f(u;;l +u

to denote the mean and jump of the function u at each element boundary point 1 and the weighted
average is denoted by

W =0uT , +0ut,, G=1-0,

Jj+3 Jj+3 Jj+3
where u;:_ , and u;_ , are the traces from the right and left cells, respectively.
2 2
Throughout this paper, we employ WP (D) to denote the standard Sobolev space on D equipped with
the norm || - [|yye.p(py With £ > 0,p = 2, 00. For simplicity, we set || - [[yer(py = || - [le,p,0 With D = Q or

I;. The subscript D will be omitted when D = (2,
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In order to construct the LDG scheme, we first introduce an auxiliary variable ¢ = u,, then the problem
(1.1) can be written into a first order system
u+(u—9)s =0, g—uy =0, (2.1)

where (u — ¢,u) is the physical flux and w is the so-called prime variable. The LDG scheme is thus to
find up, qn € V}f such that for all test functions v, € th

(unt; v)j = (un = qn,va);j + (@ — G)v™ |1 = (@n — Gn)v™[; 3 =0, (2.2a)
(qn,¥)j + (un, ) — antp™ |41 + @™ ;o1 = 0. (2.2b)
Here (u,v); = [ I uvdzx, and up, n, 4y are numerical fluxes. We use the generalized alternating numerical

fluxes related to arbltrary parameters A and 6 as in [13]. That is,

(ﬂh - quv ah) = (uELA) - Q}(Le)a u;,e)) (23)

Remark that the parameters in the numerical flux regarding the convection part and diffusion part can
be chosen independently, and to ensure stability the weight A should satisfy A > 2
For simplicity, we introduce the notation pertaining to the DG operator

Yu, q;v Z?—[ U, q; v

where

H;(U7Q7U) = (q - U,’Uw)j - (qA - a)v_|j+% + (qA - ﬂ)v+‘j7%7

Thus, by Galerkin orthogonality, the cell error equation can be written as
(eutav)j Jr(eqad))j Jr,Hgl‘(euaeq?v)Jr =0, Vu,¢e V}fa (2.4)

where e, = u —up,eq =q — q.

For optimal error estimates of the LDG scheme using the generalized numerical fluxes (2.3) solving
convection-diffusion equations with periodic boundary conditions, a globally defined projection Py togeth-
er with Pj is usually needed. For z € H*(Q),) = Ujez, H'(I;), the generalized Gauss—Radau projection
Pyz is defined as the element of th that satisfies

/ (Poz — 2)updx =0, Yoy, € PF71(I), (2.5a)
I;

(0) 0 .
(P9Z)j+% = (Z( ))j+%’ Vj €ZLN. (2.5b)

It has been shown in [22,23] that the projection Ppz is well defined for § # 1, and for 6§ = 1/2 some
restrictions on the mesh as well as polynomial degree are needed to guarantee existence and optimal
approximation property of the projection [2]. Note that when the parameter € is taken as 0 or 1, the
projection Py reduces to the standard local Gauss—Radau projection P;' or P, as defined in [10]. Besides,
the projection Py satisfies the following optimal approximation property [22, 23]

1 3
Iz = Pozllr, + 171z = Pozlloo,r; < CR* 2 12]|541,00, (2.6)
where C' > 0 is independent of A and z.
To obtain the superconvergence results, the following lemma is useful in describing correction functions.

Lemma 2.1. [3] Suppose A is an N x N circulant matriz with the first row (6, (—=1)k(1 — 0),0,...,0)
and the last row ((—1)¥(1 —0),0,0,...,0), where > 1/2. Then, for any vectors X = (x1,...,xn5)7, b =
(b1, ....,bn)7T satisfying AX = b, there holds

2] < Ibllo, Vi € Zn-
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3 Correction functions

In what follows, we will present the construction of correction functions. The cases for the weights of the
prime variable up, in (2.3) being the same or different are discussed in the following two subsections.

3.1 The case with A =0 in (2.3)

When A = 6 in (2.3), to construct special interpolation functions (u%, ¢%) by modifying generalized Gauss—
Radau projections with correction functions so that they are superclose to the LDG solution (uy, qp), we
start by denoting L;; as the standard Legendre polynomial of degree k on the interval I;, and assume
that the function v(z,t) has the following Legendre expansion. That is, on each I;,j € Zy,

- 2m + 1
v(z,t) = Z Vjm () Ljm (), Ujm = T(U’ Ljm);-
m=0 J

By the definition of Py in (2.5a), we can rewrite Pyv into the following form

k
Ppv =" 0m()Ljm(®) + 05.4(6) Ly 4 (2),
m=0

where ¥, can be determined by (v — ng)f:l/z = 0 with
v—Ppo =0k (t)Lin(z) + > 0jm(t)Ljm (). (3.1)
m=k+1

