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Abstract. Amdeberhan’s conjectures on the enumeration, the average size, and the largest size of
(n,n + 1)-core partitions with distinct parts have motivated many research on this topic. Recently,
Straub and Nath-Sellers obtained formulas for the numbers of (n,dn—1) and (n, dn+1)-core partitions
with distinct parts, respectively. Let X, be the size of a uniform random (s, t)-core partition with
distinct parts when s and ¢ are coprime to each other. Some explicit formulas for the k-th moments
E[X} 1] and E[X5 .|, 3] were given by Zaleski and Zeilberger when k is small. Zaleski also
studied the expectation and higher moments of X, 4,1 and conjectured some polynomiality properties
concerning them in |arXw:1702.05634.

Motivated by the above works, we derive several polynomiality results and asymptotic formulas for
the k-th moments of X, 4,41 and X,, 4,1 in this paper, by studying the beta sets of core partitions.
In particular, we show that these k-th moments are asymptotically some polynomials of n with degrees
at most 2k, when d is given and n tends to infinity. Moreover, when d = 1, we derive that the k-th

n
formulas for the expectations E[X,, gnt+1] and E[X,, 4n—1] are also given. The (n,dn — 1)-core case in

our results proves several conjectures of Zaleski on the polynomiality of the expectation and higher
moments of X, gn—1.

moment E[X k)n 1) of X, 41 is asymptotically equal to (n2 / 10)k when n tends to infinity. The explicit
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1. INTRODUCTION

A vpartition \ is called a t-core partition if none of its hook lengths is divisible by ¢. Core par-
titions arise naturally in the study of modular representations of finite groups. For example, they
label the blocks of irreducible characters of symmetric groups (see [16]). Furthermore, X is called a
(t1,ta,...,tm)-core partition if it is simultaneously a t;-core, a ts-core, ..., a t,,-core partition (see
[1, I1]). Tt is well known that, the number of (¢1,ts, ...,y )-core partitions is finite if and only if the
greatest common divisor ged(t1,t2,...,t,) = 1 (for example, see [II, Theorem 1] or [25, Theorem
1.1]).

In 2002, Anderson [3] proved the following result on the number of (¢1,ts)-core partitions, by
studying their connections with certain lattice paths.

* This paper has been accepted for publication in SCIENCE CHINA Mathematics.
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Theorem 1.1 (Anderson [3]). Let t; and ts be two coprime positive integers. Then the number of
(t1,ta)-core partitions equals
(tl +ty — 1)'
tilta!

Anderson’s work has motivated many research on the enumeration, largest sizes and average sizes of
simultaneous core partitions (see [2] [7] 8] [, [I5] 19, 24, 27]). For example, when ¢; and t5 are coprime
to each other, it was proved by Olsson and Stanton [16] that the largest size of (¢1,t2)-core partitions
equals (2 — 1)(t2 — 1)/24, in their study of block inclusions of symmetric groups. Armstrong (see [4])
gave the following conjecture on the average size of such partitions, which was first proved by Johnson

[10] and later by Wang [21].

Theorem 1.2 (Armstrong’s Conjecture). Let t1 and t2 be two coprime positive integers. Then the
average size of (t1,ta)-core partitions equals
(tl — 1)(t2 — 1)(f1 +ty + 1)
24 '

Recently, the problem on the enumeration of simultaneous core partitions with distinct parts was
raised by Amdeberhan [I]. He conjectured explicit formulas for the number, the largest size and
the average size of (n,n + 1)-core partitions with distinct parts, which were first proved by the first
author [23], and later proved independently (and extended) by Straub [20], Nath-Sellers [13], Zaleski
[29] and Paramonov [I7]. Let X, be the size of a uniform random (s, t)-core partition with distinct
parts when s and ¢ are coprime to each other. Zaleski [29] derived several explicit formulas for the
k-th moment E[X}%, ] of Xy, n41 when k < 16. The number, the largest size and the average size of
(2n+1, 2n+3)-core partitions with distinct parts were also well studied (see [5l 17, 20, 26, 28]). Several
explicit formulas for the k-th (when k < 7) moment E[X3, | 5, 3] of Xon ;12043 were obtained by
Zaleski and Zeilberger [28].

In 2016, Straub [20] derived the following generalized Fibonacci recurrence for the number Ng(n)
of (n,dn — 1)-core partitions with distinct parts.

Theorem 1.3 (Straub [20]). Let Ny(1) = 1, and Ng(n) be the number of (n,dn — 1)-core partitions
with distinct parts for two positive integers d > 1 and n > 2. Then

Na(1) =1, Na(2) = d,

(1.1) Na(n) = Ng(n — 1) + dNy(n —2), if n>3.

The (n,dn + 1)-core analog was obtained later by Nath-Sellers [14].

Theorem 1.4 (Nath-Sellers [14]). Let My(—1) =0, M4(0) =1, and My(n) be the number of (n,dn +
1)-core partitions with distinct parts for two positive integers d and n. Then

Md(_l) = Oa Md(O) = 15

(12) Mg(n) = Mg(n — 1) +dMg(n—2), if n>1.

Table [l gives the first few values for Ng(n) and My(n).

