WEAK TYPE (1,1) BOUND CRITERION FOR SINGULAR INTEGRAL
WITH ROUGH KERNEL AND ITS APPLICATIONS

YONG DING AND XUDONG LAI

ABSTRACT. In this paper, a weak type (1,1) bound criterion is established for singular integral
operator with rough kernel. As some applications of this criterion, we show some important
operators with rough kernel in harmonic analysis, such as Calderén commutator, higher or-
der Calderén commutator, general Calderén commutator, Calderén commutator of Bajsanski-

Coifman type and general singular integral of Muckenhoupt type, are all of weak type (1,1).

1. INTRODUCTION

Singular integral theory is a fundamental and important topic in harmonic analysis. It is
intimately connected with the study of complex analysis and partial differential equations. Real
variable methods of singular integral for higher dimension were original by A. P. Calderén and
A. Zygmund [6] in the 1950’s. Later, large numbers of works are developed in this area. Despite
the intensive research over the last six decades, there are still many problems in the theory of
singular integral which remain open and deserve to be explored further. For example, there
is no general L' theory of rough singular integral, singular integral along curves and Radon
transforms (see [32]).

It is well known that the L' boundedness is not true for many integral operators in harmonic
analysis, such as Hilbert transform, Riesz transforms, Hardy-Littlewood maximal operator, and
so on. As a substitution, we consider the weak type (1,1) bound and use interpolation and
dual argument, we can get all L? bound for 1 < p < 4o00. So it is an important problem
to establish weak type (1,1) boundedness in the L! theory of singular integral operator and
maximal operator. Usually, the weak type (1,1) bound can be established by using the classical
Calderon-Zygmund decomposition if its kernel has enough smoothness. However, if the kernel
is rough, then the standard Calderén-Zygmund theory cannot be applied directly. In fact it
is a quite difficult problem to prove the weak type (1,1) boundedness of the integral operator
with rough kernel. We refer to see the nice works by M. Christ [10], M. Christ and J. Rubio de
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Francia [12], M. Christ and C. Sogge [13], S. Hofmann [22], A. Seeger [29] [30], P. Sjogren and
F. Soria [31] and Tao [33] about this topic.

However, the papers mentioned above are considered for some special operators. In this
paper, we are going to study the general L' theory of rough singular integral operator. More
precisely, we try to give a criterion that could deal with weak type (1,1) boundedness of a class
of singular integrals with non-smooth kernel.

Before state our main result, let us firstly give our motivations from some basic examples.
The first example is singular integral with convolution homogeneous kernel . Suppose €2 is a
function defined on R? \ {0} satisfying

(1.1) Q(ra’) = Q(z'), for any r > 0 and 2’ € S,

(1.2) /Sd_l Q(0)d0 = 0

and
(1.3) Qe LS,

where and in the sequel, df denotes the surface measure of S“!. Then it is easy to see that the

following singular integral is well defined for f € C>°(R9),

Qz —y)
14 Tf(x)= p.v./ dy.
(1.4) f(z) W|x_wa@)y
In 1956, Calder6én and Zygmund [7] gave the LP boundedness of T.

Theorem A ([7]). Suppose that Q satisfies the conditions (1.1) and (1.3), then the singular
integral T defined in (1.4) extends to a bounded operator on LP(R?) (d > 2) for 1 < p < oo if Q
satisfies one of the following conditions:

(i) Q is odd;

(i) Q is even and Q € Llog™ L(S¥™1) satisfies (1.2).

For the case p = 1, it is a very difficult problem to show that 7" is of weak type (1,1). In
1988, M. Christ and Rubio de Francia [12] and in 1989, S. Hofmann [22] independently gave
weak type (1,1) boundedness of T for d = 2. Later, in 1996, A. Seeger [29] established the weak
type (1,1) boundedness of T for all dimension d > 2. Now let us sum up their nice results as

follows.

Theorem B. Suppose that Q2 satisfies the conditions (1.1), (1.2) and (1.3).