It follows from the orthogonality of Legendre polynomials and (2.6) that,

2k +1

(0= Pov, Lje)sl S R 0] g1, 00-
J

05| <

Following [3], to balance projection errors for the inner product term and the DG operator term, we
define an integral operator D ! by

_ ("
D u(z) = fL]/ w(r)ydr, 1€l

[N

i—

where h; = h;/2. Obviously, u(x) = h; (D;lu(x))x. Moreover, by the properties of Legendre polynomi-
als, we have

_ 1
D, leJc(gc) = m@j,kﬂ - Lj,kfl)(x) (3.2)

To clearly see how to cancel terms involving projection errors with the goal of obtaining superconver-
gence, we split the error e,, e, into two parts:

6u:u—uh:U—U§+U§_Uhénu+§uv
6(1:q*Qh:q*Q§+Q§7Qhénq+§q-
Then error equation (2.4) becomes
(€uts 0); + (8> ¥); + Hj (& Eai ) +
=~ (Mut,v)j — (Mg, ¥); — H}(numq;v) -

For periodic boundary conditions, by choosing v = £, 9 = £, and summing over all j, we have

1d 1
§£H§u||2 &7 + (A = 3) Z[Eu]?.;.%

Jj=1
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— (Nut> Eu) — (nqafq) - Hl(nuvnq§§u) - . (3'3)

From the equation (3.3), we can see that in order to obtain the supercloseness properties between the
numerical solution u, and interpolation function u?, we need to obtain a sharp superconvergent bound
for the right-hand term, essentially using the switch of the time derivative and spatial derivative through
the integral operator D! in combination with integration by parts; see Lemma 3.2 below. Next, we
show how to construct interpolation functions and estimate the right-hand side of (3.3).

To construct the interpolation functions (u?, qf), we define a series of functions w,, ;, wq,; € th,i € Ly,
as follows:

(Wi — by D wgi1,v); = 0, (wi)) ;3 =0, (3.4a)
(’LUq7i — ww — i_Lnglﬁtwu,i_l, U)j = 0, (wé‘?)g+% = O7 (34b)

where v € P¥=1(I;), and
Wy,0 = U — Pyu, wq,0 = q — P4q.
Lemma 3.1. The functions wy, i, Wq,% € Zi defined in (3.4) have the following properties
18swusilloo S P ullkrivaoor wgilloo S A fullktita oo (3.5a)

(Wy,i,v); =0, (wq,i,v); =0, Yo € Pk_i_l(lj). (3.5b)

Proof.  The proof of this lemma is based on deriving the following expression of w, ; and wg, in each
element I;, which can be obtained by induction. It reads,

k
wuZ Z ﬁlm jom (), qui’Ij: Z 'yg’ij,m(m), 1€ L. (3.6)

m=k—1i m=k—1

Step 1: When ¢ = 1, by taking v = L;,, with m < k — 1 in (3.4a) and using (3.2) together with the
orthogonality property of Legendre polynomials, we obtain

(w1 = hy Dy wg0,v) = (8] 1 Ljk—1 — hiLjy—1,v) =0.

2k—|—1

Obviously, B{ bl = 2th]7 where g; 1 is the coefficient of the Legendre expansion for ¢; see (3.1) with

v replaced by ¢ and Fj replaced by P;. Using the fact that ( (0 )) i+ = = (0 we have

081+ (=1 (1= 0)815" = (~1" (1 = 0)815L, — 081 (3.7)
Then the linear system (3.7) can be written in the matrix-vector form
APk = b,

where A = circ(6, (—1)¥(1 - 6),0,...,0) is an N x N circulant matrix, and

ﬁ%,k _9511,1@71 + (—1)F(1 - 9)5%,1671

512,k: *aﬂikq + (=Dk(1 - 9)5:13,1@71
Bl,k} = . 3 b= .

5?,[1@ *aﬂ{\,[kﬂ + (—1)*(1 - 9)511,1%1

It is easy to compute the determinant of the A in the form

Al=0N1-pY), p=-—"p
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and for 0 # % the matrix A is always invertible. Therefore, the linear system (3.7) has the unique solution.
Moreover, by Lemma 2.1, we have

j k+2 -
181kl S A, |be] P lullk42,00, Vi € ZN-

Thus,

10vwunlloc,r, = 10:(8] oy Lie—s + By L)oot S hslOr@iel B2 |l e

Similarly, when choosing v = L; ,,, m < k — 1 in (3.4b), we obtain

k
_ j
waalp = D AamLim,
m=k—1

where _
Otk 7
2k+17

'Y{,kq = 5{,1@71 +
and ’yi & is the solution of the following linear system
A’Yl,k = 67

with A = cire(f, (=1)*(1 — 6),0, ...,0) being an N x N circulant matrix, and

7%,1@ =071t (_1)k(1 - )’71 k—1

712,1<: - 07—y + (—1)F(1 - 9)7%1@71
T,k = . ) b= .