TABLE 1. The number of (n,dn + 1)-core partitions with distinct parts for 1 < n < 6.

n 1]2 3 4 5 6
Na(n) [ 1]d 2d d?+2d 3d* +2d d®+5d% +2d
Myn) [ 1]d+1|2d+1|d®+3d+1[3d*+4d+1|d>+6d°+5d+1




It is easy to derive that, when d # 2,
d(d —1)Ng(n) — Ng(n+1)

(1.3) My(n) = i —2)
and
(1.4) Mg(n—1) = (d— 1)Nd(n+1)—de(n).

d(d—2)

Recently, the largest sizes of the above two kinds of partitions were given by the first author [22].
Zaleski conjectured an explicit formula for the average size of (n,dn — 1)-core partitions with distinct
parts in [30]. Furthermore, Zaleski conjectured some polynomiality properties for higher moments of
their sizes.

In this paper, we derive results on moments of sizes for random (n,dn + 1)-core partitions with
distinct parts. The (n,dn — 1)-core case proves several conjectures of Zaleski [30]. Let Cy, gnt1 and
Cn,dn—1 be the sets of (n,dn + 1)-core and (n, dn — 1)-core partitions with distinct parts respectively.
Our main results are stated next. The (n,dn — 1)-core case in Theorems and [[[6] are equivalent to
Zaleski’s Conjectures 3.5 and 3.1 in [30], respectively.

Theorem 1.5 (see Conjecture 3.5 of Zaleski [30]). Let k be a positive integers. The k-th power sums
Z Bk and Z I
Aecn,dn+1 Aecn,dnfl
for sizes of partitions in Cp an+1 and in Cp an—1 are of the form
(1.5) A(n,d)My(n) + B(n,d)My(n + 1),

where A(n,d) and B(n,d) are some polynomials of n with degrees at most 2k, whose coefficients are
rational functions in d.

Remark. In the above theorem, we use My(n) and My(n + 1) as a basis, while Ny(n) and Ny(n + 1)
are used in the original statement of Zaleski’s conjectures in [30]. As mentioned by Zaleski, some of
his conjectures are anomalous for the case d = 2. The use of the basis My(n) and My(n + 1) avoids
this problem. That is, the form (L) always holds for any d > 1. Also, by ([3) and (L4) we know,
when d # 2, My(n) and My(n+ 1) in (L3) can be replaced by Ny(n) and Ngy(n + 1).

Theorem 1.6 (see Conjecture 3.1 of Zaleski [30]). Let n and k be two given positive integers. Then

the k-th power sums
S and S
AECH dn+1 AECH dn—1

are polynomials of d with degrees at most 2k + |n/2].

Recall that X, gn—1 and X, gn+1 are sizes of uniform random (n,dn — 1)-core and (n,dn + 1)-core
partitions with distinct parts, respectively. By Theorems[I.5 and [I.6l we derive the following asymptotic
formulas when d is fixed or n is fixed, respectively.

Theorem 1.7. Let d and k be two given positive integers. Then the k-th moments of X, an+1 and
X dn—1 are asymptotically some polynomials of n with degrees at most 2k, when n tends to infinity.
That is, there exist some constants Aq i and Bqj, such that

(1.6) E[X dns1] = Aapn®™ + 01
and

(1.7) E[X} 4n_1] = Baxn® + O(n*1).
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Theorem 1.8. Let n > 2 and k > 1 be two given integers. Then the k-th moments of X, an+1 and
Xn,dn—1 are asymptotically some polynomials of d with degrees at most 2k, when d tends to infinity.
That is, there exist some constants Cy,  and Dy, ; such that

(1.8) E[X} gni1] = Cop d® +0(d* 1)
and
(1.9) E[X} gn_1] = D d®* + O(d* ).

Moreover, when d = 1, we derive the leading term in the asymptotic formula of E[XF . .].

Theorem 1.9. Let k be a given positive integer. Then the k-th moment of X,, n41 satisfies the
following asymptotic formula:

1\" _
Bl = (5) %+ 002,

We also derive explicit formulas for the expectations of X,, 4n+1 and X, gn—1.

Theorem 1.10. Let d and n be two given positive integers. The expectation of X, an+1 equals

d(d+1)(5d + 1)(n — 1)? N d(d +1)(32d* + 63d + 7)(n — 1)

E[Xn,dnJrl] -

24(4d + 1) 24(4d + 1)2
d(d+1)(6d? +27d+3)  Mg(n —1)
12(4d + 1)2 M(n)
dd+1)(d—1)(n—1)2 d(d+1)(14d* +21d+1)(n—1) d(d+ 1)(6d* +27d + 3)
' ( 24(4d +1) 24(4d +1)2 12(4d + 1)2 )

Example 1.11. Let d =2 and n = 4. Then Mg(n — 1) = M5(3) =5 and My(n) = Ms(4) = 11. By
the above theorem the expectation of Xy dant1 should be 54/11. We can check that this is true since the
number of (4,9)-core partitions with distinct parts equals 11, and the sum of their sizes equals 54:

C4,9 = {0, (1)7 (2)v (3)7 (25 1)7 (45 1)7 (55 2)7 (65 3)7 (35 27 1)5 (57 25 1)7 (45 37 27 1)}

Example 1.12. Let d = 3 and n = 3. Then My(n — 1) = M3(2) = 4 and My(n) = M3(3) = 7. By
the above theorem the expectation of X, ant+1 should be 34/7. We can check that this is true since the
number of (3,10)-core partitions with distinct parts equals 7, and the sum of their sizes equals 34:

C3,10 = {@7 (1)7 (2)7 (37 1)7 (47 2)7 (57 3, 1)7 (67 47 2)}

Theorem 1.13. Letd > 1 and n > 2 be two given positive integers. The total sum of sizes of partitions
in Cp dn—1 18
d?>—1)(5d*> +d—1)n? (d+1)(8d* +27d> +2d*> —1)n  d*> -1
24d(4d + 1) 24d(4d +1) 12d