(i) (see [12]). If Q@ € Llog"L(SY), T is of weak type (1,1) for d = 2. In an unpublished
paper, M. Christ and Rubio de Francia pointed out that they succeeded proving similar results
hold also for d <5;

(i) (see [22]). If 2 € LY(SY)(1 < q < ), T is of weak type (1,1) for d = 2;

(iii) (see [29]). If Q € Llog™L(S¥™Y), T is of weak type (1,1) for d > 2.
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The second example is Calderén commutator introduced by A. P. Calderén in his famous

paper [2], which is defined by

(15) Toaf(z) =pov. /R d ?ﬂfﬂc—y |yd) , A<9’2 - j,(y)

- f(y)dy,

where A € Lip(R?), the class of Lipschitz functions.

Theorem C ([2] or see [8]). Let d > 2. Suppose that Q satisfies the conditions (1.1) and (1.3),
then the commutator To 4 maps LP(RY) to dtself for 1 < p < oo if Q satisfies one of the following
conditions:

(i) Q is even;

(ii) Q € Llogt L(S*1) is odd and satisfies

+
Sd*l

Here and in the sequel, a = (a1, ,aq) € Z< is a multi-indices , |a| = Z?Zl aj and % =
ngl z$" when z € R™.

For a long time, an open problem is that whether Calderén commutator Tq 4 is of weak
type (1,1) if Q satisfies (1.1), (1.6) and Q € Llog™ L(S%™'). In Section 5, we will give a confirm
answer to this problem as an application of our main result.

By careful observation of singular integral with homogeneous kernel in (1.4) and Calderén
commutator in (1.5), we conclude that singular integrals in (1.4) and (1.5) can be formally
rewritten in the following way,

(17) Tof(@) = pv. [ Qe —)K(a)f0)dy
where Q satisfies (1.1), (1.3) and K satisfies

(1.8) K (2, )] < ——3

| < ;
|z =yl
and the regularity conditions: for a fixed § € (0, 1],
1
T1 — 2|
K(ow9) = Kloan)| € CEZ280 lon =l > 2y = .

(1.9)

ly1 — yal°
K (z,y1) — K(z,12)] < Cma [z — 91l > 2ly1 — yal-

In this paper, we are interested in when Tq is of weak type (1,1). Our main result is the

following.

Theorem 1.1. Suppose K satisfies (1.8) and (1.9). Let Q satisfy (1.1) and Q € Llogt L(S%1).
In addition, suppose Q and K satisfy some appropriate cancellation conditions such that Tq f(x)
in (1.7) is well defined for f € C®(RY) and extends to a bounded operator on L*(R?) with bound
ClIU L 1ogt - Then for any A > 0, we have

am({z € RT: [Taf(z)] > A}) < Callfhi,
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where Cq is a finite constant which depends on §) (see the definition in (2.1)).

It should be pointed out that it is difficult to assume uniform cancellation conditions of
) in our main result, since it is dependent of K (x,y), such as the conditions (1.2) and (1.6).
Essentially, in the theory of singular integral, the cancellation conditions of €2 play a key role
in proving the L? boundedness of a singular integral with homogeneous kernel. However, in the
present paper, the cancellation conditions actually do not need to be used in our proof of weak
type (1,1) boundedness of the singular integral once it is of strong type (2,2).

Note that the conditions in Theorem 1.1 are easily verified, therefore Theorem 1.1 gives a
weak type (1,1) bound criterion, which has its own interest in the theory of singular integral.
In fact, one will see that applying Theorem 1.1, some important and interesting integral oper-
ators in harmonic analysis, such as the famous Calderén commutator, higher order Calderén
commutator, general Calderén commutator, Calderén commutator of Bajsanski-Coifman type
and general singular integral of Muckenhoupt type are all of weak type (1,1), see Section 5 for
more details.