M1,k =071t (*1)k(1 - é)’hl k—1

Consequently, the estimate of ||wg 1]l in (3.5a) follows by using Lemma 2.1 and optimal approximation
property (2.6). Moreover, (3.5b) is a trivial consequence of the expression (3.6) when the orthogonality
property of Legendre polynomials is taken into account.

Step 2: Suppose that (3.5a) and (3.6) are valid for all i < k — 1 and we want to prove it still holds for
i+ 1. From equation (3.4a), we can get

k
(wu,z‘+1 - i}ngl( ) %?,ij,m)U) =0, Vve P*Y(I).
m=k—1 j
In order to get the superconvergent bounds of w, ;11, we need to find out the expression of coefficient
Bit1,m- After a direct calculation, there hold

J 7. J 7 .
’yi,kfihj j _ 7i,k4+1hJ

Bi-i-l,k—i—l Q(k—i) T 1’ Bl-’rl,k—l 2<k—i) +37

. Vo1 Vi
T i,m— i,m - .
ﬁg+1’m:hj<2m—li2m+3)’ m=k—itl-, k-1

Moreover, by the fact that wiez 41 =0, we get

. . it "
OBl 1 hia t B + (1= 0)(—1)F" lﬂgﬂ,k—i—l +o (1= ‘9)(*1)kﬁf+1,k =0.
Again, we can write the above linear system into the matrix-vector form

ABivik =c,
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and when 6 # %, we arrive at the unique existence of the system. Consequently, it follows from Lemma
2.1 that

k k
lOwiisilloen, S D0 0B ml ShD S 100l

m=k—i—1 m=k—1

< h||Oywgilloo S P2 00 ) kritt,00 S R0l krigd,00-

Analogously, the other estimate of (3.5a) can be obtained, and the orthogonality property in (3.5b) is a
trivial consequence of expression of w, ; and wg; in (3.6) with ¢ replaced by ¢+ 1. This finishes the proof
of Lemma 3.1. O

We are now ready to define the correction functions as follows. For any positive integer ¢ € Zj, we
define in each element I;

¢ ¢
W= wai,  Wi=> wgi, (3.8)
i=1 i=1
and the special interpolation functions are
uf = Pyu — WE, ¢ = P;q — W(f. (3.9)

Lemma 3.2. Suppose u € WFHF3:20(Q) ¢ € 7y, is the solution of (1.1), and u’,q% are defined by (3.9),
then for Vv, € V¥, we have

(=)o v), = (Whyvn)y + (WELva)s] S B ullress el (3.100)
(g = a7, %) + (Wi )| S R ullisera o0 9], - (3.10b)
Proof. By the orthogonality property of w, ; and w;,i € Zy_1, we have
; q,
-1 - 1 -1 +
D, wu,z(ijr%) = i(wum 1); =0=D, wu,z(xj,%)a
J
_ 1 _
D; 1wq,i($]+l) = ?(wq,u 1); =0=D, 1wq,1(xj__%)
J
It follows from integration by parts that
) — _h. (D1 ) o o ) ko
u, , i i _
(Opwa i, v); hj(Dy 0wy i, Uz);j (Wq,it1 — Wu,it1,Vz)s VE V', 1 € Zy_q,
. = _h(D71 ) o ) ko
a, : : -
(w lvv)] h](Dz qu,vz)j (Wait15Vz), veVy, i €ZLk_1.

Then
((u=upe,v); = (Wi, va)j + (Wg,va);
:((u — Pyu)y, v)j + zé:[(atwuyi, 0); + (Wg,i — Wai; Vs);]
i=1
=(0¢wy,e,v);. Z
Similarly, there holds

(¢ — a5 0); + (Whhe)j = (wqe, ¥);.