)\ecn,dnfl
d+1)(—d®+7d*> +d—1)n? (d+1)(6d* —19d°> — 7d*> +d + 1
+Md(n_1).((+)( + 7d* + jn?  (d+1)(6 9 7d*+d+1)n
24d(4d + 1) 24d(4d + 1)2
_ (d+1)(d* +-20d° — 6d° — 8d — 1))
12d(4d +1)2 '
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Example 1.14. Let d =1 and n = 4. Then My(n—1) = M1(3) = 3 and My(n) = M;,(4) = 5. By the
above theorem the total sum of sizes of (4,3)-core partitions with distinct parts should be 3. We can
check that this is true since the number of such partitions equals Nqg(n) = N1(4) = 3, and the sum of

their sizes equals 3:
(/’4,3 - {Qv (1)5 (2)}

Example 1.15. Let d =2 and n = 5. Then Mg(n — 1) = M(4) = 11 and My(n) = M2(5) = 21. By
the above theorem the total sum of sizes of (5,9)-core partitions with distinct parts should be 92. We
can check that this is true since the number of such partitions equals Ng(n) = Na(5) = 16, and the
sum of their sizes equals 92:

65,9 = {@a(l)a (2)7 (3)a (4)7 (2a 1)7 (3a 1)7 (3a 2)7 (5a 1)7 (6a 2)7 (7a 3)7
(4,2,1),(6,2,1),(4,3,1),(5,3,2), (5,4,2,1)}.

By ([3) and (T4) we obtain, Theorem [[[I3] implies the following conjecture of Zaleski [30] directly.

Corollary 1.16 (Conjecture 3.8 of Zaleski [30]). Let d > 1 and n > 2 be two given positive integers.
When d # 2, the expectation of X, an—1 equals

E(X, p1] = (b +7d* +d-1)n*> (8d°+21d*+7d>—d’+3d-2)n
e 24(4d+1) 24(16 d3 — 24 d2 — 15d — 2)
17d* +13d3 - 9d?> —7d—2 Ny(n+1)
12(16 d3 — 24d% — 15d — 2) Na(n)

<(d2—1)n2 (2d* —9d® —16d2 —3d+2)n d4+20d3+9d2—20d—10>

S 24(4d+1)  8(16d3 —24d%2 —15d—2) 12(d—2) (4d +1)°

The rest of the paper is arranged as follows. In Section 2] we review some basic results on core
partitions. The characterizations for the S-sets of (n,dn — 1) and (n,dn + 1)-core partitions with
distinct parts are given in Section Then in Section [l we use these characterizations to translate
the problems to study two families of functions G}~ (n) and G, ,(n), therefore prove the main
results. The explicit formulas for expectations of Xn:d;LH and Xnycﬁlnily are derived in Section Bl The
asymptotic formulas for moments of X, ,,+1 are given in Section

2. SIMULTANEOUS CORE PARTITIONS AND THEIR [-SETS

A partition is a finite weakly decreasing sequence of positive integers A = (A1, A2,...,A\¢). The
numbers \; (1 < i < /) are called the parts and ), ., A\; the size of the partition A (see [12] [I§]).
Each partition \ is identified with its Young diagram, which is an array of boxes arranged in left-
justified rows with \; boxes in the i-th row. For the (7, j)-box in the i-th row and j-th column in the
Young diagram, its hook length h(i,j) is defined to be the number of boxes exactly to the right, and
exactly below, and the box itself. Recall that a partition A is called a (¢, ta,. .., tm)-core partition if
none of its hook lengths is divisible by ¢1,ta, ..., tm_1, Or t,, (see [I, [II]). For example, Figure [ gives
the Young diagram and hook lengths of the partition (6,3, 3,2). Therefore, it is a (7, 10)-core partition
since none of its hook lengths is divisible by 7 or 10.

The S-set of a partition A = (A1, A2, ..., A¢) is denoted by
B ={\i+l—i:1<i</}.

In fact, S(\) is equal to the set of hook lengths of boxes in the first column of the corresponding Young
diagram of \ (see [16] 24]). For example, from Figure [l we know that 8((6,3,3,2)) = {9,5,4,2}. Tt is



6]3[2]1]

DO [~ | O ©
— (o~ |Co
[N}

FIGURE 1. The Young diagram and hook lengths of the partition (6,3, 3,2).

easy to see that a partition A is uniquely determined by its S-set S(\). The following results on [-sets
are well known.

Lemma 2.1 ([16], 22} 23 24]). The size of a partition X\ is determined by its 5-set as the following:

(2.1) NS $_<|ﬂ(2A)I)'

z€B(N)

Lemma 2.2 (|22, 23]). The partition A is a partition with distinct parts if and only if there does not
exist v,y € B(\) with x —y = 1.

Lemma 2.3 ([3] 6] [16], 23] 24]). (The abacus condition for t-core partitions.) A partition X\ is a t-core
partition if and only if for any x € B(N) with x > t, we always have x —t € B(N).

3. THE B-SETS OF (n,dn + 1)-CORE PARTITIONS WITH DISTINCT PARTS

In this section we focus on (n,dn — 1) and (n,dn + 1)-core partitions with distinct parts. The
following characterizations for S-sets are well known. We give a short proof here for completeness.

Theorem 3.1 ([14, 20, 22| 30]). Let n and d be two positive integers. Then a finite subset S of N is
a B-set of some (n,dn + 1)-core partition with distinct parts iff the following conditions hold:

(i) SClli—1n+j:1<i<d 1<j<n-—1};
(i) Ifin+jeSwithl<i<d-—1,1<j<n-—1,then (i—1)n+jeS;
(i) If j € S with1 <j<n—2,thenj+1¢S5.

