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1. Introduction

Collective behaviors in complex systems is ubiquitous in our nature, to name a
few, e.g., aggregation of bacteria, flocking of birds, and swarming of fish in biolog-
ical system, herding of volatilities in financial markets and formation of dominant
opinions in social systems? 14716:25,29,33,35-38 otc n 2007, Cucker and Smale intro-
duced a particle model in their famous paper.!® The C-S model can be regarded as
a dynamical system on a symmetric complete graph where all vertices(particles) are
connected with symmetric weights. To fix the idea, we consider an ensemble of C-S
particles on a directed and weighted network denoted by G, and let (x;,v;) be the
spatial position-velocity coordinate of the i-th particle in phase space R% x R%. We
denote the set of vertices, connectivity and weight by V := {1,--- N}, £ = (xi;)
and W = (w;;), respectively:

1

Vi={l,--- N}, wy i =+——""——5—, >0,
N R e DA
] 1, if the j-th particle influences the i-th particle, (1.1)
Xid 0, otherwise.

Under the setting (1.1), the dynamics of (z;,v;) is governed by the first-order dy-
namical system on a graph G = (N, (xi5), (w;j)):

T; =wv;, t>0, iGN,

b=k Y ;(Uk - vi), (1-2)

o (U oy — wif?)?

where N; := {j : xi; > 0} is the set of neighbors of the i-th particle, or in other
words, A; consists of the agents which influence the particle .

For the all-to-all case with A; = A, system (1.2) has been extensively studied
in previous literature in Ref. 7,10, 13. In particular, Ha and Liu?? introduced a
nonlinear functional approach for (1.2) with a general ¢. The nonlinear functional
approach has been successfully applied in the flocking analysis for the C-S model, for

3,11 20,34 white noise

example, the collision avoidance, extra forces for special targets,
environment,* 2! multi-cluster flocking analysis®? and a variant with normalized
weights, 273! etc. This approach was also extended to the kinetic C-S model as a
typical approach in its flocking analysis, e.g., Ref. 6,7,19. As a direct application
of Ha-Liu’s result, if v is non-integrable, i.e., 8 < %, then they showed that system
(1.2) exhibits a mono-cluster flocking for any initial data and positive coupling
strength x > 0. In contrast, for an integrable v, i.e., 5 > %, system can exhibit
multi-cluster flocking depending on the initial data and coupling strength s (see
Ref. 23 for a one-dimensional case). In literature, the exponent which distinguishes
mono-cluster flocking and multi-cluster flocking is called “critical exponent” (see
Ref. 12). On the other hand, for a general network topology (x;;) which is not all-

to-all and non-symmetric, there are several technical difficulties due to the lack of
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conservation of total momentum. It seems that the nonlinear functional approach
in Ref. 22 cannot be applied for (1.2) as it is. Hence, it is also difficult to derive
critical exponent unlike to the all-to-all case for the inverse power communication
weight in (1.1).

Recently, the authors in Ref. 18,30 considered a network topology with rooted
leadership, and they found that unconditional mono-cluster flocking can be achieved
for a small exponent 3, which is less than % and depends on the depth of the graph,
see Ref. 30 for rooted leadership case and Ref. 18 for more general digraph. In fact,
the approaches in Ref. 18,30 rely on the decay estimate for the discrete-time iter-
ation of relative velocities, and this type of approaches fails to provide the critical
exponent for unconditional flocking since the decay is not strict at each iteration.
Recall that the nonlinear functional approach in Ref. 22 crucially relies on the sym-
metry of the interaction topology. In Ref. 31, the nonlinear functional approach was
extended to a variant of C-S model in which the interaction is not fully symmetric;
however, the global structural symmetry was still imposed in the sense that the in-
teraction should be all-to-all. In this paper, we will address the following questions:

e (Q1): Can we extend the nonlinear functional approach to (1.2) with a
general network?

e (Q2): For a general network with weight ¥(s) = m, can the critical
exponent for mono-cluster flocking be %? Moreover, can the unconditional

flocking emerge at the critical exponent?

The purpose of this paper is to answer the above questions affirmatively in one-
dimension. More precisely, we will study the following one-dimensional C-S system
with a general communication weight ¢ on a digraph containing a spanning tree
(see Subsection 2.2)

T, =v;, t>0, i=1,2,--- N,
Vi =K Z Y(xg — ) (v — v;), (1.3)
kGNi

where the communication weight (r) satisfies parity, positivity, regularity and
monotonicity conditions: there exists a positive constant M > 0 such that

P(=r) =1p(r), 0<p(r) <M, VreR,

1 is monotonically decreasing (increasing) for » > 0 (r < 0), (1.4)

1) is not zero and an analytic function on R.
In this work, we develop a new nonlinear functional approach which do not need
a symmetry of a network topology. Compared to the all-to-all case, there are two
technical difficulties. First, the total momentum Zf\il v; may not be conserved due

to the lack of symmetry in the network topology (x:j). Second, the decay rate
of the velocity diameter may depend on the network structure. Therefore, we can
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not expect a Gronwall type differential inequality with constant coefficient for the
velocity diameter for all time. In fact, we will derive the decay rate through the
hypo-coercivity type estimates which is highly non-trivial for nonlinear systems
(see the related results':® for linear systems). To overcome these two difficulties, we
introduce two key ingredients. First, we introduce a node decomposition Lemma
which provides a hierarchical structure and allows us to apply induction principle
with respect to the graph (see Lemma 2.5). Second, we construct some nonlinear
functionals Q* and Y'* in terms of weighted mean position and mean velocity and
show that these functionals are equivalent to the diameters (see (3.31) and (4.16)).
The advantage is that, with the good properties of these quantities, we can still use
the induction principle to yield the dissipation from hypo-coercivity estimates and
derive a flocking estimate. Our main result can be summarized as follows.

Theorem 1.1. Suppose that the network topology (x:j) contains a spanning tree,
and let (z;,v;) be a solution to (1.3) with (1.4). Then, unconditional mono-cluster
flocking emerges exponentially fast if and only if the communication weight function
¥ is non-integrable. More precisely, there exist positive constants A and C such that

i . < —At . . > 0.
(Jax fu; (1) —wi®)] < Cem™ | max [o;(0) —vi(0)], 20

Remark 1.1. For ¢(s) = m, the critical exponent for mono-cluster flocking

is B = %, and mono-cluster flocking emerges for any 5 < % Thus, this resolves
the conjecture posed in Ref. 12. If )(s) is short-ranged, i.e., integrable, then mono-
cluster flocking may not emerge even for the all-to-all case, see Ref. 13 for details.
Therefore, for a general network, the emergence of unconditional flocking occurs

only when (s) is non-integrable.

The rest of the paper is organized as follows: in Section 2, we provide several
concepts such as node and node decomposition to be used essentially in later sec-
tions. In Section 3, we review the first-order reduction of the second-order system
(1.3), and then obtain a uniform upper bound for the relative distances in the long
range interaction regime. In Section 4, we use this uniform bound to verify the
exponential emergence of mono-cluster flocking. Finally, Section 5 is devoted to be
a brief summary of our main results and remaining open problems to be explored
in a future work.

2. Preliminaries

In this section, we present some basic concepts such as relative equilibria, mono-
cluster flocking, spanning tree and node decomposition of a general network (1.3).
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2.1. Relative equilibria

First, we note the Galilean invariance of the C-S model in the following lemma.

Lemma 2.1. The C-S model (1.3) is Galilean invariant in the sense that for any
solution {(x;,v;)} to (1.3) and c € RY, (x; + te, v; + ¢) is also a solution to (1.3).

Proof. Since the right-hand side of (1.3) is given by the relative distances and
velocities, i.e., z; —x; and v; —v;, system (1.3) is clearly invariant under the Galilean
transformation. O

By direct inspection of system (1.3), all equilibrium solution (x;,v;) satisfies
’Ui(t) = O7 mi(t) = a:l(O), t Z 0.

Thus, the traveling state with nonzero common velocity v> = ¢ # 0 is not an
equilibrium for (1.2). Hence, we need to relax the concept of equilibrium as in the
N-body system in celestial mechanics as follows.

Definition 2.1. We say (X°°, V) is a relative equilibrium for (1.2)-(1.4) if it
can be represented by the following relations: there exist constant vectors X :=
(%1, ,Zn) and V = 9(1,...,1) in RY such that

X® =X +1tV, Ve =V, teR.
For simplicity, we set

()= max [o;(0) — (0, V() = max [o;(t) = wi(t)|.

Then, the concept of mono-cluster flocking (unconditional flocking) can be expressed
in terms of X’ and V.

Definition 2.2. System (1.3) exhibits a mono-cluster flocking if for any solution
(24, v;), the following two conditions hold.

sup X(t) <oo and lim V(t) =0.
0<t<oo t—o0

2.2. Spanning tree

Next, we introduce some basic notions in digraph theory. Note that the network
structure is registered by the neighbor set A; which consists of all neighbors of the
i-th particle, or in other words, N; consists of the particles which influence particle
i. For convenience, we associate the vertices {1,2,..., N} of the C-S diagraph G
with particles in system (1.3). Then, for a given set of {NV;}X; in system (1.3), we
can use an associated digraph to model the interaction topology in the following
definition.

Definition 2.3.
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(1) The C-S digraph G = (V,€) associated to (1.3) consists of a finite set
YV ={1,2,...,N} of vertices, a set £ C V x V of arcs with ordered pair
(j,i) € Eif j € N,

(2) A path in G from i; to iy is a sequence i1, is, ..., such that
iseN;,,, forl<s<k-1.

If there exists a path from j to i, then vertex i is said to be reachable from
vertex j.

(3) The C-S digraph G contains a spanning tree if we can find a vertex such
that any other vertex of G is reachable from it.

Now, we introduce a lemma which provides a necessary condition for uncondi-
tional mono-cluster flocking in C-S network.

Lemma 2.2. Ifthe C-S digraph dose not contain a spanning tree, then mono-cluster
flocking will not emerge for some initial configuration.

We put the proof of Lemma 2.2 in the end of this chapter. Since we are interested
in the unconditional mono-cluster flocking which means that mono-cluster flocking
occurs for any initial data, we will always assume the existence of a spanning tree
structure throughout the paper. Next, we will show a connectivity or transitivity
of the spanning tree.

Let [,k e Nwith 1 <1<k < N, and let C 1 = (¢;,¢c141,- .., cr) be a vector in
R*=*1 such that

k
¢;>0, 1<i<k, and Y ¢=1
i=l

For an ensemble of N-particles with state {2; := (z;,v;)}Y, we set LF(C) 1) to be
a convex combination of {zl}]le with the coefficient Cj j:

k
E?(Cl’k) = ZCZZZ
i=l
Note that each z; is a convex combination of itself, in particular, zy = £ (1) and
Definition 2.4 (Root and general root).

(1) We say zg is a root if it is not affected by the rest particles; in other words,
Jj ¢ Ny for any j € {1,2,..., N}\{k}.

(2) Wesay LF(C k) is a general root if L¥(Cy 1) is not affected by the rest parti-
cles; in other words, for any i € {l,I+1,...,k}and j € {1,2,..., N}\{l,I+
1,...,k}, we have j & N;.
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Lemma 2.3. The following assertions hold.

(1) If the network contains a spanning tree, then there is at most one root.
(2) If LY (Ck.n) is a general root, then L4(Cy,) is not a general root for each
le{l,2,....k—1}.

Proof. (1) Due to the existence of a spanning tree, it is impossible for two roots
exist simultaneously. Otherwise, the two roots cannot affect each other through a
directed path, which means each of them cannot be a root.