By (3.5a), we can get the desired result (3.10). O
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3.2 The case with )\ # 0 in (2.3)

When parameters A and 6 in (2.3) pertaining to convection and diffusion terms are chosen differently,
a pair of suitable interpolation functions in possession of supercloseness property should be constructed,
which are based on a combination of modified projections and new correction functions. To do that, let
us first recall a new modified projection [13]. That is,

Hh(’U,, q) = (P@U, qu),
in which Pyu € th has been given in (2.5a), and Pg q € th depends on both w and ¢ satisfying

/(Pg(I)vhdx:/ qupdz, Yo, € PN,
T I

i i
* 6 )
(Pg q)gﬁ% = (q(a))j-i,-% + (A =0)[u-— Peu]j_%
for any j = 1,--- , N. Moreover, this projection have the following approximation property
* 3
la = Pyallz, < O3 (.00 + 1A = 01 ullsr,o0)-

From the above estimate of g — qu, it is easy to see that the coefficient g; can be controlled by the
prime and auxiliary variables, namely
2k+1
hj
S (.00 + X = 01 Julli1.00)

S A vz, 00

3] S (g — P;q, Lj 1)l
g

Next, the corresponding correction functions pertaining to two different weights A and # can be easily
defined. Specifically, we define the functions w, ;, wq,? € Zj, satisfying

(wu,i - ﬁjD;lwq,i—ly Z)j = Ov (w£9,2)1+% = 07 (311&)
(wqﬂ- — Wy,i — %D;latwu,i_l, Z)j = O, (w((fz))ﬁr% = (wg‘z))jJr%, (311b)

where z € P=1(I;), and w0 = u — Pyu,wy 0 = q — Piq.

Let us finish this section by providing the following theorem.
Theorem 3.3. When X\ # 0 in (2.3), the functions wy ;, wqi,i € Zy, defined in (3.11) still have the
following properties

10w, illoe < BT |ulky

~

143,009 ‘ “‘(IJH'X § ]71\‘+/‘+1H“HL‘ 142,009

(Wy,i,v); =0, (wq,i,v); =0, Vo € Pk l([}).
Moreover, when u € WFHH3:0(Q) ¢ € 7., the special interpolation functions
uh = Pyu — W, q; = Prq— W,
with (3.8) satisfy

‘((“ o “/I)f” I')_}' o (I’['/I l‘.)‘)_l + (IIVQ{ 1‘!1').1‘ S hl‘l'hkl‘ “H/ﬁ 043,00 ‘[‘HIAI/ )

(g — g5, ) + (WE abe) i < PP ul|sera.oollt)

1,1

Proof. Since there is only slight difference between (3.4) and (3.11) in terms of different boundary collo-
cations, Theorem 3.3 can thus be proved by an argument similar to that in subsection 3.1 with different
vectors b, b and ¢, etc. The detailed proof is omitted. ]
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4 Superconvergence

In this section, we will show the superconvergence properties for the LDG solution at some special points
as well as cell averages, which are mainly based on the supercloseness result for the error between the
LDG solution (up, gn) and newly designed interpolation functions (u%, g%).

Theorem 4.1. Let u € WkT43:0(Q) ¢ € Z, is the exact solution of (1.1), and up, q, are the numerical
solutions of LDG scheme (2.2), Then for periodic boundary conditions

t 1
2
Juf = unll+ ([l — anlPar) " < o+ e,
0

where C depends on || u||k4043 00-

Proof. Using Lemma 3.2, we obtain

|(77uta )'+(77q71/))'+,H1‘(77u777q3 )+ ‘
= |((u—up)e,v); — (Wi, va)j + (Wy,va); + (@ — a7, %); + (Wi, )5
= | 8twu,fav)j + (wq,faw)ﬂ

S W ullkgers,co (vl + 19,)-

Inserting the above estimate into (3.3) and summing over all j, one has

D eull? + 16l S R g o6l + 1D

2 dt
If we choose a suitable initial condition such that
[€.(0)]| =0,
then Theorem 4.1 follows by using Young’s inequality and Gronwall inequality. O

4.1 Superconvergence of numerical fluxes

In this subsection, we present the superconvergence results of the numerical fluxes.

Theorem 4.2. Assume that u € W2kT3:°(Q) k > 1 is the solution of (1.1), and the un,qn are the
numerical solutions of LDG scheme (2.2) with the initial solution up(-,0) = u¥(-,0). Then for periodic
boundary conditions

lewnll < CL+ )R, / lequlPdr)” < 01+ R,

where

1 < i
lewnll = (5 D10 = in)wypg:)F) s v =ua
j=1

Proof. Tt follows from the inverse inequality and the supercloseness result in Theorem 4.1 that

1
2
lewnll = (5 Z| W@siy0)])
(1 » , 3
s (ﬁzhj hur = unl o)
j=1

Sl —unll $ O+ )R>

Using the supercloseness result in Theorem 4.1 again, superconvergence of the auxiliary variable ¢ can
be derived analogously. This finishes the proof of Theorem 4.2. 0
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4.2 Superconvergence for cell averages