Proof. (1) Suppose that A is an (n, dn+ 1)-core partition with distinct parts and S = 5(\). By Lemma
3 we have dn+1 ¢ S and nx ¢ S for any 1 <z < dsince 0 ¢ S. For x > dn+2, if z € S, by Lemma
we know x — dn, x — (dn+ 1) € S. But by Lemma [2.2] this is impossible since X is a partition with
distinct parts. Then the condition (i) holds. Also, (ii) and (iii) hold by Lemmas [Z2] and

(2) On the other hand, suppose that the set S satisfies conditions (i), (ii) and (iii). Let A be the
partition with S(A) = S. Since S(A) doesn’t have elements larger than dn—1, A must be a (dn+1)-core
partition. Also, by (ii) A must be an n-core partition. Finally by (i), (ii), (iii) and Lemma 2:2] we know
A is a partition with distinct parts. O

Let
Agn={0,7):1<i<d, 1<j<n}.
We say that a subset I C Ayg,, is nice if it satisfies the following two conditions:
(1) (i+1,j) €I and ¢ > 1 imply (4, j) € I;
(2) (I,j)elTand1<j<n-—1imply (1,7+1) ¢ 1.



Let B;r)n be the set of nice subsets of A4 ,,. For each n-core partition A, define
(3.1) Yu(N) =={(,5): 1<j<n—1,(~1n+je€ BN}

Then by Theorem BIlthe map 1), gives a bijection between the sets Cy, gr+1 and B;‘nfl. Furthermore,
by Lemma 2.1l we have

Lemma 3.2.

(3.2) o= > Y ((z’—l)n—i—j)—%-ﬁ-%

AECH, dn+1 IEBIn71 (i,5)eI

Example 3.3. Let d = 3 and n = 3. By Example [[.12 we know there are 7 of (3,10)-core partitions
with distinct parts: 0, (1),(2),(3,1),(4,2), (5,3,1),(6,4,2). The corresponding nice subsets of As o are:

Bio={0. {11} {(1.2)}, {(1,1), (2D}, {(1,2),(2,2)},
{(1,1),(2,1),3, 1)}, {(1,2),(2,2),(3,2)} }.
Let k = 2. It is easy to check that both sides of [B2) equals 282.
Similarly the following are characterizations for S-sets of (n,dn — 1)-core partitions with distinct
parts. Notice that dn — 1 ¢ S in the following condition (iv).

Theorem 3.4 ([I4] 20, 22, B0]). Let n > 2 and d > 1 be two positive integers. Then a finite subset S
of N is a B-set of some (n,dn — 1)-core partition with distinct parts iff the following conditions hold:

() SC{li—1)n+j:1<i<d, 1<j<n—-2}U{in—1:1<i<d-1};
(W) Ifin+jeSwithi>1andl<j<n-—1,then(i—1)n+jeS;
(vi) If j €S with1 <j<n-—2, thenj+1¢S5.

Let By, be the set of nice subsets I of Aq, with (d,n) ¢ I. Then by Theorem 3.4 the map v,

defined in BI)) gives a bijection between the sets Cp, 4n—1 and B, ;. Furthermore, by Lemma 2Tl we
obtain

Lemma 3.5.
k

k_ . N Ll
(3.3) o= Y > (= Dn+7) >t 3

AECH dn—1 1eB;, , \(bjel

Example 3.6. Let d = 3 and n = 3. Then there are 6 of (3,8)-core partitions with distinct parts:
0,(1),(2),(3,1),(4,2),(5,3,1). The corresponding nice subsets of As o are:

By, ={0,{(1L,1)}, {(1,2)}, {(1,1),(2. D}, {(1,2).(2,2)},{(1,1),(2,1),(3,1)} }.
Let k = 2. Then both sides of [B3)) equals 138.



4. POLYNOMIALITY OF MOMENTS OF SIZES FOR CORE PARTITIONS

In this section, we will prove the main results.

For each nice subset I of Ag ., let |I] be the cardinality of I. Define

om(I) =Y ((i—1)m+}j)
(i,5)el

and

Cimap® =D om(D* |1’

IeBY
for d,m,a,b,n > 0.
To compute the k-th power sum of sizes of partitions in Cj gn+1, by Lemma we just need to

compute the functions G;n7a7b(n — 1) with four variables d,n,a,b. The basic idea is induction on
n. To do this, we need one more parameter m here. That is, we study a more general family of

functions G;rm o.p(n) with five variables d, m,a, b, n. First we derive formulas for generating functions
Jr
of Gd,m,a,b(n)'

Theorem 4.1. Assume that a and b are two nonnegative integers. For each 1 <1i <2a+ b+ 1, there
exists some polynomial Py p i(d,m,q) of d, m and q with deg,,(Pupi) < 2a+ b+ 1 —1i, such that the
generating function of G-d’_,m,a,b(n) equals:

2a+b+1

Pa b 1(da m, q)
(41) \I/d,m,a,b = Ger a (n) qn = — .
& s = 2 G =y

Proof. We will prove this result by induction on a +b. When a+b = 0, we have a = b = 0. For n > 2,

Gimooln) = > 1=1Bj,
IeBy

o1+ Y 1

+ + +
IeBd,nfl IeBd,n\Bd,nfl

o1+ > L

Iest ., (Ln)eleB)