(2) The similar argument also implies that if £ (Cy ) is a general root, then
L (C1,) is not a general root for any 1 <1 < k — 1.
O

2.3. Node decomposition

In this subsection, we will introduce the concept of node. Then we can intro-
duce node decomposition to represent the whole graph G (or say vertex set V) as a
disjoint union of a sequence of nodes. The most important point is that the node
decomposition shows a hierarchical structure which allows us to apply the induction
principle. Let G = (V, &) and V; C V, a subgraph G; = (V1, &) is the digraph with
vertex set V) and arc set & which consists of the arcs in G connecting members
in V;. For simplicity, for a given digraph G = (V,€) we will identify a subgraph
G1 = (V1, &) with its vertex set Vy. Let’s introduce the definition of nodes below.

Definition 2.5 (Node). Let G be a digraph. A subset Gy of vertices is called a
node if it satisfies the following condition: For any subset G5 of Gy, Gs is affected by
G1\G2. Moreover, if G; is not affected by G\Gy, we say G; is a maximum node.

Intuitively, a node means that a set of particles can be viewed as a “large”
particle. In the following, we will see that the concept of node can simplify the
structure of the graph and help us to catch the attraction effect more clearly in a
network.

Lemma 2.4. Any graph G contains at least one mazximum node.

Proof. We will use induction principle to prove the lemma.
(Step 1) If G is a maximum node, we are done. If not, there exists a subset G; such
that Gy is not affected by G\G.

(Step 2) If G; is a node, G; is obvious a maximum node. Otherwise, we can find G
such that G ; Gy and G, is not affected by G\Go.

(Step 3) As G contains N particles, we can repeat Step 2 at most N times to find
a strict decreasing sequence such that

GeGO1--5G156G, 0<E<N,
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where Gy is a maximum node. This finishes the proof of the lemma O

Lemma 2.5. (Node decomposition) Suppose G to be any graph. Then we can de-
d k; .
compose G to be a union as G = | ( U gj) such that

i=0 \j=1
(1) gg are the mazimum nodes of G, where 1 < 5 < kg.

(2) For any p, q where 1 <p<dandl<q<k,, G} are the mazimum nodes
p—1 , ki .
of \(U (U d)).
i=0 \j=1
Proof. This result is very intuitive. According to Lemma 2.4, G contains at least
one maximum node. Therefore we can collect all maximum nodes and label them
by G} for 1 < j < ko, where ko is the number of maximum nodes of G. Then we

k . k X
get rid of ( Lj gé) and find all maximum nodes of the remain Q\( Lj Qé). Denote
Jj=1 j=1

ko . )

the maximum nodes of g\( U gé) by G{ for 1 < j < ky, provided there are k;
j=1

maximum nodes. We can repeat this process and construct the maximum nodes G

p—1 , ki
of g\( U ( U gf)) for 1 < ¢ < k,. As G contains finite N particles, after d steps,

=0 “j=1

d ki .
we will obtain G = |J ( U gf) 0

i=0 N j=1

Remark 2.1. Below, we give comments on important notation and properties to
be used later.

(1) By definition of maximum node, we know GI and gg’ do not affect each
other for 1 < q # ¢ < kp. In fact, gg will be only affected by Gy and g{,
where 1 < i < p — 1. Therefore, without loss of generality, we may assume
k; =1 for all 1 <7 < d in the proof of the main theorems in the paper (see
Lemma 3.6). Thus the decomposition can be expressed by

d
G = U g,
i=0

, . —1
where G, is a maximum node of G\ | J_, G;.

(2) Given a particle 2P € Gyy1, we denote the set of neighbors of 251 by
k+1
U NF(j), where N () represents the neighbors of zF™! in G;. The
=0

node decomposition and spanning tree in G guarantee that for any 0 <
k < d — 1 there exists at least one particle in Gy, say z**1, such that

P
k
U N+ 0.
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Lemma 2.6. A graph G contains a unique maximum node if and only if G contains
a spanning tree.

Proof. e (If part): Suppose G contains a spanning tree and two maximum nodes.
Then the two nodes are not affected by each other which is a contradiction to the
existence of spanning tree.

e (Only if part): Suppose G contains a unique maximum node Gg. Then according
to Lemma 2.5, we know all the maximum nodes g{ of the remain G\Gy should
be reachable from Gy. Otherwise, there are two maximum nodes of G which is a
contradiction to the uniqueness assumption of the maximum node of G. Then we

can repeat this process to show that all the maximum nodes QIZ of the remain
p—1 , ki p—1 , k; .

g\( U ( U gf)) should be reachable from ( U ( U Qf)) In particular, this
i=0 Nj=1 i=0 \j=1

implies that all G are reachable from Gp. Then combining the strong connectivity

of each G, we conclude that all the particles are reachable from any z; € Go, which

implies the existence of the spanning tree. O

Now, with the definitions and notations above, we can apply the node decom-
position in Lemma 2.5 to prove the Lemma 2.2 rigorously.

Proof of Lemma 2.2. According to Lemma 2.6, if the graph contains no spanning
tree, we can find at least two maximum nodes G} and G2 such that, G} is not
reachable from G \ G} and G2 is not reachable from G\ G2. Then we set initial
configuration as following

2(0)=0, 1<i<N,
=-1, z = (z;,v) € Gy,

)
0)=1, 2z = (z;,v)€ gg, (2.1)
)

Now, as G} is a maximum node, the dynamics of z; = (z;,v;) will not affected by
G\ G&. Moreover, as z; € G} have the same initial velocity, we immediately have

(zi(t), vi(t)) = (2:(0) + v;(0)t,v:(0)) = (=, —1), 2 € Gp.
Similarly we have for z; € G2 that
(zi(t),v:(t)) = (2:(0) + v:(0)t,v;(0)) = (£,1), 2 € Gj.

Therefore, we conclude the non-existence of flocking emergence provided the initial
data (2.1) and finish the proof.
a
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3. Uniform boundedness of relative positions

In this section, we recall the first-order reformulation of the C-S model (1.3)
on a real line, and we combine the node decomposition and induction principle to
show that the relative positions are uniformly bounded for a digraph containing a
spanning tree.

3.1. A first-order reformulation

In this subsection, we discuss the first-order system for position which can be
derived from the second-order system (1.3).

Consider the following first-order system on the real line:

:cifz/z+/<az (xg —x;), t>0,
kEN; (3.1)
z;(0) =2y, i=1,2,--- N,

7

where v; is the natural velocity of the i-th particle, and ¥ is the coupling function
which is an anti-derivative of the communication function :

y) = /Oy Y(s)ds, yeR. (3.2)

Then, it is easy to check the equivalence between the second-order system (1.3) and
the first-order system (3.1) (see Ref. 23,24). In fact, we have the following lemma.

Lemma 3.1. For one-dimensional case, the second-order system (1.3) and the first-
order system (3.1) are equivalent to each other.

Proof. (i) (From the second-order to the first-order): Note that for one-dimensional
case, we have

v -v) =5 [ vy = GV -m). (33)

Thus, the momentum equation in (1.3) and (3.3) yield
[vl KJZ xk—xl}:().
dt keN;
We integrate the above relation to get
—mZ\I/xk ) = v —/{Z\P =1 1;(X°, VY,
keN; keN;
or equivalently,

vit) = vi(XO,VO) 45 Y W(a(t) — (1)) (3.4)

kGNi
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Finally, we combine (1.3), and (3.4) to get the first-order system for ;:

T =V +K Z U (g — x;),
keN;

vi=1v) — K Z U(z) — b)), (3.5)
k)EN-;

z;(0) =2y, t>0, i=1,2,--- N.

79

(ii) (From the first-order to the second-order): We differentiate (3.1) with respect
to t, and then obtain the second-order system (1.3) with initial data:

(@9,0) i= (af v+ 1 Y W(af —af)).

keN; =

In next lemma, we provide some basic and important properties of the coupling
function ¥ in (3.2) to be crucially used in later analysis.

Lemma 3.2. Suppose that ¢ satisfies the condition (1.4) and non-integrable. Then,
the corresponding coupling function W is odd, analytic, non-decreasing and unbound-

ed:

d .
%\IJ(S) >0, SLHEOO\II(S) = +o00.

Moreover, U(s) is concave for s > 0 and convez for s < 0.

Proof. The desired estimates are mainly due to the properties of ¢ in (1.4). The
facts that 1 is even, analytic and non-negativity imply that anti-deriviative W is
odd, analytic and non-decreasing. Moreover, ¥(s) is concave for s > 0 because 1 is
non-increasing if s > 0. Similarly, we conclude ¥ is convex for s < 0. Finally, the
unboundedness comes from the non-integrability of . O

3.2. A priori estimates

In this subsection we will derive some a priori estimates for the first-order system
(3.1) leading to the uniform boundedness of relative positions for the second order
system (1.3) in next subsection. For this purpose, we need to introduce an algorithm
so that at each time we can derive a differential inequality for the functional Q(¢)
which is equivalent to X(t). The algorithm consists of the following three steps:

Step 1: For any given time ¢, we reorder the particle indexes to make the particle
position from minimum to maximum. More precisely, by relabelling the agents at
time ¢, we set

21(t) < wa(t) - < an(t). (3.6)
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To introduce the following steps, we first introduce the processes of iterations for
LN(Cp.n) and L} (Cy,) as follows.

o (Ay): If LY(Cy ) is not a general root, then we set

a1 LY (Cr.n) + 251
ap—1+1

LY 1 (Crrn) =

o (Ay): If £} (C4,) is not a general root, then we construct

a1 LY(C ) + 2
r+c _ aniga by .
L7 (Criva) a1

Step 2: We start from zy and follow the process A; to construct E_fﬁv(C_’k’N) until
either k = 1 or ZkN(C*k,N) is a general root at some k > 1. If the former happens,
we denote k* = 1. If the latter happens, we denote by k* the first £ producing a
general root ZkN(C*k,N) in process Aj.

Step 3: We start from z, and follow the process Ay until either [ = N or £ (C1.)
is a general root at some [ < N. If the former happens, we denote k, = N. If the
latter happens, we denote by k. the first [ producing a general root éll (Cy,) in
process As.

Remark 3.1.

(1) For convenience, the algorithm with Step 1 to Step 3 will be referred as
Algorithm A.

(2) At each iteration in A;, the right-hand side is a convex combination
of EkN (ék, ~) and zg_1, hence it is a convex combination of subsets of
{2zi}N, . Similarly, each £} (C,,) is a convex combination of {z;}!_,. Here
the coefficients a;—; > 0 and g, > 0 will be determined later (see Lemma
3.4).

(3) Note that k* < k. because of the assumption of existence of spanning tree.
In fact, according to Lemma 2.3, as L. (C- v) is a general root, L} (Cy4)
is not a general root for any I < k*. This means that the iteration process
As can continue until [ = k* — 1. Therefore, by Algorithm A we finally
obtain two convex combination £N.(Cy- ) and £F- (Cy ), which consist
of two subgroups of agents with nonempty intersection.

In the next lemmas, we will show a monotone property of ¥ and construct an a
priori estimate which will be used to prove the uniform bound of the relative distance
of particles in the second order system (1.3), provided (s) is non-integrable.