Theorem 4.3. Assume that the conditions of Theorem 4.1 are satisfied, then for the periodic boundary
conditions, we have

t 1
lealle £ (1+ DR fullaksso,  ( / leql2dr)* < (14 OB+ ullokss, e (4.1)
0

where

[N

1o 1
leulle = (3 22 (e 1))*) s v =u.a.

j=1 7

Proof. Taking |e,||. as an example, by the properties of Py and the definition of u#, we obtain
(ew 1)j = (uf —up,1); + (W), 1);. (4.2)

The superconvergent result can thus be proved by using the orthogonality property in (3.5b), Cauchy—
Schwarz inequality and Theorem 4.1. O

4.3 Superconvergence at generalized Radau points

As a natural extension of Radau points for # = 1, the roots of generalized Radau polynomials for the
weight 6 are introduced in [18]. To be more specific, the generalized Radau polynomials are defined as

§ {Lk+1—(29—1)Lk, when k is even, 43)

MU (20— 1)Ly — Ly, when k is odd.

For superconvergence analysis, instead of using the global projection Pyu, a much simpler local pro-
jection Ppu is introduced [3]:

/ (Pyu—u)v =0, Yoe P*Y(I)),
I;

0Pz

j+%) +(1- G)Phu(xj_ Y=0u(z, )+ (1— H)u(:zz;r_

Jjt+3 )-

Lemma 4.4. [3] Suppose u € WF2°°(Q) and Pyu is the local projection of u defined above with § # %,
then

N
N

|(u = Pyw)(Bj )| S 2 [ullse2,00,
102 (u = Pru) (R75)| € B Julles2,00,

1Pau — Poullso S P 2|t kr2,00-

Here R

3ym?

R, are the roots of rescaled Radau polynomials RS, ., and O, R}, ;.
We are now ready to show the superconvergence result at generalized Radau points.
Theorem 4.5. Let u € W*+5°(Q) and uy, be the numerical solution of (1.1), suppose ut,l > 2 is the

special interpolation function defined in (3.9), then for the periodic boundary conditions

S L+ DRl o, lewrsll S (14 DR lullis oo

1 ot 1
2 " G 2 .
/ lequlPar)” 5 (1 + OB ullss s ([ leal?dr)” S 0+ 0K fullysoe
0

where
lewrll = max |(u —un) (B )l llewrell = max |(u — un)s (B55)l,
leqll = max|(q — )R llequall = max (g — qn)a (R

Here, R.  and lem are the roots of rescaled Radau polynomials R, ., and 0, R}, 1 in (4.3) with 0

7,m

replaced by 6.
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Proof. By choosing ¢ = 2 in Theorem 4.1, we obtain
lun =7l S (L4 R ufl s c0-
From the inverse inequality, we can get

_1 5
lun = wlloo S A~ Hlun — w31l S (1 + OB E s oo

~

By the the triangle inequality,

|(w = un) (R} )| < Ml = uflloo + [(u = Pru)(Rj )| + | Phu — Poulloo + [|W |

S P2 jer2,00-

The superconvergence results for the derivative of errors and the auxiliary variable ¢ can be obtained by
the same arguments. This completes the proof of Theorem 4.5. O

Remark 4.6. The analysis of superconvergence is mainly based on the supercloseness between the LDG
solution (up,qn) and the interpolation function (u%,¢¢) by asking for (W, W(f) satisfying

(Wi, =0, W), =0, jezn.
Therefore, when \ # 6, the superconvergence results for auxiliary variable ¢ are no longer valid, since
(3.11b) is needed indicating that (W(f);i)%
be proved in the L?([0,T]; L?[0,27]) norm while superconvergence can be observed numerically in the

L ([0, T]; L?[0, 27]) norm.

# 0. In addition, when A = 6, superconvergence of ¢ can

5 Other boundary conditions

5.1 Mixed boundary conditions
For the mixed boundary conditions

u(0,t) = g1(t),  uas(2m,t) = g2(t), (5.1)
the numerical fluxes are chosen as

(gl_qz:vgl)v ]:Oa
(ﬁh - (jh7ﬂh)j+% = (UZ - QZ7U?L)7 .7 = ]-, e aN - ]-7 (52)
(’U,; _92711/;), j:N

The corresponding global projections Py and P; are modified to be in the following piecewise global

version, i.e.,
(Pyu,v); = (u,v);, Yo € PF1(I;),
B0y =y =1 N
(Ppu)y, s =ty 1§ =N,
and 3
6q,M); = \q,M)j, VN B s
(Bsa.m); = (¢.m);, ¥ € PE-1(1))
= 0 .
(Ppa)i =i, j=1

Obviously, the projection Py can be decoupled staring from the cell Iy and 13(; can be computed from
the cell I;. Moreover, we have the following optimal approximation properties.
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Lemma 5.1. /23] Assume z € WFTL(1) with § # %, the projection P = Py or 155 defined above
satisfies the following approximation property

1 3
Iz = Pzll1, + h* ||z = Palloc,r, < CR* 2 |12l k41,00,

where C' is independent of h and z.