When (1,n) € I € B;n, we know (1,n — 1) ¢ I and therefore I N Ag,—1 € B;n_? Thus for each
1<i<d,

ROAS B(-i‘r,n p(i,n) €1, (i+1,n) ¢ 1} = |B(-1i_,n72|'

Therefore
(4.2) Glmoo®) =B, 4| +dIBy, | =G, 00n—=1)+dGy  on—2)
for n > 2. By definition it is easy to derive:
(4.3) G000 =1, GF (1) =d+1.
Therefore

Wam00— (d+1)g—1=qPamo0—1)+de* Vim0
and thus

dg+1

(4.4) Tgmoo= —d

1—q—dg*
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Then the theorem is true for a +b = 0. Next assume that a +b > 0 and (@) holds for all pairs (a’, )
with o’ +0 < a+b. For n > 2, considering the largest integer 7 such that (i,n) € I (or (1,n) ¢ I), we
obtain

Glmap@ = > omD "= > onUI+ D omD)I]

IeBY (Ln)¢IeB] (Ln)eleBy
= ) o lflb+Z >, om@elP
1€By,, =1 (i,;n)eleB]
(i+1,n)¢I
= > onDP+ > Z(am ( >m+m) (1] +14)°
1663%1 resBy, =1
a,b
(4.5) =Gl an=1)+dGy o (n=2)+ > AL (dm,n)GY,, . (n—2)
a'+b' <a+b
0<a’<a
0<b'<b

where

d . a—a’
« a b i . FanY
Aa}{)b, (d,m,n) = (a’) (b’) E ((2>m + m) =t
i=1

are polynomials of d, m,n such that

deg,, A%", + deg, A%", <a—ad.

It is obvious that, when a + b > 0,

(4.6) Glman0) =0, G5 (1)=>" <<;>m + z) =" BE(d) m",
k

i=1

where

Considering the generating function, by (&3 we have
\I/d.,m,a,b —q Gd+m a, b(l)

_qq/dmab+dq Vi m,ab + Z ZAa/b/ dm,n)GIm_’a,_’b,(n—Q) q"
a'+b' <a+b n>2
0<a’<a
0<b'<b
(4.7) = qWamap+ A4V man + ¢ Z Z AZ}ljb, (d,m,n + 2)G(—ii_,m,a’,b’ (n) ¢".
a’4+b <a+b n>0

0<a’<a
0<b'<b

When a’ + V' < a + b, by induction hypothesis and

Y nand" =q (Y ang")

n>0 n>0
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we obtain
2a’+b' +1+5
]G o “ JC_]U/ b"(d7m7Q)
Y G ey =Y U—q—d@)
n>0 =1

for each j > 0, where Cj 4 1 i(d, m,q) are some polynomials of d, m and ¢ with
degm(Oj_yalyb/_,i(d, m, q)) < 2a' +V +1 +J—.
Therefore for a’ + b < a + b, we have

2a’+b'+1+a—a’
(4.8) SooA (domn+2) G, ) =Y

n>0 i=1

Dy i(d,m, q)
(1—q—dg*)”’
where D, i(d, m,q) are some polynomials of d, m and ¢ with

deg,, (Do i(d,m,q)) <2 +b' +1+a—d —i=a+ad +0 +1—-i<2a+b—i.
Then by (&0), (1) and [@8) we obtain

2a+b+1
Pabi(d7m7Q)
Vim.a G L
d,m,a,b = nZ>O dmab ; (1_q_dq2)1

where P, 4 ;(d, m, q) are some polynomials of d, m and ¢ with

deg,, (Pap,i(d,m,q)) <2a+b+1—1i. O

By the above theorem, to derive the explicit expression for G} =, (n), we need to study the

expansion of 1/(1 —q— dg*)*. Let x4 = (1+ /1 +4d)/2 and yq = (1 — /1 + 4d)/2 be two roots of

22 — x — d. By the partial fraction decomposition, we obtain the following results.

Lemma 4.2. Let d and k be given positive integers. Then

k 2k 1 —i\ gk—i .
w9) -y e e s (Y G v o
(1—q—dq im1 1+4d) n>0 i—1
Proof. For a,b >0, let
1
Fop = .
T U= raq) (T —yaq)
It is easy to see that
Forip41 = Fopip + Fopt1
Td — Yd Yd — Tq

for all a,b > 0. Therefore by induction we derive
a a—i(a+b—1—1 a—1i b afatb—1—7 b—j a
(=D (") wa v n (D (e ) wd v

F‘Z’b = a+b—i a+b—j ;
= (@wa—ya)" T (M= 2aq)t S (wa—ya) (1= yagq)

for all a,b > 1. Let a =b=k. Then by xqyq = —d, x4 — yq = V1 + 4d, and

1 n+k—1\ , ,
(1—Zq)’“_z( k-1 )Zq’

n>0
we derive ([A9). O



11

Lemma 4.3. Let k be a positive integer. Then

(errrrae D SLTE

(1—q- dq =
where ¢, is of the form A(n,d)Mg(n)+ B(n,d)Mg(n+1), such that A(n,d) and B(n,d) are polynomials
of n with degrees at most k — 1, whose coefficients are rational functions in d. In particular, we have

(notice that Ma(n +2) = Mg(n + 1) + de( ))

(4.10) 1_q_dq ;Md "
(4.11) m :n;ﬁ((n—i—l)Md(n—i—Q)—i-(n+3)de(n)) &
and
1 - 3d(n+1) 1 (m+2 3d*(n+3) N
1) T iy _7;)(( dd +1)? +4d+1< 2 )) Maln+2)+ 70 Md(m)‘l '