Since the kernel Q(z — y) K (z,y) of Tq is non-smooth for € Llog™ L(S%!), the standard
Caldedn-Zygmund theory can not be applied to proving the weak (1,1) boundedness of Tg.
When the dimension d = 2, M. Christ and Rubio de Francia [12] or S. Hofmann [22], used the
TT* method to get the weak type (1,1) bound for rough singular integral operator defined in
(1.4). The TT* method was original by C. Fefferman [17] (see [20], [14], [29], [30] and [15] for
more applications in singular integrals). However, for the higher dimensions this method may
not be useful. In this paper, our strategy to prove Theorem 1.1 is based on partly the nice
ideas in [29]. More precisely, we use the microlocal decomposition of the kernel and some TT*
argument in L? estimate in one part (see the proof of Lemma 2.3 in Section 3.3), which is similar
to [29]. For the other part, we inset a multiplier operator of weak type (1,1) with a controllable
bound so that the problem can be reduced to L' estimates of some oscillatory integrals (see the
proof of Lemma 2.4 in Section 4). Since Ty is a non-convolution operator, the proof in this part
is more complicated and we can not apply the properties of multiplier to oscillatory integrals.
Thus we have to estimate the kernel of oscillatory integrals directly by using the method of
stationary phase.

This paper is organized as follows. In Section 2, we complete the proof of Theorem 1.1
based on some lemmas, their proofs will be given in Section 3 and Section 4. In Section 5, we
give some important applications of Theorem 1.1. Some open problems are listed in Section 6.
Throughout this paper, the letter C' stands for a positive constant which is independent of the
essential variables and not necessarily the same one in each occurrence. Sometimes we use Cy
to emphasize the constant depends on N. A < B means A < CB for some constant C'. A ~ B
means that A < B and B < A. For a set E C R we denote by |E| or m(E) the Lebesgue
measure of £. We denote by Ff or f the Fourier transform of f which is defined by

Fi(©) = [ e fla)da.
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Zy denote the set of all nonnegative integers and Z% = Z; x - x Z;. Moreover, [|Q||, :=
1
(Jsa-1 12(0)|7d0) « and || 104, = Jgar [Q(0)[log(2 + [2(B)])db.

2. PROOF OoF THEOREM 1.1

In this section we give the proof of Theorem 1.1 based on some lemmas, their proofs will be
given in Section 3 and Section 4.
We only focus on dimension d > 2. Let 2 € Llog™ L(S%!) with 12| 10g+ 1, < +00. Set the

constant
(2.1) Co = 19 1oy 1 + /S 12O (1 +log™ (12(6)|/]12011)) 6,

where log"a = 0if 0 < a < 1 and log™ a = loga if a > 1. Since 1] 10g+ 1, < +00, one can
easily check that Cq is a finite constant. For f € L'(R%) and A > 0, using the Calderén-Zygmund
decomposition at level %, we have the following conclusions (cf. see [32] for example):

(cz-i) f =g+ b

(cz-ii) [lgll3 < All.fll1/Ces

(cz-iii) b= ZQGQ bg, suppbg C @, where Q is a countable set of disjoint dyadic cubes;

(cz-iv) Let B = Jgeo @, then m(E) < Aol fll;

(cz-v) [bg =0 for each Q € Q and ||bg|l1 < %]Q\, so |1bll1 S |1 f]l1 by (cz-iii) and (cz-iv);

By the property (cz-i), we have
m({z : |[Taf(x)| > A}) < m({x Tag(z)| > )\/2}) + m({x S |Tqb(x)| > )\/2}).

Hence, by Chebyshev’s inequality, the fact Ty is bounded on L?(R?) with bound C|€|| Llog™ L
and property (cz-ii), we get

m({z € R : |Tag(2)| > A/2}) < 4l|Tagll3/A? S A2 (12 110+ Lll9ll2)* S A~ Call -

For Q € Q, denote by I(Q) the side length of cube Q. For ¢t > 0, let t@Q be the cube with the
same center of ) and [(tQ) = tI(Q). Set E* = geg 2290Q). Then

m({z € R : [Tob(@)] > A/2}) < m(E*) +m({x € (B*)° : [Tab(z)| > A/2}).
By the property (cz-iv), the set E* satisfies
m(E*) S m(E) S X Call Il
Thus, to complete the proof of Theorem 1.1, it remains to show
(2.2) m({z € (B")° : [Tab(x)| > A/2}) £ A~ Callf]l1.
Denote Q) = {Q € Q : I(Q) = 2} and let By = Y. bg. Then b can be rewritten as