Replacing Py (P;) by Py (Pj), we are able to construct the following correction functions in possession
of supercloseness properties. That is, for z € P’“*I(Ij)

(Wai — ]TLij_l’LUq,ifla z); =0, (wu(fv)i)j.;,.% =0, VjE€Zn_1,
(wq,i — Wy,5 — BjDz_latwu,z‘—h Z)j =0, (wé?i)j+% =0, Vj € Zn_1,

The superconvergent results can thus be obtained if we follow the same argument as that in section 3
and section 4.

5.2 Dirichlet boundary conditions

For Dirichlet boundary conditions

U(O, t) = 93(t)’ u(27r7 t) = 94(t)’ (54)

following [9], we choose the numerical fluxes as

(93_(];{’93)’ ]:O7
(ﬂ’h_q}wah)j+% = (uz_q27u}0;)a .721’ aN_17

(up, —qy,,94), Jj=N.

Similarly, we still need to make slight changes to the projection. For projection 15(;, we still adopt the
definition in (5.3), while the projection Py is modified as follows:

(pgu,v)j = (u,v)j, Yv € Pkil(Ij),

5 % 0 .
(Pow)?), =), j€Lno,

(PGU)XH% =ty (Pyq — Q);\;_F%

From the last equation we can see that, compared with the mixed boundary condition, the left limit of
projection at point x 1 consists of two parts. One is the left limit of exact solution u at point x 1
the other is the left limit of projection error of the auxiliary variable ¢ at point 'y, 1. Since we do not
have any information about the auxiliary variable g at the boundary, we need to use the prime variable

u to eliminate the boundary term introduced by Pjq — q at point 1

The superconvergent results can be obtained if we define the following correction functions: for z €
PFU(I ),

(wa,i — hyDy Mwgi1,2); =0, (wu‘fﬁ)ﬂ% =0, Vj € Zn-x,
(Wq,i — Wayi — hyDy  ywy,i-1,2); =0, (wéi)ﬁ% =0, Vj €ZN-1,
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5.3 Initial discretization

In this section, we consider how to discretize the initial datum. Initial value discretization is very
important for the study of superconvergence, which can be obtained using the same technique as that
in [3]. Specifically, for periodic boundary conditions,

1. according to the definition of projection Fy, P, calculate the w,, o, wq,0;

2. calculate w, ;, wq,; by the equations (3.4);

¢
3. calculate WY = 3wy, ub = Pou — W;
i=1

4. let up(-,0) = ut(-,0).

6 Numerical results

In this section, we provide numerical examples to illustrate our theoretical findings. For time discretiza-
tion, we use TVDRK3 method and take At = CFL x h2.

Example 6.1. We consider the following problem

Ut + Uy — Ugy = 07 (’I,t) € [07271-} X (OaT]a
u(x,0) =sin(x) —x, 2z €R

with the periodic boundary condition, where the exact solution is

u(z,t) = e sin(x —t).

Table 6.1 Errors and orders for u. A=60,7 =1.0, k = 2,3, 4.

N [|€wn]| Order [lew]|e Order lew, | Order  |lew,rz||  Order

k=2 20  5.20E-08 - 1.91E-07 - 4.53E-06 - 6.95E-05 -
CFL =0.01 40  1.83E-09 4.83 6.23E-09 4.94 2.80E-07 4.01 8.74E-06 2.99
A=0.8 80 6.09E-11 491 1.99E-10 4.96 1.74E-08 4.01 1.10E-06 2.99
0=0.28 160 1.96E-12 4.96 6.32E-12 4.98 1.08E-09 4.00 1.38E-07 2.99

k=3 15 5.35E-10 - 6.62E-10 - 1.90E-07 - 1.27E-05 -
CFL=0.005 | 30 3.82E-12 7.13 5.69E-12 6.86 5.53E-09 5.10 7.86E-07 4.02
A=0.9 45  2.07E-13 7.19 3.50E-13 6.88 7.12E-10 5.05 1.55E-07 4.00
0=0.9 60  2.66E-14 7.13 4.80E-14 6.91 1.67E-10 5.01 4.89E-08 4.01

k=4 10 1.60E-11 - 5.08E-11 - 8.34E-08 - 7.88E-06 -
CFL =0.001 15  2.04E-13 10.76 1.23E-12 9.17 7.35E-09 5.98 1.06E-06 4.94
A=1.2 20 1.07E-14 10.23 7.91E-14 9.54 1.31E-09 6.01 2.54E-07 4.98
0=1.2 25 6.74E-15 2.10 9.02E-15 9.73 3.41E-10 6.01 8.33E-08 4.99