Lemma 3.3. Suppose that the network contains a spanning tree, and let (z;) be a
solution to the first-order system (3.1). Moreover we also assume the particles are
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well-ordered at time t as (3.6). Then at time t, we have

N
Z krg/l\? U(zp —x;) < kergfivn/\fi U(zy —zn), k*<m<N,
=M <G m

m

ax W —x;) > ax U — 1<m<k
Z;,%vx (zx —20) 2 max U(ai—a1), 1<m<k,
= >i

where k*, k. € {1,..., N} are obtained in Algorithm A,

Proof. We will prove the first relation, and the second one can be verified simi-
larly. If k* = N, i.e., N is a root, then the desired result holds according to the
monotonicity of U and the well-ordering in (x;). Next, we focus on the situation
that k* < N — 1. Note that Algorithm A means LY (Cy.n) is not a general root for
any k with k* +1 < k < N. For given m € [k*, N], we set

k= min k.
kEUNN;
Then for k we have
U(zg —2ay) = kerg;gnjvj U(zg —xN).

Since k € UNN;, there exists mg € [m,N]| such that k € N,,. For mg, as
LY 1(Crmgs1,8) is not a general root, there exist ko < mg and my € [mo + 1, N]
such that ko € Ny, . For mq, as E%1+1(C’m1+17N) is not a general root, there exist
k1 < my and my € [my + 1, N] such that ky € N,,,. This process can be repeated

until we find mj, = N and kj,_1 < mj,_1 such that kj,_1 € Ny. Note that

N
Z kIjIél}\I/l \I’(J?k - .’131) < \Ij(xfc - xmo) + \I’(xko - xm1) + \Ij(‘rlﬁ - $m2) +eee \I/(x’fj071 - $N),
i=m kgil
where k; < m; for all 0 < i < jo. Then we can use the convexity of ¥ when s <0
in Lemma 3.2 to obtain

N
Z 15161}\% U(xp —x;) < U(xp —zn).

i=m <

For the second assertion, we note that Lemma 2.3 tells that L~ (C 1) is not a general
root for any k € [1,m — 1]. With the similar argument but applying the concavity of
U(s) when s > 0 instead of convexity, we can prove

m

max V(zp —x;) > max VY(rp—x 1<m<k,.
2T 2 g Ve Tsmsh o
= >

According to Lemma 2.3, for any fixed m, either £} (C, n) is not a general
root for m < k < N or ;’f(gl,k) is not a general root for 1 < k < m. Moreover,
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Lemma 3.3 allows us to estimate the rate of change for the relative distance between
LN (Cy+ ) and L5 (C4 1, ), which is studied in the next lemma.

Lemma 3.4. Suppose that the network contains a spanning tree, and let (x;) be
the solution to the first-order system (3.1). We can design suitable coefficients ay’s
and a; depending only on N, so that if we apply Algorithm A at each time t and set

Tp 1= Projx‘c_llcv(ék,N)a Ly = PI‘ijélf(Ql)k),
then we have:

(i) there exist positive constants Cy(v;) and Co(N, k) such that at each time t

d
&(fk* —xzp,.) < C1 = CU(X).

(ii) at each time t,
< Tpr — g, < X.

Proof. (i) We will design suitable coefficients @;’s and g;’s inductively, and prove
the desired relation in two steps. In the first step, we construct the differential in-
equality for Tp+. In the second step, we use the same method to construct similar
differential inequality for z; and finish the proof of (i).

e (Step 1): We apply the process A; from xy to zx+ and construct
Eﬁ,l(ék_l,N) with ay =0, ap_1= (N —k+ 2)(@}.C + 1), 2<k<N. (3.7)

By induction, we can derive

N—k+1
ar-1= Y P(N-k+2i), 2<k<N. (3.8)

i=1

Then we consider the dynamic of the quantities Lf,]c\ll(é'k_ly ~) according to the
first-order system. We set Zj, := Proj, LY (Ck n) and have

IN =VUN + K Z Uz —zny) <vy + K min U(z, —zy).
kENN kGNN

The last inequality above comes from the negativity of ¥(z — zy) due to the well-
ordering assumption (3.6). Similarly, according to A; and ay_1 = 2 in (3.7), we
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simply have for £Y_,(Cn_1 n) that

d _ _2iy+IN
%-ﬁN—l e
= ;Iﬁ \I/(a:k—mN)—F%m Z \I/(l‘k—a?N_l)—F%VN—F%l/N_l
keENN kENN 1
< gm min ¥(z, —zn) + 1fﬂ(\lf(a:N —zy-1)+ min U(z, — xN_l))
- keENN 3 kENN_1
k<N—1
2 1
+ gVN + gVN 1
< g1/N + 11/1\1—1 + E( min ¥(xp —zy)+ min U(x, — a:N_l)).
-3 3 3 \keENy kk6< NN:ll

(3.9)

Next we use method of induction to deal with £ (C,, y). In fact, suppose for
LN(Cpn), where k* +1 < m < N — 1, we have

N

d Hl ale K
—Tm < Z + = ( min U(zy, — ml)) (3.10)
dt Am + ]- i=mt1 l ,n(al + 1) am + 1 i kké\{

Then (3.9) already shows (3.10) holds for m = N — 1. Now by Algorithm A; we

obtain
d _ amflfvm + Q.Cmfl dmfli'm i'mfl
P - + =Ty + T 3.11
dt” ™t Gm_1 + 1 Gmo1 +1  Gmq +1 T (3:.11)

o For the term Z;;, we can apply (3.7) and (3.10) to obtain

N

_ i—1 —
Ty < — m—1 (7 Um + Z Vii H;:m aj )
Im—1+1\am +1 i=m+1 Hl:m(dl +1)

= N
Gm—1 K
a1 (am +1 ( Hé}? (= i) (3.12)

=

i1
_Z Vi [[iZ 1 @ +(N m+2)k (Zmln\I/ k_xz)>'

Hl m— 1(al+1) am-1+1 =m <

o For the term Z;5, we can use the equation (3.5) to have

1
I”*ﬁ(”m 1+“k > v k’xm—l))' (3.13)
ENpm_1
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Now, we combine (3.11), (3.12) and (3.13) to get

< Vm—1 + i Vi Hl m—1 a
—Tm-1 S —— i /=, 1\
dt " am—1+1 i=m Hl:m—l(al + 1)
T2
(N 2§
Um—1+1

1?61}\% U(xy — xl)) + #( Z U(xy — l‘m—1)) )

kEN 1

(3.14)

o For the term Z,q, it already satifies the induction rule. Thus, we only need to
focus on Zys. Due to the well-ordering assumption (3.6), we have

N
K
Doy = a1+ 1 ( - 1?61}\1/11 \Ij(l'k — CUrL) + Z \I’($k - CCm—l))
i=m < kEN -1
k<m-—1
o N
- 1_~_1((N m+1) Z Inln U(xp —x;) + Z V(g — T 1))
i=m k<z kEN,

According to Lemma 3.3 and the fact that £ (C,, y) is not a general root for all
k*+1<m < N, we have

%(N m+1 Zmln\llxk—xl Z \I/(xk—xmq))
Gm—1+ i=m k<7 KENm_1
k>m—1
K
g_i(N—m—i—l min Y(xr —xN)+ V(rK — Ty )
am—1 +1 ( )keufi/\ﬁ; ( v) keNZ,l ( 1)
k>m—1
K
< %((N —m A+ DU (2 —ay)+ Y Ulwk— $m—1))
Gm—1 + 1 kENm 1
k>m—1
<0.

(3.16)
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Therefore, we combine (3.14), (3.15) and (3.16) to get

d oy N, T a
T - t11ll=m—1
— T < ——— - otmmes
dt " Gm—1 + 1 1:Z7n H;:m—l(al + 1)
K N
S s {OF A CEEORD DI EE)
=m [<j kEN 1
k<m-—1
N i—1 _
— 12 . _1Q
< 71/7'771 + Z il Hlf'mi 1% + - K ( min \Ij(lfk — ,Iz))
-1 +1 I (@+1)  am—1+ 1 Pl szgi’

By induction hypothesis and Lemma 3.3, we can apply the connectivity to get

N

— T < = + - = —
dt ap-+1 - = T @+ 1) ae +1

d Vp* N V; H;:i* aj K .
Z = + ( min U(xy — mz))

: ke
1=k* k<i

Vg o vi[lZ). @ K
LA Z o=k + ( min \Il(xkfo)>

g +1 A Tl (@ +1) @k + 1\ keulln;

IN

N i1 ~
Vg vi [T @ K
ags +1 2 TG Ta 1
ke i1 Hiee (@ + 1) k>

\I/(Ik* — LEN).

(3.17)
Here the last equality is due to the case that E{C\Q(Cf’k*’N) is a general root and
Z{CV (Ck.n) are not general root for all k* < k < N.

e (Step 2): In order to estimate i, , we recall Step 3 in Algorithm .4, and construct
LYTHC jyr) with a; =0, @y = (k+1)(gp +1), 1<k<N-1.

Therefore, we have
k
app = Plk+14), 1<k<N-1. (3.18)
i=1

According to Lemma 2.3, the process Ay can continue until &, thus we set
. k.
L, = Proj, Ly (Ql,k*)

and apply a similar method as before to derive

d v ki—1 Iy Hk*' a K k.
2 g 2 Tt (S e )
t a, + = e +1) @, + i=1 kkeé\sz
= (3.19)
Vg ke 1 v; Hk* a K
> J =i+l = \IJ(:z:k* —1‘1)-

S
a, +1 ; H;C;i(gl +1)  a, +1
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Here, for the second inequality we used the fact that £¥(C 1.%) is not a general root
for any k € [1, k. — 1]. We combine (3.17) and (3.19) to get
d

a(fk* —xy,)

= 1 + 7 - 1 k.
k= + i o (@ + 1) @, + o LZ(g+1)

N i—1 _ k.—1 K
Vi Z 12 Hl:k* aj Vi, Z 1) Hl:i+1 a;

KR KR
U(rps — — U(rps —
o Ve ) o +1 (zpe — 1) (3.20)
N i—1 kv—1 ks
QL Z Vi Hl:’i* @ Vi Hl:i+1 a
Caetl g+l S @+ 1) I e+ 1)

+min{ i ~ }\Il(xl—xN).

(_lk* + 1 ’ Qk* + 1
The last inequality is due to the fact £* < k, in Remark 3.1. Here, the constants
ap~ and a;_ are given as in (3.8) and (3.18), i.e.,

N-—k* ky—1
r-= Y P(N—k"+14) and g = > Plhk,i).
i=1 =1

We can verify that the terms in (3.20) involving v; is the difference of a convex com-

bination of vg«, Vk=41,...,vn and a convex combination of v, v, ..., v;, Therefore,
it follows from (3.20) that

d K

— (T — ) < VM — V| — —x— ().

dt S P(N) + 1

This finishes the proof of ().