Proof. By the recurrence relation (LZ), it is easy to see that

1
413 My(n) = ——= (a ™" -y

( ) a(n) 1+4d( —Yq )
and

(4.14) 2My(n +1) — Mg(n) = a3t + 40+,

Therefore Lemma implies
1 n
o dVF Z tnd
(I—g—dg®)* =

where ¢, is of the form Zf:o Ai(n,d)Mg(n + i), such that each A;(n,d) is a polynomial of n with
degree at most k — 1, whose coefficients are rational functions in d. But by ([[L2)), each M4(n+1) can be
written as some linear combination of My(n) and My(n + 1), whose coefficients are rational functions
in d. Therefore we prove the main result of the lemma. In particular, let k = 1,2, 3 in Lemma [£.2] we

derive (ZI0), @II) and @I O

Notice that for each ¢ € Z, My(n + i) can be written as some linear combination of Mgy(n) and
My(n + 1), whose coefficients are rational functions in d. The next result follows from Theorem [ET
and Lemma directly.

Theorem 4.4. Let a,b > 0 be some given integers. Then G-d’_,m,a,b(n) is of the form
A(m,n,d) My(n) + B(m,n,d) Mg(n+ 1),

where A(m,n,d) and B(m,n,d) are polynomials of m and n with degrees at most 2a + b (that is,
deg,, +deg,, < 2a+b), whose coefficients are rational functions in d.

Next we give some examples of explicit expressions for G;rm wp(n) when a and b are small.

Example 4.5. Leta =1, b=0. We have

o = Y o= Y onD+ 3 i(amaH(;)mm)

IeBY IeBf, | IeBf, =1
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d+1 d+1
—G;rmlo( 1)+dG;m,1,o(n_2)+<< 3 )m—i—( 9 )”)G;rmoo( -2).

Also

d J
d+1 d+1
Glma00) =0, GJ . o(1)=>">"(1+(-1)m ( ) >m+< ) )

j=1i=1

Then by (1) we have

v, 10::(@§5”“+C%5)Q_F(@+5 +2@+5)Q%dQ+1)+_@;S@%fq2+2dq+d+1)
e 1—q—dg? (1—q—dg?)? (1—q—dg?)?
(Tma—("$Da | (“3)(2a— )
 (I-q—d¢?)?  (1—q—dg?)*

Therefore by (L2) and Lemmal[7.3,

1 d+1 d+1 n+1
G;m,l,o(”)——4d+1(< 3 >m—|—( 5 ) 5 )nMd(n)

(4.15) +Z£j(d;v(%i%ﬁﬁ+n+1)m+nA@@_1y

Example 4.6. Let a =0, b=1. We have

d
Chomm:= Y = 3 W+ ¥ M1+
IeBy IeBy | IeBf, =1
d+1
~ Gl ol = D+ 4G 0,0 =2)+ (5 1) 60000 -2

Also
d

GZIL.,m,O.J( )—0 deOl( ):Ziz (d—;l).
i=1

Then the generating function satisfies

d+1
Wam,01— qumo,l(l) = qVimo1+d*Vamo1 + ( 9 )qQ“de,m,O,O-
Therefore,
v (e () eda+1)
PO T g —dg? T (1 —q—dg?)?
Finally,
1 d+1
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Example 4.7. Let a =0, b=2. We have

Glmonm) = > [IP= Y [P+ Y > (I+i)?

IeBy IeBy rest =1

d+1 1 /2d+2
= GlJir,m,OJ(n - 1) + dG(Jir,m,O,2(n - 2) +2 ( ) ) G(Jir,m,o,l(n - 2) + Z ( 3 ) GlJir,m,O,O(n - 2)

Also

B~ =

. 2d + 2
G—di_,m,O,Q(O) = 07 sz1072(1) = ZZQ = ( 3 )
i=1

Then the generating function satisfies

d+1 1/2d+2
Vimo02 =Gy 021) = qVamo2 + dg* Vgm0 + 2< 9 )qz\l’d,m,m +3 ( 3 )QQ‘I’d,m,o,o-
Therefore,
2 2
A2 SR ) o) e+ )
T — g —dg? (1-q—dg?)? (1-q—dg?)?
Finally,
1/2d+2) 1 d+1\* 6
G == - .o M
dm,0,2(10) (4( 3 >4d—|—1 ( 9 ) (4d+1)2> nMa(n)
1/2d+2 2d
- . (n+1)My(n—1
+4< 3 )4d+1 (n+1) Ma(n = 1)
d+1\> 1 )
4.17 —_— 4d+1) +3n—4d+2) - Mg(n —1).
(4.17) +<2>(4d+1)2(n(+)+n £ 9) . Myn—1)
Next we show that, szﬁaﬁb(n) is a polynomial of d when other variables are fixed.

Theorem 4.8. Let m,n > 1 and a,b > 0 be some given integers. Then G;rm wp(n) is a polynomial of
d with degree 2a + b+ | 241 ].