Table 6.1 lists the results for u with A = 4, from which we observe (2k + 1)th order superconvergence
for numerical traces as well as cell averages, and that the convergence order of the error as well as its
derivative are k + 2 and k + 1, respectively. Table 6.2 shows errors and orders for ¢, demonstrating that
our results hold true for the auxiliary variable when A = 6. Moreover, the results with different weights
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Table 6.2 Errors and orders for ¢. A=60,T7 =1.0, k =2,3,4.

N legnl Order lleqlle Order leq.:|] Order  |leguz||  Order

k=2 20  1.28E-07 - 2.50E-08 - 5.10E-06 - 8.50E-05 -
CFL =0.01 40  4.15E-09 4.94 1.04E-09 4.59 3.19E-07 3.99 1.06E-05 3.00
A=0.7 80 1.33E-10 4.96 3.76E-11 4.79  2.00E-08  4.00 1.33E-06  2.99
0=0.7 160 4.21E-12 4.98 1.26E-12 4.90 1.25E-09 4.00 1.67E-07 3.00

k=3 15  1.55E-09 - 5.31E-10 - 4.14E-07 - 1.44E-05 -
CFL =0.005 | 30 1.26E-11 6.94 3.81E-12 7.12 1.25E-08 5.05 8.92E-07 4.01
A=09 45 7.52E-13 6.96  2.07E-13 7.19 1.63E-09  5.02 1.76E-07  4.01
0=0.9 60  1.02E-13 6.93 2.66E-14 7.12 3.83E-10 5.03 5.54E-08 4.01

k=4 10  5.72E-11 - 1.58E-11 - 1.02E-07 - 8.12E-06 -
CFL =0.001 15  1.60E-12 8.82 2.03E-13 10.74 8.79E-09 6.05 1.11E-06 4.91
A=12 20 1.32E-13 8.68 1.08E-14 10.21 1.55E-09 6.03 2.63E-07 5.00
0=12 25 2.00E-14 8.45 6.80E-15 2.06 4.04E-10 6.03 8.70E-08 4.95

for A, 6 are given in Table 6.3, and similar conclusions can be observed for u, indicating that choosing
different parameters for convection term and diffusion term does not affect the superconvergence results
as far as the prime variable u is concerned.

Table 6.3 FErrors and orders for u. A # 6,7 = 1.0, k = 2,3, 4.

N lewn]| Order [lew]|e Order llew, | Order  |lew,rz||  Order

k=2 20 1.41E-07 - 3.09E-07 - 4.75E-06 - 6.71E-05 -
CFL =0.01 40  4.60E-09 4.93 9.89E-09 4.97 2.91E-07 4.03 8.58E-06 2.97
A=1.2 80 1.47E-10 4.96 3.13E-10 4.98 1.80E-08 4.01 1.09E-06 2.97
0=0.28 160 4.66E-12 4.98 9.88E-12 4.99 1.12E-09 4.01 1.37E-07 2.99

k=3 15 1.85E-10 - 7.44E-10 - 2.59E-07 - 4.80E-06 -
CFL=0.002 | 30 1.60E-12 6.85 5.46E-12 7.09 8.03E-09 5.01 3.01E-07 3.99
A=0.9 45  9.64E-14 6.93 3.13E-13 7.04 1.05E-09 5.01 5.96E-08 3.99
0=1.1 60 1.28E-14 7.02 4.16E-14 7.02 2.50E-10 5.00 1.88E-08 4.00

k=4 10 1.87E-10 - 1.69E-10 - 8.13E-08 - 7.88E-06 -
CFL =0.001 15 4.93E-12 8.97 4.63E-12 8.88 7.20E-09 5.98 1.06E-06 4.95
A=0.8 20  3.54E-13 9.15 3.35E-13 9.12 1.28E-09 6.00 2.53E-07 4.98
0=1.2 25  4.33E-14 9.41 4.09E-14 9.43 3.38E-10 5.97 8.31E-08 4.99