(ii) From the convex combination structure of Zy-(t) and z; (t), we immediately
have

B (1) — 24, (1) < X(0).
We now prove the left part of the desired relation. In fact, as we assume the order
of position, we can continue (3.7) to construct £V(C; y). Similarly, we construct
Ly (Cy n)- Clearly, one has

Proj, Ly (Che ) > Proj, £ (C1n), - Proj, Ly (Cy ) < Proj, Ly (Cy y)-
Therefore we have
Ti~ () — 2y, (1)
= Proj, L3 (Che ) = Proj, LY (Cy 4,) > Proj, L7 (C1 n) — Proj, L7’ (Cy x)-
(3.21)

According to (3.8) and (3.18), we have

AN —§ = Qq44-
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Therefore, we immediately obtain a symmetric property:
N
Hl:i+1 a Hz 1 ‘ay
N ~ N—if1
IT=i(a +1) - (a 1+1)
With above relation, we can apply (3.7) to have
Projm‘éiv(él,N) - PI‘O']TL{V (QI,N)

N

i—1 N-1 N
_ n Z T H;:i @ TN i Hl:i+1 4
o+l F[@+1) avt+l o Hllii(ﬁl +1)

N-1 —i_
_om Z | N xll_[lNl a (3.22)

a = - N—i+1
at+l = Hl=1(al+1) a+1 = T + (@ +1)
N

1 N N
T ait1 ;%((N—i—i—l)! *W)'

With the symmetric structure, we can rewrite (3.22) as

Proj, LY (Cin) — Pl"OJxﬁl (Cl, )

_N'—l xN_k—xk+1) N! N!
NI—1
al—l—l(xNixl)

According to (3.8), we have

N-1
= > P(N,i)
i=1
We combine the above formula of @; and (3.23) to find
PI‘ijEiV(C’LN) - PI‘OJIL{V (QLN)

S N! (n — 1) X S X < X (3.24)
= TN — 1) = > — > —.
255" P(Ni) +1) ATL ) 2T )

Finally, we combine (3.21) and (3.24) to finish the proof of (ii). m|

3.3. Uniform boundedness of relative positions

In next lemma, we show that the particles in a maximum node Gy will aggregate
and thus the maximum node Gy can be really viewed as one particle.

Lemma 3.5. Suppose that the graph G contains a spanning tree, and let (z;) be a
solution to the system (3.1). Moreover, we denote the unique mazimum node by Go.
If ¥ is unbounded, then the diameter of spatial variable Xo(t) of Go is uniformly
bounded i.e. there exists a positive constant My such that

sup max |z;(t) — x;(t)| < 4My < oo.
0<t<oo HJ€Y0
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Proof. According to Lemma 2.4, the maximum node Gy is not affected by G\Go.
Therefore, we can get rid of the other particles and we only consider the subgraph
Go. For simplicity, we say that Gy consists of Ny particles labeled {1,2,..., Ny}.
Moreover, according to Lemma 3.2, ¥ is analytic and thus the system (3.1) has a
unique analytical solution. Therefore, for any two particles, they either collide finite
times or always stay together in any finite time period [0, T]. Thus we fix the time
period [0,7] and consider these two cases separately.

e (Case 1): No pair of particles stay together through [0, 7T]. In this situation, only
finite many collisions happen in [0, T]. Therefore, we can construct the set

T ={t|z(t) =x;(t), forsomei#j},

which has finite cardinality. Without loss of generality, we can arrange 7 U {0, T}
as

O=t1 <ty---<tpy=T.

In the following, we will prove the uniform boundedness of Xy(¢) in three steps. In
the first two steps, we will construct a quantity Q°(¢) and show the equivalence be-
tween QV(t) and Xy (t). Then in the third step we will show that Q°(¢) is uniformly
bounded which implies the uniform boundedness of Xy(t).

o (Step 1): It is obvious that, in each interval (¢;,t;,41) where 1 <4 < M — 1, no
particles collide and the order of x;’s are fixed. This enables us to apply algorithm
A to the maximum node Gy. In fact, we can construct Z,iv;“ (Cr-.n,) and L5 (Cix.)
in the same way for all t € J; := [t;,t;11). Therefore, following Lemma 3.4, we can
construct Zp- and x;,_ so that their form does not depend on ¢ € J;. Then we denote

QV(t) := Ty (t) — 3y, (1), t€J,.
By Lemma 3.4, we have
K
S P(No,i) + 1
o (Step 2): As Gy is a node, we immediately have k* = 1 and k. = Ny for any J;.

In other words, for i # j, the terms QY and Q? are convex combinations of all the
members in Gg. Therefore, we have

lim QF(t) = QY y(tiv1), 1<i< M.

t—)t'H,l
Then, if we define Q°(¢) = QY(t) where ¢ € J;, we can conclude that Q°(t) is a well
defined Lipschitz function and it has the following properties
Xo(?)
4
d
2Q°(0) < var — vl -

d
%Q?(t) < ‘Z/M — l/m| — \I/(Xo(t)), teJ;.

<Qt) < Xo(t), ted;,

. (3.25)

SN P(N, i) + 1

U(Xp(t)) a.e. tel0,T].
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o (Step 3): In this part, we prove the uniform boundedness of Xy. As ¥ is unbounded
and monotone increasing, we can find a positive constant My such that

var = vl (ST P(Nosi) +1)

My = max { Q°(0), max{ s | ¥(s) < p

(3.26)
Next we claim

Q°(t) < My for all t € [0,T].
Proof of the claim: Suppose not, then we have some t € [0, T] such that
Q°(f) > Mo.
Consider the set:
Mo i={t |t <7, Q'(t) < M}.

It is obvious that 0 € M, therefore My is not empty and we denote t* := sup M.
Moreover, it is easy to show that t* < #. According to the construction of My in
(3.26), we have

Q (t*) = My and |va — vp| — V(1) <0, t"<t<t

K
SNomt P(No, i) + 1
(3.27)
Now we apply (3.25), to have
0<Q(f) — Mo =Q"(t) — Q°(t")
_ /f| | K (3.28)
UM — Um| —
=M SNl p(Ng, i) + 1

which is a contradictory. Therefore, we finish the proof of claim and show that

(Q°(t))dt <0,

Q°(t) < My for all t € [0,T].
Finally, it follows from (3.25), that
Xo(t) <4Q°(t) < 4My, t€[0,T).
Since T is arbitrary chosen, and My in (3.26) is independent of T', we conclude
Xo(t) <4My, t>0.

o (Case 2): If there are some z; and x; stay together in all period [0, T], then we can
view them as one particle and thus the total number of particles that we need to
study is reduced. Therefore, for this even simpler situation, we can apply previous
method in the same way to obtain

Xo(t) <4M,, t>0. O
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In next lemma, we will further show the uniform boundedness of the spatial
diameter of the whole graph G. However, as Gi’s are not nodes in G for k > 1, we
have to reproduce ZL;—C and g? to construct the coefficients of convex combination.

Lemma 3.6. Suppose that the network G contains a spanning tree, and let (x;)
be a solution to the system (3.1). If U is unbounded, then the diameter of spatial
variable X (t) is uniformly bounded: there exists a positive constant M such that

(t) —a(t)| < M :
(S0, 12185y les(t) — (B < M < o0

Proof. According to Remark 2.1, we apply node decomposition to represent G as

d
G="U) G Gkl=N
k=0

Now we define a sequence of quantities Q*(t) as following. First, we denote the

particles in G by zf = (gclC vk) with 1 < ¢ < Nj. Then we can assume xf

O are well

ordered as below

According to Lemma 2.5 and Remark 2.1, G is the maximum node in G\ Uf;ol G;.
Therefore, we can define £1*(C1,, ) and L1 (C} y, ) for each Gy, similar to Lemma
3.4. In fact, we can set (_zi-C and gf as below, where 1 < i < Ng:

k—1
ay, =0, af_y=(Ny—it+2+g-)@ +1), gio1:=) N, 2<i<N,
j=1

af =0, afyy = (i+1+g)af +1), 1<i<N—1L
(3.29)
By induction argument, we can derive
Ny —i+1
af y= Y P(Ny—i+2+g-1.j+ge-1), 2<i< N,
= (3.30)
afy =Y Pli+1+4geo1,j+g—1), 1<i<Ny—L
j=1
Next, we set
T := Proj, LV (Cy n,) and z, := Proj, LN* (C1.n,)-
Then we can define
Q*(t) := max {Z;} — min {z;}. (3.31)

0<i<k 0<i<k
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It is obvious that Q*(t) is Lipschitz continuous and Lemma 3.5 provides positive
constants C¥, CY and CY such that
d

S0 < Y - CRU(Q), A1) < O,

Note that the construction of Zx and z; do not involve the particles in G; for ¢ # k.
However, for k > 1, we cannot directly apply the previous method that we used for
Q. This is because the particles in G; with i < k perform as a source and thus we
cannot miss the information from G; with i < k. Therefore, we will study Q¥ which
contains all informations of G; with ¢ < k. In the following, we will construct the
induction process in two steps to finish the proof.

e (Step 1): In this step, we prove that for 0 < k < d — 1, if there exist positive
constants C¥, C¥ and C¥ such that

d
SQHn) < CF - Chu(Q), DuCh,

where Dy, := ( max max {z%} — min min {xl}) Then, we can find positive
0<i<k1<j<N; = 70 o<i<ki<j<n VY

constants CF™! and C4™ such that
d
SR () < OFF - CE T w (@M, (3.32)

Please see Section Appendix A.1 for details.

e (Step 2): In this step, we prove that if
%Qk+1(t) < OFHL o Lg(QMY), 0<k<d-—1,
then there exist positive constants C5 ' and CF! such that
AR < CEH Dy < OFTL
Please see Section A.2 for details.

o (Step 3): Now, we are ready to finish the proof of the lemma. According to Lemma
3.5, we have

d

aQo(t) <CY - CdW(QY) and Dy =&Y <CY=CY.
Then, with the analysis in (Step 1) and (Step 2), we can apply induction principle
to conclude that there exists a positive constant M such that

sup  max |z;(t) — z;(t) = sup Dg < C{=M < oc.
0<t<oo 1<i,j<N 0<t<oo

O

According to the equivalence between the first-order system (3.1) and second-
order system (1.3) from Lemma 3.1, we can apply Lemma 3.6 to obtain the corre-
sponding result for second order system (1.3) as follows.
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Corollary 3.1. Suppose that (z;,v;) is a solution to the system (1.3) and the net-
work contains a spanning tree. If 1 is non-integrable and satisfies (1.4), then the
diameter of spatial variable X (t) is uniform bounded: there exists a positive constant
M such that

() — ()| < M .
Ogyfmlég{?g]vlwg(t) zi(t)| < My < o0

Proof. For any fixed initial data (z9,v?), we apply Lemma 3.1 to construct the

1?7

equivalent first-order system as (3.5). Then we apply Lemma 3.6 to obtain the
uniform bound of the diameter of relative distance. D

4. Unconditional flocking

In this section, we show the unconditional flocking for the second-order system
(1.3) with long ranged interactions. The method is quite similar to the previous
section. In fact, we will construct a reduction algorithm for velocity, and then con-
struct a quantity which is exponentially decaying. Finally we use this quantity to
control the velocity diameter and show the unconditional flocking emergence.

4.1. Algorithm and a priori estimate

In this subsection, we will first introduce algorithm B and then construct a basic
a priori estimate for velocity diameter which is very important for flocking of Gy.
The following algorithm consisting of Step 1-Step 3, will be referred as Algorithm
B.

Step 1: For any given time ¢, we reorder particle velocities from minimum to
maximum. More precisely, by relabelling the agents at time ¢, we let

v1(t) <wva(t) - <won(t).
To introduce the following steps, we first introduce the processes of iterations
for LN (Cr.n) and L} (Cy,) as follows.
(By): If LY (Ck, ) is not a general root, then we set

kalgkN_(Cvk,N) + 2k—1
bp—1+1 '

LY 1 (Crrn) =

(By): If £} (Cy,) is not a general root, then we construct

by £ (Cyy) + 2111
by +1

LllJrl(Ql,l-i—l) -
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Step 2: We start from zx and follow the process By to construct £ (Cj. n) until
either k = 1 or LY (Cy, n) is a general root at some k > 1. If the former happens,
then we denote k* = 1. If the later happens, we denote by k* the first £ producing
a general root LY (C ) in the process Bi.

Step 3: We start from z; and follow the process By until either I = N or £} (C11)
is a general root at some [ < N. If the former happens, then we denote k, = N. If
the later happens, we denote by k, the first [ producing a general root Lll (Cy,) in
process Bs.