Proof. The a = b = 0 case is guaranteed by ([A2)) and (L3). Therefore we can assume that a + b > 1.
We will prove this result by induction on n. It is easy to see that

G imap(l) = Xd: <(;>m - z) ' i,

G a2 = Z; <(2>m + z) i+ Z; <(2)m + 2i) i
are polynomials of d with degrees 2a 4+ b + 1, which shows that the theorem is true for n =1 and 2.
When n > 3, we assume that this result is true for n — 1 and n — 2. Therefore G;m,a,b(n — 1) and

dGIm)a)b(n —2) are polynomials of d with degrees 2a+b+ 2| and 2a+b+ |21 | +1 = 2a+b+ [ 2 |
respectively. Also, for a’ < a, b’ < b with o’ + b < a + b, we have

d : a—a’
a b Z i ' o
<al) (bl) <(2)m + Zn) Zb ’ G(—;’m7a,7b/ (n - 2)
i=1
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is a polynomial of d with degree

n—24+1 n+1
=2+ b+ [

Therefore by ([{I) we prove the theorem. O

2@ —a )+ (b=b)+1+2d +b +|

For a,b,m,n>0and d > 1, let
Giman(m) = D ow()°|I]".
IeB; ,
Then
Gimoon) =Na(n+1)=Mqy(n)+ (d—1)Ma(n —1).
When a + b > 0, it is obvious that
(4-18) G(;,m,a,b(o) =0, G;m,a,b(l) = G;r—l,m,a,b(l)'

For n > 2, we have

Gimarm = > omD*I"+ > Z(am (.)m—kin)a(ul—i—i)b

Iijﬁkl reBy, =1
=Gy masn =1+ (d=1)Gy, . ,(n—2)
(4.19) + Z B o (dym, )Gy (= 2),
a’+b' <a-+b

where

d—1 . a—a’
o a b i . FanY
Ba;f)b/(d,m,n) = (0/) (b’) E ((2)m + m) =Y
i=1

Similarly as the G}, (n) case, we obtain the following results for G, . ,(n).

Theorem 4.9. Let a,b > 0 be some given integers. Then G;m7a7b(n) is of the form
A(mv n, d)Md(n) + B(mv n, d)Md(n + 1)5

where A(m,n,d) and B(m,n,d) are polynomials of m and n with degrees at most 2a + b, whose
coefficients are rational functions in d.

Theorem 4.10. Let m,n > 1 and a,b > 0 be some given integers. Then G;m,a,b(n) is a polynomaial
of d with degree 2a+ b+ | £ |.

Now we are ready to prove the main theorems.

Proofs of Theorems[L.d and[I.d By Lemmas 3.2 and B.5 we know
> NF o and >
)\ecn,dn+1 Aecn,dnfl

can be written as some linear combinations of G;ma%, (n—1)and Gy, ./ (n—1) respectively, where
24’ + 0 < 2k. Notice that for each i € Z, My(n + i) can be written as some linear combination of
Mg(n) and My(n + 1), whose coefficients are rational functions in d. Replace n by n — 1, and m by n
in Theorems .4l and [4.9] we obtain that Gd marp (M —1) and Gy, ., (n — 1) are of the form

A(n,d)Mg(n) + B(n,d)Mg(n + 1),
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where A(n,d) and B(n,d) are polynomials of n with degrees 2a’ + b’ < 2k, whose coefficients are
rational functions in d. Therefore Theorem [[LHis true. Also, Theorem [L.6] follows from Theorems
and O

5. EXPLICIT FORMULAS FOR EXPECTATIONS OF X, gn4+1 AND X, gp—1
In this section we give proofs of Theorems and
Proof of Theorem[II0 Let k =1 in Lemma [3:221 We have
: Lo
o= >, > ((=Dn+j)-—-+5
AECn, dn+1 reBf, , \(.jel
1 1
= Gzn,l,o(n -1)- §G;n,o,2(” - 1)+ §Gjl_,n,0,1(” —1).
Then by [(@I5), {I6) and [@IT7) we derive
—d(d+1)(d—1)(n—1)2

N 24(4d + 1)
_d(d+1)(14d* +21d+1)(n —1)  d(d +1)(6d4* + 27d + 3))
24(4d + 1)2 12(4d +1)2
d(d+1)(5d 4+ 1)(n — 1)?
#Matn) - (T
d(d+1)(32d> +63d+T7)(n—1)  d(d+ 1)(6d> +27d + 3))
24(4d + 1)2 12(4d + 1)2 ’
which implies Theorem [[LI0 O

Proof of Theorem[L13. Let k =1 in Lemma 3.5 We have

. . I)? I
S o= Y (X ooy
AECn an-1 1eBy, , \(jel

_ 1 . 1
=Gynaon—1) = §Gd,n,o,2(" -1+ ng,n,o,l(” - 1).

But by the definitions of Glm)alb and G . ., we obtain
_ d
Gnnoln —1) = Gy o(n—1) = Gy o0 —3) — Ma(n —2) ((2)n Td(n - 1>> |

Glpoon—1)=GF o,(n—1)— Z (1] + d)*
IGB;W3
=Gl 02n—1)=GJ ,(n—3)—2dG}, o (n—3)— d?>My(n — 2),
and

Grpoa(n=1)=GJ o (n=1)— > ([I|+d)
IeBY, 4

= G(—i’—,n,O,l(n - 1) - Gji—,n,o,l(n - 3) - de(n - 2)
Then by [@I5), {I6) and [@I7) we derive Theorem [LT3 O
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6. ASYMPTOTIC FORMULAS FOR MOMENTS OF X,, 4nt1 AND X, g1

In this section we study asymptotic behavior for moments of X, gn+1 and X, gn,—1. First we give
proofs of Theorems [[.7] and

Proof of Theorem [I71 By the recurrence relations (II) and (2 it is easy to derive

1 1+vi+raa\"™" /1-viFaa\""
(6.1) M) = 5 1a (< 2 > - ( 2 ) )
and
(6.2) Ny(n) = Ma(n) — Ma(n — 2).