Example 6.2. We consider the following problem
Ut + Uy — Ugy = 0, (z,t) € [0,27] x (0,71,
u(z,0) = sin(z) — x, r€R

with the mixed boundary conditions

u(0,t) = e tsin(t) —t,  u.(2m,t) =e tcos(t) + 1;
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Table 6.4
N A=60=038 A=0=12
lewn|| Order llewlle Order [lewn|] Order llewlle Order
40 | 2.30E-05 - 3.48E-05 - 8.25E-06 - 1.35E-05 -
pl 80 | 2.72E-06  3.08 4.30E-06  3.02 1.06E-06  2.95 1.75E-06  2.94
160 | 3.31E-07 3.04 5.35E-07  3.01 1.35E-07 297  2.24E-07 297
320 | 4.07E-08 3.02  6.67E-08  3.00 1.71E-08 299  2.82E-08 2.98
20 | 7.36E-08 - 1.83E-07 - 4.49E-07 - 7.09E-07 -
p? 40 | 2.05E-09 5.16  5.64E-09  5.02 1.37E-08  5.04 2.24E-08 4.98
80 | 6.10E-11 5.07 1.76E-10 5.00 4.16E-10 5.04 6.99E-10 5.00
160 | 1.87E-12 5.04 5.10E-12 5.10 1.27E-11 5.03 2.15E-11 5.02
20 | 9.64E-11 - 1.56E-10 - 3.90E-11 - 8.65E-11 -
ps 30 | 5.53E-12 7.05 9.63E-12 6.88 2.26E-12 7.02 4.93E-12 7.07
40 | 7.04E-13 7.16 1.32E-12 6.90 3.12E-13 6.88 6.45E-13 7.07
50 | 1.65E-13  6.50 2.93E-13  6.77 | 9.82E-14  5.17 1.82E-13  5.66

the exact solution is
u(x,t) = e sin(z —t) +x —t.

The problem is solved by the LDG scheme (2.2) with & = 1,2, 3, respectively, and the numerical fluxes
are chosen as (5.2). We list various errors and corresponding convergence rates when A = 6 = 0.8, \ =
f# = 1.2 in Table 6.4. The superconvergence results of order 2k + 1 at numerical traces as well as cell
averages demonstrate that the superconvergence also holds for mixed boundary conditions. In addition,
to verify theoretical results for Dirichlet boundary conditions, we consider Example 6.2 with the following
Dirichlet boundary conditions

uw(0,t) = e tsin(t) +t,  u(2m,t) =e ‘cos(t) — 1.

The results are shown in Table 6.5, which confirms that the conclusion still holds for Dirichlet boundary
conditions.

7 Concluding Remarks

In this paper, we obtain the superconvergence of the convection-diffusion equations based on the gen-
eralized alternating numerical fluxes. The main techniques are the construction of correction functions
and analysis of the generalized Gauss—Radau projections and their modified versions. Different boundary
conditions including periodic, mixed and Dirichlet boundary conditions are considered. The sharpness
of the theoretical results is confirmed by numerical experiments. In further work, we will consider the
degenerate diffusion problems and multidimensional equations.
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Table 6.5 Errors and rates for Dirichlet boundary condition (5.4).

A=0=0.7 A=0=0.9
N
lewn|| Order llewlle Order [lewn|] Order llewlle Order
40 3.44E-05 - 5.27E-05 - 1.54E-05 - 2.51E-05 -
pl 80 4.15E-06 3.05 6.62E-06 2.99 1.95E-06 2.98 3.21E-06 2.96
160 | 5.09E-07 3.03 8.27E-07 3.00 2.46E-07 2.99 4.07E-07 2.98
320 | 6.28E-08 3.02 1.03E-07 3.00 3.09E-08 2.99 5.12E-08 2.99
20 2.03E-08 - 1.13E-07 - 7.07TE-08 - 2.47E-07 -
P2 40 7.83E-10 4.69 3.69E-09 4.93 2.34E-09 4.92 7.89E-09 4.97
80 3.13E-11 4.65 1.20E-10 4.94 7.56E-11 4.95 2.50E-10 4.98
160 | 1.06E-12 4.88 3.81E-12 4.98 2.38E-12 4.99 7.83E-12 5.00
20 1.26E-10 - 2.05E-10 - 6.23E-11 - 1.25E-10 -
ps 30 7.77E-12 6.87 1.17E-11 7.06 3.78E-12 6.91 6.87E-12 7.15
40 1.05E-12 6.94 1.65E-12 6.81 5.36E-13 6.79 1.02E-12 6.62
50 2.57TE-13 6.33 3.26E-13 7.26 1.98E-13 4.47 1.93E-13 7.48
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