Algorithm B is very similar to Algorithm A except that B is designed according
to the velocities. By Algorithm B with suitable coefficients {by} and {b}, we will
finally obtain two convex combination £, (Cy- ) and L (C 1.k,)- Now we denote

U i= Projvﬁfcv(é’kw), vy = Projuélf(QLk).

As in Section 3, the quantity 5~ — v, is non-negative but may not be a contin-
uous function due to the possible change of order of velocity. But we can use the
analyticity of v; to imply that both o~ and v,  are piecewise smooth in any time
interval [0,7]. Therefore, the time derivative of 74~ and v, are well defined a.e.
t € [0,T] except for finite many ¢;. The next lemma provides an a priori estimate
for g« — vy in any interval such that both 03~ and v;_ are smooth.

Lemma 4.1. (Hypo-coercivity) Suppose that there is a spanning tree in the network
topology for system (1.3) and 1) is non-integrable which satisfies (1.4). Then, on any
interval J which preserves the order of {v;}, we can design suitable coefficients by, ’s
and b,’s depending only on N such that

2'(/J0 — wm

%(T)k* _Qk*) < =BymV(1), 2o

V() < (@k* —yk*) < V().

Here B is a positive constant, 1y := ¥ (0) and ¥, := (My) with M being obtained
in Lemma 8.6 or Corollary 3.1. Moreover, the constant B depends only on N and
the initial data.

Proof. In order to construct proper vy~ and v, _, we first introduce the inductive
process to produce by and b;:

by =0, Bk71=$O(N—k+2)(Bk+1), 2<k<N,

1/)’” (4.1)
bi=0, b= 20+ 1l+1), 1SISN-1

m
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By direct calculation, we have

N—Ek+1 N—k+2—1
b= Y <$0) P(N—k+2,i), 2<k<N,
=t (4.2)

l I+1—i
bl+1:Z($O) Pl+1,4), 1<I<N-1.
i=1 m

Now we are going to prove lemma based on the setting (4.1) and (4.2). If N = 2, it is
clear and thus we assume N > 3. Moreover, according to Lemma 3.6 and Corollary
3.1, the relative positions among particles are uniformly bounded by M;. Therefore
we have

Um < (xi(t) — () <o, V1<4,j<N, Vt=0.

Similar to Lemma 3.4, we can split the proof in two steps.

e (Step 1): In this step, we will show the equivalence between V and the quantity
(17;.3* - yk*> and finish the proof of the first part:

Www < (@k* —yk*) <V(). (4.3)

In fact, by the property of convex combination, we immediately have
(ﬁk* — yk*) < V(t)

Next, with the same argument as in Lemma 3.4 (ii), we apply the construction (4.1)
and (4.2) to have

Uk (1) — vy, (t)
= Proj'u‘ii:v* (ék*,N) - Projvéllc* (QLk*) > PI‘OJUE{V(CYLN) - PI‘OjUL{V (Ql,N)

HNill_) 1 (IZJO)NilN!—l
2( A= )('UN_UI):( - )(UN—U1)~
[, (b +1) bi+1 by +1
(4.4)
The last equality is due to the relation:
b1 = ;f’iw k4 2) (B + 1),
Now we apply (4.2) and (4.4) to obtain
N-1
ﬂ) N
i (32) W V()
Vp(t) —vp (B) > | —F—— ) (vy —v1) = ,
ke (1) 71@*()_( 20+ 1) )(N 1) 22]%1(%)1_1'l
=1\ %o ! (4.5)
t Mo — P
L )

= N-2 [, )" 4vhg
2N (8)
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e (Step 2): In this step, we will study on the interval where both vy~ and v, are
smooth. Then we will construct the differential inequality for the quantity (Op« —

U, ):
d
. < —BVY(t).
dt (U’“ ) = ®)
We will use similar method as in Lemma 3.4 to construct the inequality by induction
process. In fact, we claim that

K
e e (g
dt b +1 keUN N

(o) — UN) k* <1<N. (4.6)

We will prove the claim by induction. If [ = N, then we immediately have

d
a _ _ - < i —oN ).
vN =k > Wz —zn) (v —v) ’“/)m<kré1/1\}}v{”k} UN)
ZENN
Therefore, we assume that (4.6) holds for oy, ..., 7; and consider the term 9;_1, for

k*4+1 <1< N. Similar to (3.11), we have

d _ bi—10; + D11 bi—10; U1
— ] = —= == + = = T31 + Iao. 4.7
dt =1 bi_1+1 bi_1+1 b_1+1 3 32 (47)

Now for the term Z3q, we can apply (4.1) and (4.6) to obtain
b K N —-14+2)k
I3 < L(fwm( min {vk}—vN)) = hﬂ( min {vk}—vN).

T+ 1\ +1 keUN  N; bi—1+1 keUN  N;
(4.8)
For the term 1327 we can use the equation (1.3) to have
I3 = > (wk = ao1)(ve — 1)
bl 1+1 keEN 1
K
S—i( > dmlvk—vii)+ Y volve — v 1))
bl_l + 1 ke./\/’l71 ke./\[l 1 (4'9)
k<l—1 k>1-1
K
< 5

We combine (4.7), (4.8) and (4.9) to obtain

d (N =1+ 1)rehg

- PR EEvide <) _ _

dtvl 1S bt 1 (kemﬂ L{Uk} UN +UN — U 1)
’177’[}0( min  {vg} —’UN) 4+ — Km ( min {vx} — v— 1) (4.10)
b1 +1 UM, NG bi_1 + 1 \keN,_y

k<l—-1

=Ty + Lao.
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For the term Z,1, note that £¥ (C) y) is not a general root for each k* +1 <[ < N.
Therefore, we have

mm {vp} <wv_q, e, Iy <0. (4.11)
keUN \N;

With the same argument, we have

fﬁ% K*wm
Tom (i (o) —u) ¢ (i () o)
42 b_1+1 keull ,N{ k} N b_1+1 kE/\/z 1{ k} =1
k<l—1
Km
< _7( — + in {vpt—v )
T b+l kegu_rll/\/{vk} N gfl\/’ {on} = v
k<lo1
:ﬂ(min{ min {vg}, min {vk}}—vN) (4.12)
bi—1+1 keUN N keEN;_1
k<l—1
Km
+77(ma { min v, min v }—v,)
bi—1+1 * ke”N{ e Nl{ e} -t
k<l 1
Km,
< —-— ( min Ve — U )
T b1 +1 keullN{k} N
Finally, we combine (4.10), (4.11) and (4.12) to get

KYm (
—_— min
dtll*bl1+1 keUN, N

{vr} —UN).

This completes the proof of the claim (4.6). Therefore, we set [ = k* 4+ 1, and we
immediately obtain

d K . ) Km,
1 = = . — . 4.13
@S (keuffﬂiM{”"} ) = e ) (113)
Similarly, we can derive the differential inequality for v, and obtain that
d Km
— U, > (v, — v1). (4.14)
dt—* bk* +1

Now, due to the existence of spanning tree, we have k, > k* and thus vy, > vg~.
Therefore we combine (4.13), (4.14) to obtain the following estimates:

d K
dt b + 17 bk+1}wm (®).

Now, according to the rules (4.1) and (4.2), we find that
N-k” o \ VR AN
by = P(N —k*+1,4), b, = ( ) P(k, 1),
i ; <wm> ( ) he ; wm ( )

N—i
both of which are not greater than Zf\;l (1,%:) P(N,1i). Therefore, we combine

the analysis in Step 1 and Step 2 to obtain

WV@) < (@k* —Qk*) < V(t), %(@k* —v,.) < =By V(t),

(U —wp,) < — mln{
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where B is a positive constant defined by
K

B= - .
S () P+ 0

4.2. Unconditional flocking

In this subsection, we prove the emergence of unconditional flocking (Theorem
1.1). According to Lemma 2.5 and Remark 2.1, we have the node decomposition
G = U?:o G;, where G, is a maximum node of G\ Uf:_ol Gi. We denote particles in
G; by z]’ where 1 < j < N; and denote the velocity diameter of G; by V. Then,
we will use induction principle based on the node decomposition to prove Theorem
1.1. The following lemma performs as the initial step of the induction.

Lemma 4.2. Under the condition in Theorem 1.1, unconditional flocking emerges
in the mazimum node Go. More precisely, we can find positive constants C§ and C?
such that

VO(t) < Cle=C71)0(0).
Proof. Consider a finite time interval [0,7]. We follow the argument in Lemma
3.5 to construct a time sequence 0 = t; < to < --- < tpy = T such that the order
of velocity v; is preserved in each J; = [t;,t;+1]. We assume that Gy consists of

Ny particles which can be labeled as {1,2,..., Ny}. Then we can apply the same
method in Lemma 3.5 to define

YO(t) i= (0g= (t) —uy, (1), t € Ji
With a similar argument as in Lemma 3.5, since G is a maximum node, we conclude
k.= Ny and k*=1.

Therefore, Y°(t) is Lipschitz continuous in [0, T, and we follow Lemma 4.1 to obtain

2 —
%Yo(t) < =B, VO (1), %v%) <YOt) <V(t), ae 0<t<T.
0
(4.15)
Here V0 := max{|v) — v}|}. We combine the two inequalities in (4.14) to find
%Yo(t) < =By, Y°(t), ae 0<t<T.

Therefore, we have the decay estimate of the quantity Y (¢):
YO(t) < e BUmty9(0), 0<t<T.

As T was arbitrary chosen and all the constants are independent of T in above
formula, we immediately obtain the exponential decay of YO(¢):

YO(t) < e B¥ty%(0), t>o0.
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Then, we apply the inequality Y0(t) < VO(t) < 2% _YO(t) to obtain that

- 27110—1/1m
dahg _B
V(1) < ——— e BvmtVY(0), t>0.
(1) < g 0. t>
We set
4vhg
C0=_—""__ and C%°=—-By,
© = 30 — r=by
to finish the proof. O

Now we are ready to prove Theorem 1.1 by induction principle. The proof is very
similar to Lemma 3.6 and thus we may omit some details.

Proof of Theorem 1.1: According to Remark 2.1, we apply node decomposition
to represent G as

d
G="J) G IGkl=Ns

k=0
Now we define a sequence of quantities Q(¢) as follows. First we assume vF are

well ordered as below

v’fgv’;-~~§vll‘{,k.

According to Lemma 2.5 and Remark 2.1, Gy, is the maximum node in G\ Ui:ol g;.
Therefore, we can define £N*(C} n, ) and £ (C n,) for each Gy similar to Lemma
3.7 and Lemma 3.9. In fact, we can set l_)éC and Qi—c as below, where 1 <4 < Ng:

k—1
bk, =0, b, = f—o(m —i+24 g0 )BF+1), grai=) Nj, 2<i< N,
B=0 B =t L)@ D), 1SN

By induction, we can derive that

_ NiZitl Np—it+2—j
by, = Z (;LO) PN —i+2+gk—1,7 +gk-1), 2=<1i< Ny,
j=1 "

i i+1—j
bi—“ﬂ:Z(z}O) Pli+14g51,j+01), 1<i<N,—1
]:1 m

Next, we set
Uy 1= Projv,(iiv’c (C_'l,Nk) and v = Projvéi\[’c (Ql,Nk)’
and we can define

k(g . 51— mi _
YE(t) = Org?gxk{w} o@lélk{yl}' (4.16)
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Then, it is clear to see that Y*(¢) is Lipschitz continuous.

e (Step 1): In this step, we prove that, for 0 < k < d — 1, if there exist positive
constants C¥, CF, Ck and C¥ such that

%Yk(t) < —CEPYF 4 CFRy_1 (1), Ri(t) < Cﬁe—cﬁRk(O),

where R_; := 0 and Ry, := ( max max {vi} — min min {vi-}), then we can
0<i<k1<j<N; - 770 0<i<k1<j<Ni- 7

find positive constants C’g“ and Cg“ such that

d
@y’fﬂ(t) < —CEPY R L CEYIR (1), (4.17)

Please see Section B.1 for details.

e (Step 2): In this step, we prove that if

d
ZyktL) < —CEIYRL L CEIR (), Ri(t) < Che P iRL(0), 0<k<d—1,

dt
(4.18)
then there exist positive constants C& ™ and CF! such that

Rk+1 (t) < C§+16705+1t7?,k+1 (O)

Please see Section B.2 for details.

e (Step 3): Now, we are ready to finish the proof of lemma. According to Lemma
4.2, we have

%Yo(t) <-C%° and  Ro(t) = VO(t) < Cle~FVO(0) = Cem T R(0).