Then by Theorem [[L5] we have

(1+\/1+4d>"+2 B ( 17\/1+4d)n+2
2 2

E[X* , ] = A(n,d) + B(n,d) -
[ N +1] ( ) ( ) (1+\/21er)n+1_ (17@)n+1

where A(n,d) and B(n,d) are some polynomials of n with degrees at most 2k. Therefore (6] holds.
Similarly (I7) follows from Theorem [[H (G and (6.2). O

Proof of Theorem [[.8 By the recurrence relations (II) and (2] it is easy to see that My(n) and
Ny(n) are polynomials of of d with degrees [n/2| when n is given. Then Theorem [ follows from
Theorem [L.6l O

. . +
Next we consider the asymptotic formula for G , ,(n).

Theorem 6.1. Suppose that a and b are two given nonnegative integers. Let o := (1 ++/5)/2. Then

(63) Gio,a,b(n) —9—a 57(a+b+1)/2 n2a+b an+2fa7b + O(n2a+b71a )

Proof. We will prove (G.3]) by induction on @ +b. When a + b =0, we have a = b= 0. Let d =1 and
m =0 in [@4]) we derive

n+2 n+2
1 (145 1 (1-+/5 13, 1w
(64) Gfoﬁoyo(n) = % (T) — % ( 2 ) = 5 1/204 +2 =+ O(n 1@ )

Next assume that a + b > 0, and (G.3) holds for all pairs (a/,d’) with o' +V < a + .

By (@I3) and Theorem 4] for any a’,b" > 0, there exist some constants Cy/ py and D, p such that

(6.5) Gio,a',b' (n) = Cor n2a/ b n +Da/,b'n2“/+b/_1 a4 O(n2a'+b/_2an)'

Let d =1 and m = 0 in ([@3]) we derive
GiO,a,b(n) = G{me(n —1)+ Gio,a,b(n —2)+ a”Gto,a—l,b(” —2)+ beO)a)b_l(n -2)

a b a—a’ A+
<af> <b)” lowwn=2)
a’+b'<a+b—2

where G;ii_,m,a’,b’ (n):=01if o’ <0ord < 0. But by (€5, when a’ +b' < a+b—2,

(6.6) +

TG gy (0= 2) = O(** P20,



Notice that o™ = o™~ ! + a2, Also by (6.3]), we have

Gloan(m) = Gigapn—1)=Gfg ,(n—2) =(a+2)(2a+b) Capn®* a2 + O(n****2a")
and

an Gio@_l,b(” —2)+ beo,a,b—l(” —2)=(aCa1p+bCop_1) plotb=lon=2 4 O(n2a+b72a"),

where Cyr py :==01if a’ <0 or ' < 0.

Therefore by ([6.6]), we have

((a +2)(2a+b)Cop — (aCy_1p + bC’a,bfl)) ploetb=1ln=2 — O(nz‘”b*2 a™),
which means that
(6.7) (a+2)(2a+b)Cop — (aCoq1,p +bCqp—1) = 0.
By induction hypothesis we have
Coyp = 27 5@HD)/2 g3=ab 4>,

and
Cop1 =272 57(aF0)/2 g3=a=bifp > 1,

Notice that v/5a = « 4 2. Then by (6.2) we obtain

Ca,b —9-a 5—(a+b+1)/2 042_a_b.

Therefore ([6.3) holds.

Now we are ready to prove Theorem

Proof of Theorem[L.d By Lemma and Theorem [6.1] we have

k k 1 k—a
Z |A|k:Z (a) (_5> Gioﬁag(kia)(n—1)+O(n2k_1a")

AECH n+1 a=0

k
_ (Z (z) (_1)k—a 2—k 5—(2k—a+1)/2 a2—2k+a> (n _ 1)2k ot + O(n2k—1an)

a=0
— 9k 5—(2k+1)/2 [2-2k | (\/ga . 1)k O O(n2k—1an)'
Notice that v5a — 1 = a?. Then the above formula becomes
Z |)\|k _ 2—k 5—(2k+1)/2a . n2k a® + O(n%_la").
AECH n+1

Therefore

1
E(Xs,n-l-l) = Ml(n) Z |/\|k

AeCh nt1

\/5 k
_ o~k 5s—(2k+1)/2 2k n 2k—1_n
TSy T (2 5 a-na"+ 00" ))

1 k
<E) n%—l—O(an*l).

17
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7. FURTHER DIRECTIONS

We derive several polynomiality results and asymptotic formulas for moments of sizes of random
(n, dn=+1)-core partitions with distinct parts, which prove several conjectures of Zaleski [30]. In the past
few years, the numbers, the largest sizes and the average sizes of (n,n+1), (2n+1, 2n+3)-core partitions
with distinct parts were also well studied by many mathematicians (see [5l 13l 17, 20, 23 28] 28] 29]).
But for general (s,t)-core partitions with distinct parts, even for the (n,n + 3)-core case, we know
very little. We hope that the methods used and results obtained in this paper provide some clues for
studying the general (s, t)-core case.

Also, Zaleski [30l Conjecture 3.4] conjectured that the distribution of (n,dn — 1)-core partitions
with distinct parts is asymptotically normal as n tends to infinity when d is given. At this moment, we
are unable to prove this asymptotic distribution conjecture. By the idea from Zeilberger [31], to try to
prove this conjecture, we need to have a better understanding of the leading terms in the asymptotic
formulas of E[Xff ans1) and E[XFE |, which means that we should study the coefficients of the

n,dn—1
generating functions in ([@I]). It would be interesting to find a proof of this distribution conjecture and
furthermore study the distribution of general (s, t)-core partitions with distinct parts.
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