Then, with the analysis in (Step 1) and (Step 2), we can apply induction principle
to conclude that there exist positive constants B and C' such that

V(t) = Ra(t) < Cle 1R 4(0) = CeB1V(0), > 0.
|

Remark 4.1. In Ref. 18, the author derived an estimate depending on the depth
of the graph. In our result, all the information of the depth is contained in the
exponent. In fact, the exponential decay rate is far from optimal, we can obtain
similar decay rate depending on depth as in Ref. 18.

5. Conclusion

In this paper, we have studied the critical exponent of the Cucker-Smale model
on a line with an algebraically decaying communication weight, and obtained the
sufficient and necessary condition for unconditional flocking (mono-cluster flocking).
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For this, we introduced a node decomposition argument to construct new nonlin-
ear functionals which are equivalent to diameters. In fact, these quantities can be
bounded by the diameter and, on the other hand, bound the half diameter. Thus
we can yield the decay rate of the diameter by the estimates of the more relaxed
quantities. This idea is reminiscent of the Harnack inequality in Laplace’s equation,
and the result is highly independent of graph structures. In fact, we only need to
assume that the network topology contains a spanning tree. There are several issues
that we did not cover in this paper. For example, our methodology relies on the
first-order reduction for position variable which is valid for one-dimensional setting
at present, although a node decomposition still works for multi-dimensional set-
ting. Thus, it would be interesting whether our result on the critical exponent for
unconditional flocking can be extended for the multi-dimensional setting or not.
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Appendix A. Proof of Lemma 3.6

In this section, we provide all the details of Step 1 and Step 2 in the proof of
Lemma 3.6, respectively.

A.1. Proof of Step 1

Since Z; and z; are analytic for all ¢, ¥; and Z; will always stay together or
just collide for finite times in [0, 7. As the discussion in Lemma 3.5, without loss of
generality, we can assume Z; and Z; do not always stay together for [0, T']. Therefore,
the order of z; will only exchange finite times in [0, 77, so does z;. So we can set

0,7]:=J 7,

=1
Where J = [ti—1, Z] and 0=ty < t1--- <ty =T, such that the order of both
{mj 0 and {x 0 are preserved in each J;. Now we pick out any J,, where

1 <p <gq, and c0n51der four cases depending on the relative position between

k
U G; and Gi41.
i=0

e (Case 1): Consider the case

0<rzn<a]§<+1{xl} N Orgaé(k{x b 0<z<k+1{*l} N 0r<m£1 {z;} onp.
In this case, we immediately have Q¥+ (t) = Q¥(t) and
d d
L0 = S0k < Cf - OFN(QY) = CF — CRUQMY, ta <1<ty

Therefore, we simply let C¥T1 = CF and CY*™ = C% to obtain (3.32).

e (Case 2): Consider the case

0<I?<al§(+1{xl} = Tt o<z<k+1{£1} =Ly o0y,

In this case, we assume

k+1 k+1 k+1 —k+ Ngy1 k+1 . . 7
T Sxy < S T Npp1? xj = PrOJmL (CJ Net1)s Ly = PTOJIQ1(Q1,3‘)~

It is obvious that
k1 - k+1
Zy =Tk and LNy = Lk41-

Similar to the formula (3.10), we claim that: for 1 < m < Ngy; we have

Ni1 i—1 k41 k+1
d Skt vkl a,";
< m + I=m "l 7 +K/gk\Ij(Dk)
> Tkt
a' am * + 1 z;rlnl (@t 1)
Ness (A1)
K
+ 7( min  W(gM - xk"'l)).
an +1 Z;n jeNF ey '

J<i
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Proof of claim (A.1): We will prove the claim by induction.
o (Step 1): As an initial step, we verify that (A.1) holds for m = Nj41. In fact, we

have the differential equation of xk+1 as below:

d pht1 _ixkﬂ
dt" N T g N

k+1 kel _ ket I k+1
=vn,, Tk E \I/( Nk+1 + K g E W (x; xNHl)
41 1=0 k41
FENEE (ht1) FENET W)

(A.2)

Since x’f\fkil is assumed to be the largest one among the particles in the (k + 1)th

node, we have

\I/(x;ﬁl x’fvti )< 0 forallj e,/\/l’f,:jl(k+ 1).

Therefore, we obtain from Lemma 3.3 that

k+1 k+1 k+1 k+1
Z \I/(a;j+ — xN':H) < /\/”Hllmk ) \I/(a:j+ — xN':H). (A.3)
FENNL L, (kD) TN Ny (B D)

On the other hand, as max {Z;} = Zyy1, we immediately have
0<i<k+1

x?\,‘H > min min {x}
k+1 7 0<i<k 1<j<N;

Otherwise, the convex combination Zy4;1 will be strictly smaller than all Z; for
0 <i < k. Therefore, we have

Wy —oyiL,) < W — min min {2}) < W(Dy). (A4)

We combine (A.2), (A.3) and (A.4) to get

d k+1 <u k+1 +x

. k+1 k+1
pr Taeey S VN min \Il(xj xNk+1) + kg ¥ (Dy).

eN};:jrl (k+1)

Therefore, (A.1) holds for zh! .
k1

o (Step 2): Now we suppose that (A.1) holds for m with 2 <'m < Njy;. Next, we
verify (A.1) for m — 1. The calculation is almost the same as Lemma 3.4. In fact,
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we use the same argument in Lemma 3.4 to derive

k1l kgl k41
Ay 1T, Lm—1

(s )
dt\apitt +1  abt +1

k+1 N1 yri—=1 k41 k+1 _k+1
ool Z Ui &° 2 —" kgr¥(Dy.)
= g+l i —k+1 Fk+
a’m—l + 1 Hl:m_l(al + 1) a’m—l + 1

i=m

Nit1

/‘L(Nk+1*m+2+gk) . k k
+ T ( E  min (it —xiH))
Ay 1 + 1 ENFT(k+1)
Jj<i

i=m J

k

K k41 k41 l k+1
+a’“+171+1( St -+ Y wEh-aht)).
ke

FENETY (k+1) =0 jeniri ()

Za Iy
(A.5)

For the term Z,, we can apply the same method in Lemma 3.4 to obtain

T, = Z \p(xf“ — kY
JENEYY (k+1)

D DR L Aot R DI 1Ot

FENFHL (k1) JENETY (k+1) (A.6)
j>m—1 j<m—1

(N1 —m + 1)‘1’(x]1€\rti1 - fﬁztll) + Z W - xk+11)~

J m—
. k
JENEYY (k+1)
j<m-—1

IA

For the term 7, we observe that there are three possible orderings between 1:5 and
k+1 .
T
(1) Ifat < 2L then U (zh - zFLy <.
k+1 l k+1 ! k+1 k+1 k+1
(2) U ay,=) <aj <ay,,, then U(z; —27) < U(zy | —2p,y).
k+1 l 1 k+1 l k+1 k+1 k+1
(3) U ay,,, <ay, then V(z; —a7) < U(z; — a2y, )+ W2y, —2n0)-

Therefore, we apply the analysis in (A.4) again to conclude

Ty < Wk, — k) + g U(Dy). (A7)
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Now, we combine the estimates of (A.5), (A.6), (A.7) and Lemma 3.3 to get

_Ek+1 k+1
ii'k+1 _ i( m+ 1xfn+1 m+ 1 )
-1 E+1 —k+1
e dt m+—1 +1 a’m+—1 +1
s Ni41 ; Lo gktlp kt1
< m—1 + Z m—1""1 Vi +/€gk\II(Dk)
- fk+1 k+1
+1 zmHlml( ++1)
o N1
ey — min  W(zM - 3:]?'“)).
G+ 1N A e ey '
Jj<i
This finishes the proof of claim (A.1).
According to the node decomposition, we obtain
Ni41
min U (zhtt — gh ) < g(ghtt — ghtt A8
D ufuin | W o) < Wt - ) (A3)

<t

We combine (A.1) and (A.8) to obtain the estimate of Zp41:

d._dn
at T @M
N k k+1
< vt + il Mooty + kg (D) + R (o xNJIC+1)
< T kY (D, =
a1 I @+ a1
(A.9)
Similarly, we can derive a differential inequality of z; , ;:
d d
dt R T g Nk
k+1 N, i— 17k:+1 k+1 k+1 k+1
> Ngi1 + il H VNk+1 —i+1 . Hgk\I’<Dk> . H\II( xNkJrl)
= _k+1 —k 1
a1 o @t 4+ B!
(A.10)

Finally, for (Case 2), we can combine (A.9) and (A.10) to conclude that for t € Jp,

d

7 (xk-i-l £k+1) < C{H_l _ C§+1\IJ(X]C+1) < C{H_l _ C§+1W(Qk+l).

d e
SQH) =

e (Case 3): Consider the case

0<I?<al§+1{xl} = ThtL, 0<m<11£1+1{ 2} = o@lélk{gi} on Jp.

For this case, without loss of generality, we set

= g led
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where 0 < g < k. Further more, we assume

k+1 k+1 k41
T STy S S TN

Then, we apply the same analysis in (Case 2) to find positive constant C{ and C§
such that

—x, > —Cf — CI¥ (2 — z?vq). (A.11)

k+1 <
o (Case 3.1): If 2 Jax, 123)( {x }, then we can apply (A.9) to have

d
210 = Lo —,)
k+1 Nyt z 1 _k+1 k+1 /{\II(karl _xk+1 )
l lal Vi 1 Nit1 q q
————— + kg V(Dy) + +C{ +C30 -
= —k+1+1 Z @ +1) 919 (Dy) a1 (2] —2,)
) L q _ —mi r q _
i GV - e maxg (3) —min{ S CHV (] — o maxg (o5))

< k+1 q _ q k+1 k+1
CY™ + min{ - k+1+ , CIHU (af nax  max {x }) + min{— k+1 1 O (ay ™ — 2, )

k41 k41 k+1
SOV A Gy (2] — TNesr)

< Cf - CEwQH),

o (Case 3.2): If zF+1 > ilar to Case 2, ly th
(Case ) T 1@?2{1@12%}1(\! {x} similar to Case we can apply the

induction principle to prove that for 1 < m < Ngyq,

k+1 N1 z Lokl kel

d _pi1 m Y l k41
£:vm < _k+1+1 Z Hl m( k+1il) —k+1 Z Z \I/(:Ej—:vm )

i=m+1 l 0 jeNEFL ()

Nit1 _

—=n U(gh — gh !
Z Hl m( k+1 Z Z ( J 2 )

i=m-+1 =0 e_/\karl(l)

N1

K
+ 7( min W(zhtt - xf“ >
am '+ 1 l:z,:n FENTTH(k+1) (=3 )
J<i
(A.12)
Since the proof of (A.12) is similar to the proof of (A.1), we will omit the details.



May 12, 2020 17:26 WSPC/INSTRUCTION FILE HLZ-v13(20-5-11)

38 S.-Y. Ha, Z.-C. Li and X.-T. Zhang

Then, we set m = 1 and apply Lemma 3.3 to have

d k+1 Ni41 7, 1okt kel
-,I:k+1 < l 1 ! ’L
- —k-‘rl Z k+1
dt =2 l 1 + 1)

N1 i—1 —k+1

ey JEERC S 5 a -

1
7k+1_~_12 Z U (x; —
i=2 = 1 =0 eNk+1(l)

=0 €Nk+1()

Z.

K k+1 k+1
+ 7_“1 n 1\11(961 — Nk+1)'

Since
2" > max  max {z}},
1<i<k 1<5<N;

we note that all \I/(xé — 2" 1Y in 7, are non-positive. Therefore, we have

N,
D < A0y Higa
dt — (_Ik+1+1 ~ ;:1((—156+1+1)
k+1
Z D Wl ma (o)} -
N e (A.13)

Niy1 Hz 1ak+1
ey IS S o (25—
Hl 1 + +1) =0 jent 1<i<k 1<j<N;

K k+1 _  k+1
+ TH‘I’(% Niss):

Moreover, according to the existence of spanning tree in G and the node decompo-
sition,

k+1 ;é @

I\C?r

Uys

Therefore, (A.13) implies

Nit1 z 17k+1 k+1

k+1 V)

d
< X 1) S A —
dtﬂ:k—H = Jc+1+1 Z Hz N k+1+1)

Niy1 k "
k T ‘ U LJ./\/'k+1 ‘\Il max max {j }—x’f“)—kklilll(:c’fﬂ—
AR | 1<i<k 1<j<N; d1+ +1

=1 [=0

k+1 Ni41 i—1 _k4+1_ k+1
a, " v, K
E ELL 0 P(max max {z}}—a} ).
gt 41 I<i<k1<i<N; k1

<1
a4+ 1 i=2 1 (@™t + 1) 1
(A.14)



May 12, 2020 17:26 WSPC/INSTRUCTION FILE HLZ-v13(20-5-11)

Critical exponent of one-dimensional Cucker-Smale model

We combine (A.11) and (A.14) to obtain

d oy d
7@ = gz
k+1 ]VkZJrl 1—1 —k+1yk+l
< == L v 4 Of
= —k+1 k+1 1
+1 = Il +1)

+ O3V (af —2f) + M)

— V¥ (max max {z.}—=x
a1 (1<z<k1<j<N{ ) Niet1

. R .
+min{C3, W}‘I’(ﬁvq - max max {z3}) + min{Cy,

<O+ O (] —alit )

<O+ G QM.

e (Case 4): Consider the case

max {Z;} = max {Z;}, min {z;} =z,,, onJ,.

0<i<k+1 0<i<k 0<i<k+1

The proof is similar to Case 3. Thus we omit the details.

7k+1 + 1

39

}¥(Dy)

Finally, we combine all analysis from (Case 1) to (Case 4) to conclude that if there

exist positive constants C¥, C§ and C¥ such that
d ) )
Z Q1) < Cf = CRw(Q"), D <y,
Then we can find positive constants C¥ ™ and C57! such that

d .
ZQH(1) < OFF - CETw(QM).

A.2. Proof of Step 2

(A.15)

In fact, if (3.32) holds, we can follow (Step 3) in Lemma 3.5 to construct the

positive constant My, such that

1
Q" < M.

On the other hand, according to the definition (3.31) of Q**!, we have

Q! > Ty — 3y
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Therefore, similar to the proof of (ii) in Lemma 3.4, we can apply (3.29) and (3.30)

to have
QMM () > Zpp1 — 24y
Rt Ni41 gl Hz 1dk+1 xl[cv+1 Ni41-1 k+1 Hllvk:}l aéc-‘rl
_ 1 i =1 "1 k41 7
T oghtt i k+1 S - N k+1
ay +1 Ih @ +1)  an,,, +1 i1 AR T )
x;fﬂ Nit1 s H; 1 df“ xf\,ﬂ Nit1—-1 k+1 HNk+1 i —k+1
=1 ' = _ k41
ay™'+1 =@t ) et = ff;l ”1(af+1 +1)
N
__ 1 leﬁ-l( (Vi1 +98)' (Ve + gk)!)
a1 — (Ngg1 — i+ 14 gg)! (24 gw)!
k+1 k+1
TNeyr — 11 ((Nk-H + gk)! . 1)
a1 (1+ gx)!
k1l ktl (Nit1 + gi)!

> x
2 (TN — o )Q(a’f+1+1)(1+gk)!

(ehpr, — =1 ak

Niy1 _
- 4 4
(A.16)
Therefore we immediately have
AFFL() <4QF T (t) < AMyy, = CE L. (A.17)
k
Next, we show that Gpi1 cannot be far away from the set |J G;. For this aim,
1_0

we recall that the set of neighbors of 25 can be denoted by U Nk'H( ), where
7=0

¥1in G,. The node decomposition and s-

NFTL(5) represents the neighbors of 2!
panning tree in Q guarantee that for any & with 0 < k < d — 1, there exists

zp such that U NFFL(j) # 0 (see Remark 2.1). Then we consider the quantity

(zptt — r£1a<xk in%(v {«%}) and it is obvious that this quantity is Lipschitz continu-
1<q 1<;<

ous. We fix ¢ at which (z%/1 — max max {2}}) is differentiable. Then we consider
1<i<k 1< <N;

the rate of change for this quantity as below

d
@'~ e ma () smax{inlh e 5 BT o g
FJENF T (k+1)

k
+kK Z Z U (x]" — xﬁ“) d —(max max {z}}).

dt “1<i<k 1<j<N;

(A.18)
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k
Note that t}) is only affected by the particles i ;, wh la-
ote tha (%?écklgz%)](\]i{xj})lsonya ected by the particles in .EJOQ,,,W ose rela

=

tive positions are uniformly bounded by C¥. Therefore, we have

k
i(max max {m;}) > —max{|yi|}+/-@z Z \Il(xjm_ max max {m;})

dt “1<i<k 1<5<N; 0 jeNE (m) 1<i<k 1<5<N;
m=YjeNy (m
> —max{|v;|} — kg ¥(CF),
(A.19)

where g, is defined in (3.29). Moreover, we also have a uniform bound for X*+1 in
(A.17). Therefore, we combine (A.17), (A.18) and (A.19) to get

i(xkﬂ —

dt

1
p — max  max {rj})

k
< 2max{|v;|} + kgr¥(CY) + kN1 W(CET) 46 > > WP — a2t
mZOjEN§+1(7rL)

By
(A.20)
Now we claim:
k41 i
T~ e, max {3} o
21

; B
< k+1 o % —1 k+1 _ k—‘,—l.
< max {(zp (0) 1%1%)(]6 122}}(\[1_{9:] 10)), T (7,% ) } Cs

Proof of the claim (A.21): We prove it by contradiction. Suppose not, then we
assume (A.21) does not hold at :

. . B
k41 i k+1 i —1(Dk+1 ) }
x, o (t 1%12(]6 1%?1(%{% ) > max {(JL‘p (0) 11;1%}(}c 1%1%)( i{x] 10)), T ( " .

As in Lemma 3.5, we set
My :={t |t <t (A.21) holds},
which is obviously non-empty. Then we can define

tz+1 = Sup/\/lk+1.

k
On the other hand, since |J NMJ!(j) # 0 and the fact that
=0

J

k+1 i . ~
x > max max {x. for t <t<P
PTaki<k 1§j§Ni{ J} k1 >0

we can simplify (A.20) as below:

d k+1 i i k
= — 1) < B /] il gkt (AL22
" S EE Y) S Benr g i ) m ). (A2
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Now, we apply to (A.22) the same argument in (Step 3) of the proof of Lemma 3.5

to finish the proof of claim. Then we set xﬁjl = max{xf"’l}, and we have

k1 vy — okl kel ket ; Kbl | vkt

xh; T — max max {z}})=axy —a,  +2,  — max max {x;}) <A+ O

M OSiS’“SJ‘SNi{ i) M P P 0<i<k ISJ'SNT:{ i < 6
(A.23)

Similarly, we set xki!

constant C¥*1 such that

= min{xé—““} and conclude that there exists a positive

i i i k+1 k+1 ~k+1
min min {2} -z <X Ck+1,
0<i<k 1gjgN,i{ i m = +Cs (A.24)

We combine (A.23) and (A.24) to obtain that there exists a positive constant C#T!

such that
prri= (| max | max {o5} = min | win {5}
< Dy + CHFL 4 OFHL 4 okt (A.25)

< CF+Cgtt + OFtt 205t = ot
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Appendix B. Proof of Theorem 1.1

In this section, we will provide the details of the two steps in the proof of
Theorem 1.1 in Section 4.

B.1. Proof of Step 1
The proof is similar to Section A.1. We set

q
0,7]:= | 7,
=1

where J; = [t;—1,t;] and 0 = tg < t1--- < t; = T, such that the order of both
{v; fié and {Qj fié are preserved in each J;. Now we pick out any .J,, where
1 < p < ¢, and consider four cases depending on the relative positions between

k
U G; and Gr41.
=0

e (Case 1): Consider the case

o280 = u ik o ek = i dedon
In this case, we immediately have Y*+1(¢) = Y*(¢) and
d d
%Y’“H(t) = %Y’“(t) < —CEYF L OFRyy < —CEYFHL L CERy, 1,1 <t <y,

where we use the fact that Ry_1 < Ry, which is obvious according to the definition
of Ry in the proof of the main theorem in Section 4. Therefore, we simply set

CHl=cF and CF'=Cf

to obtain (4.17).

o (Case 2): Consider the case

max {0;} = Up41 min {v,} =v on J,.
O§i§k+1{ Z} +1 O§i§k+1{ z} k+1 P

In this case, we assume

k+1 k+1 k+1 —k+1 . « ANE41 A k+1 . s pJ
v T <oyt < SUN;CH’ = PrOJvﬁj (C. Nz )5 vt = PrOJvél(Q17j).

<

It is clear to see that

0 =tk and R =g

We claim: for 1 < m < Ng41, we have

d i1 K, . k+1 k41
%vm < KgroRE + 75%“ 1 ( Nkﬂmln {vj } - UNHI).
i€ U NFFU(k+1)

i=m

(B.1)

Proof of claim: We will prove the claim by induction.
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o (Step 1): We verify that (B.1) holds for m = Ny;. In fact, we have the differential

equation of U]’“\,Jril :

d ! d k41 k+1 k+1 Rl R
oY ca B D S ( At ) (AR e
N};ﬁl(kﬂ)
(B.2)
k k
+“Z o Wllleh =2y D) —oat).
=0 jenyt, O
According to the well ordered assumption, we obtain that
(v;-CJrl vati ) <0 forallj GNk'H (k+1).
Therefore, we apply above inequality to obtain
E+1 E+1 R kL k+1 E+1
> et =it D) UNpyr) < ¥m ngllm(kﬂ)(vj = Uy )-
TEN N3y (D) Neta
(B.3)

On the other hand, as max {7;} = Ux11, we immediately have
0<i<k+1

vjk\,"'l > min min {v}
k+1 7 0<i<k 1<j<N;

Otherwise, the convex combination ¥xyq will be strictly smaller than all v; for
0 <i < k. Therefore, we have

l k+1 l
Vi — v <% — min min {v:} <R B.4
I TNkt = 7 0<z<k1<g<N{ i ke (B4)

We combine (B.2), (B.3) and (B.4) to derive

d k:
o<k min  (0FT — o8 ) 4 kgrpoR
>~ i kY0 V-
dt Nk+1 m. P J Nk+1
jENNk+1(k+1)

Therefore, (B.1) holds for 5 .
k1

© (Step 2): Suppose (B.1) holds for m where 2 < m < Nj;1. Next, we verify the
relation (B.1) also holds for m — 1. Following the same argument in Lemma 3.6, we
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can derive
d (bk+1 ghtl VL Bl
— + ) < = KkgkYoRe
) B+l Frl
dt\pFtl 41 pEL 41 bErl 41
K(Ngr1 —m+ 2+ gr)tho . k k
Bk+1 +1 ( Nk+1mln {Uj+1} B UN—:Jlrl)
m—1 je y Nilc+1(k+l)
K k ok k k
+ aaNE] Z Y]z} gt 11D (v; i) (B.5)
m—1 FENET (k+1)

Za

bk+11+12 Yo el =N — o).

=0 jen @)

Iy

For the term Z,, we can apply the same method in Lemma 3.4 to obtain

T, < (Nk+1 —-—m + 1)¢0(D§V—Zil - 'Uf;tll) + Z wm('y;c-i'l _ vf;-tll)

FENITY (k+1)
Fem—1 (B.6)
- k41 k+1 PR+ kL
< (Nkgr —m+ Do (v, 1)+ ¥m N,pgrékﬂ)( i T Umi)-
For the term Z;, we observe that there are three possible order relations between
vé and vfj‘_ll:

(1) It vl < v | then (v —okry <o.

m—1-

o ! k+1 VRl < kit k41
(2) If vy <ol <oRt ) then vl — < UNpyy ~ Umet-

k+1 k+1 ok k+1 k+1
(3) oy, < vl then U] = U1 < (0 = vy, ) (UL, — V)

Therefore, we again apply the analysis in (B.4) to conclude that

Ty < grbo(vnt!, — vnh) + gkt Ry (B.7)

Moreover, since Gi11 is a node, we have

: k k k k
( min {vj'H} - UN':L> < (vFHh — UN'L'L). (B.8)

Ng4+1
i€ U N (k+1)

Now we combine (B.5), (B.6), (B.7) and (B.8) to get

d ghHL — d (Bﬁ:r}l@]ngjl n 51“1 )
dat T AR T B
Km ) (B.9)
S K}gk’l/)ORk + m( Nt mln {U§+1} — /UJkV—:}r1)

je U NFF (k1)

i=m—1
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This completes the proof of the claim.

Due to the fact Gi41 is a node, we obtain

: k41 k+1 k1 k41
( . min {fuj+ bkt ):'01+ 7UN-:+1' (B.10)

N1
. k1 k41
je U N7 (k+1)
i=1

Therefore, we further combine (B.9) and (B.10) to derive the estimate of Ty 1:

k+1 k41
d _ d _pq L /A
- = < R — o, B.11
dtvk+1 dtvl —= “9k¢0 k + blerl + 1 ( )
Similarly, we can derive the differential inequality of v, as
k+1 k+1
d d i1 Kthm (V] *UN,C“)
ZrUR = 3 UNG, = TR0 RE — T : (B.12)

Finally, for (Case 2), we can combine (B.11) and (B.12) to conclude for ¢ € J,, that

d d
aY’@H(t) = < (kg1 —v) < CHRy — CEFIVTL < _CEHy L 4 CEHIR,.

e (Case 3): Consider the case

0Sglg,g<+l{vi} = V41, Ogrglélgﬂ{yi} = Oglilgk{yi} on Jp.

In this case, without loss of generality, we set

v := min {v, where 0 < g < k.
v, Ogigk{,,}, <g<

Further more, we assume

Uf+1§v§+1§~-~§vk“ Uggvggu_<v

q
Niy1? Ny

Then, we apply the same analysis in (Case 2) to find positive constant C? and C{
such that

—v, > —C5(v] — v}, ) — C§Ry-1. (B.13)

o (Case 3.1): If oF*! < oril?é(mg]l%}}vv{vé}’ then we can apply (B.11) and (B.13) to
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me(viﬂﬂ ka+1 )
bk+1+1 e+ O (of _U;qu)‘FCgqul

< (ngwto+ G)Re + G5 (gmax, g, (03} = vf) + G001 - ooy g {3)

IA

(kgrtho + CF + CH Ry, + CF (vf — Uzkvﬁl)
_C§+1yk+l +C§+1Rk

IN

(B.14)

k+1 >
o (Case 3.2): If o] nax 121}2?( {v }, similar to the (Case 2), we can apply the

induction principle to derive that for 1 < m < Ng4q,

d _
a fn“,kaHZ > wlllal =k ) - vk

=0 ENk+1(l)
Ni+1 i—1 bk+1
k+1 l k+1
p> —MZ S w(llah — 2k - ot
i=m+1 Hl m b +1) =0 jent
+ < min oFTIL kAl )
bk+1+1wm jeuti Nf“(zm){ )

(B.15)
Since the proof of (B.15) is similar to the proof of (B.1), we omit the details. Next,
due to the relation

oIt > max  max {v }
0<i<k 1<<N;

we note all (vé — o) are non-positive if 0 < I < k.Then, we set m = 1 and apply

the connectivity of node G411 to have

d k+1
avkﬂfb,ﬁl*_lz Z wm(v —Um )

=0 jenit)

Nit1 i—1 bk +1,

2JFWFGTZ > vl (B0

=0 EN"H()
K k+1 k+1
* bt + Ym0 U

Moreover, according to the existence of a spanning tree in G and the node decom-
position, we have

NFEFHW) # 0.

I\Cw

Uys
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Therefore, (B.16) implies that

d Niky1 k
il k(] _ k1
v < ) U UAE 0o (e mas, () - o1)
K k+1 k+1 1
s et L) ®1
K _ kL
< gy Um gm0 - o)
We combine (B.13) and (B.17) to obtain
d d
%Ykﬂ = 2 Ok — 1)

K k+1
Sﬁﬁ?ﬂ<£@£%@}ﬂﬂy+%<—w>cmm

Ci}(max max {vj }—U?Vq)

. RPm q q  k+1
< min{=——— C5}(vf UNkﬂ) n{bk“—i—l s I\ 28 8N,

BT

K K
< —min{ ——2—, CHY**! 4 (min{————, C} + CHR,_
< —min{ 5 CIYAT + (min{ 5 )+ CY

—OF Ty kTt 4 OFHIR,.

IN

e (Case 4): Consider the case

0<111<a£<+1{v1} B Orilagk{vl} 0<i <k+1{v F= U on

The proof is similar to Case 3, hence we omit the details.

We combine all analysis from Case 1 to Case 4 to conclude that if there exist
positive constants CF, C§, C¥ and C§ such that
d
ZYMO) < —CRYP + CERia(t), Rilt) < Ce” 'Ry (0),
then we can find positive constants C& ' and CA™ such that
d

%Y’““(t) < —CEHyk L CEFIR,L(1).

B.2. Proof of Step 2
Suppose that we have (4.18):
d

%Y’f“(t) < —CHYRHL L CEIR (1), Ry(t) < ChePTIRL(0), 0<k<d—1.
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Then, since Y**1 is Lipschitz continuous, we immediately obtain
k41 vk k+1
Cqg™ Cg cstick Ra
k+1 k
Cy C7

—Ckty

YEH (1) < e YEHL(0)+ Ry(0)e=C7t+ (0)e=C5 't (B.18)

By definition of Y**1(¢), it is easy to see
4 4

V() < T yR < T R (), 120

2’(/}0 - ’(/}m

Therefore, we can rewrite (B.18) as
YR < C’gﬂefcf:ltRkH(O).

Now we need to show Y**1(¢) and Ry1(t) are of the same order. For this aim, we
consider the four quantities

k+1 Uk+l

v, Un,,,» min min {v} max max {v}

0<i<k 1<j<N; 0<i<k 1<j<N;

Similar to the previous analysis, we can set

q
0,7):= | JJi, where J; = [ti_1,t]and 0=ty <ty --- <ty =T,
i=1

such that the order of above four quantities are preserved in each J;.

e (Case 1): Consider the case

max  max {U b=kt min  min {v }=ofth
0<i<k+11<j<N; k+1 0<i<k+11<j<N;

In this case, we simply have

k+1 N
Rica(t) = V(1) < 200 _ykerg) < 20000 Ren@) gy

T 290 —Ym T Yo —Ym
e (Case 2): Consider the case
max  Imax {v } = max max {v } min  min {v } = min min {v 1.
0<i<k+11<5<N; 0<i<k 1<j<N; 0<i<k+11<j<N; 0<i<k 1<j<N;

In this case, we have

Ris1(t) = Ry(t) < CEe TR, (0) < Che T Ry11(0).

e (Case 3): Consider the case

max  max {v b=kt min  min {U }= min min {v 1.
0<i<k+11<j<N; k+1 0<i<k+11<j<N; 0<i<k 1<j<N;

In this case, we will discuss in two subcases:
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o (Case 3.1): Suppose that

max  Imax {v } > okt
0<i<k+1 1<j<N;

In this case, we directly obtain

< (phH1 ket 1 ~ i
Ria(t) < vy, — o) + (ogl?gk 1%13}1% {v } 02ick 1<I§u<nN {v b
dpoCFHIR 0
< VHHI(1) + Ry(t) < 0G0 Ruenn0) ot | i -chig, (o),

- 21;ZJ0 - wm

o (Case 3.2): Suppose that

max max {v } < vk"'l.

0<i<k+11<j<N;

In this case, due to the spanning tree in G, there must be some v’; and v , where
0 <1 <k, such that vkﬂ is affected by v . Therefore, the differential equatlon of

v’[fH can be written as

jt §+1 K Z (ka+1 k+1H)( k+1 E—H)
FENFT (k41)

k (B.19)
+rY > e(llaf — BT (o] — okt
=0 je NFFL(r)
< ENpp1ho V! + Ky, (0 — 0.

On the other hand, it is clear to see

@vf] > —kobr Ri. (B.20)
We combine (B.19) and (B.20) to get
d
0y = 0g) < b (g — vy ™)+ KNk oV o+ Kob Ry

Then we can find positive constants C};™ and CJ5™ such that
k+1
vt vy < Offe 12 TR (0).
Therefore, we have
k41

Rir1=v — min min {v;
ket Nk O<z<k1<]<N{ )

— (k+1 k41 k+1 _ 1 l_
= (“N,M vy )+ (v vg) + (vg 012<k 1<gl<n1v {v })
< P4 (US—H — vé) + Ry

< 41/1005“73“1(0)670{“;%
2¢0 - ’(/Jm

+ COF e O R4 (0) + CFe ™7 Ry (0).
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e (Case 4): Consider the case

min  min {v;} :vi”l, max max {v;} = max max {vj}.
0<i<ht1 1<j<N; 0<i<k+11<j<N; 0<i<k 1<j<N;

This case can be treated similar to Case 3, and thus we omit the analysis. Now we
combine all the cases to obtain that there exist positive constants Ca ™! and CET
such that

a

okt
Rit+1(t) < Cngle Gz tRk+]_(0).
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