Qe

b= > B,. Taking a smooth radial nonnegative function ¢ on R? such that supp ¢ C {x : % <
JEZL
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lz] <2} and )2, ¢j(x) =1 for all z € RN{0}, where ¢;(x) = ¢(277z). Define the operator T}

(23) Tyh(a) = [ 0w =1)6,(@ — 1)K (@ )ho)dy

Then Tq = ) T}. For simplicity, we set K;(z,y) = ¢;(z — y)K(x,y). We write
J

Tob(x) = Y T;Bj .

ne”Z jEL

Note that T;Bj_p(x) =0 if x € (E*)¢ and n < 100. Therefore

m({z € (E*) :|Tob(z)| > = })

of{rets ).

Hence, to finish the proof of of Theorem 1.1, it suffices to verify the following estimate:

2.0 m({eew):| ¥ Snm.0)|>5}) sx el

n>100 j€Z

> > TiBj_n(x)

n>100 j€Z

2.1. Some key estimates.

Some important estimates play key roles in the proof of (2.4). We present them by some
lemmas, which will be proved in Section 3 and Section 4. The first estimate shows that the
operator Tj can be approximated by an operator 77" in measure, which is defined below.

Let I5(n) = [20~ ! logy n] + 2. Here [a] is the integer part of a. Let 1 be a nonnegative, radial
C2° function which is supported in {|z| < 1} and [pan(z)dz = 1. Set n;(z) = 27"n(27z).
Define

K}'(z,y) = /Rd Nj—tsn) (T — 2) Kj(z,y)dz.

Notice that Kj(z,y) is supported in {2071 < |z —y| < 2771} and n;_ I5(n) () is supported in
{|z| < 2971M} so K7 (x,y) is supported in {2772 < |z — y| < 27+?}. Therefore

(2.5) |K]n($v IS Q_jdX{degm—y\gzjw}-
Define the operator 77" by
1) = [ Q=K (e.) - hw)dy.

Lemma 2.1. With the notations above, we have

m({re By Y |3 @B ) - 1B @) > 3}) £ 10

n>100 j
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By Lemma 2.1, the proof of (2.4) now is reduced to verify the following estimate:

(2. w({ec@y:| & Trp|>1}) s x il

n>100 jE€Z

Our second lemma shows that, (2.6) holds if § is restricted in some subset of S¥!. More
precisely, for fixed n > 100, denote D* = {6 € S : |Q(0)| > 2|21}, where ¢ > 0 will be
chosen later. The operator 17, is defined by

n r—y n
T h(z) = / U (VKD () - hy)dy.
Rd |33 - yl

We have the following result.

Lemma 2.2. Under the conditions of Theorem 1.1, for f € L'(R%), we have
A
m({x € (E"): Z Z]’J-’fLBj_n(x) > }) S Cg”le.

n>100 j€Z 8 A
Thus, by Lemma 2.2, to finish the proof of Theorem 1.1, it suffices to verify (2.6) under the
condition that the kernel function § satisfies [|Q2]|oc < 2°*([©2[]1 in each T}

In the following, we need to make a microlocal decomposition of the kernel. To do this,

we give a partition of unity on the unit surface S?~1. Choose n > 100. Let ©,, = {e'}, be a
collection of unit vectors on S¢~! which satisfies the following two conditions:

(a) e —en| > 27M =4 if v #£ 0/

(b) If 6 € S?~1, there exists an e? such that |e — ] < 27774,
The constant 0 < v < 1in (a) and (b) will be chosen later. To choose such an ©,,, we may simply
take a maximal collection {e}, for which (a) holds. Notice that there are C2"7(@=1) elements in
the collection {e},. For every § € S¥~1 there only exists finite e” such that |e? — 0] < 2774,
Now we can construct an associated partition of unity on the unit surface S*~!. Let ¢ be a

smooth, nonnegative, radial function with ((u) =1 for |u| < £ and ((u) = 0 for |u| > 1. Set
= §
Fe) = (27—t
© =¢(27( — )
and define

. - -1
re) =t Y me)
eneo,
Then it is easy to see that I'}) is homogeneous of degree 0 with

D T3 =1, for all £ # 0 and all n.

Now we define operator 7, by

(27) 7o) = [ 9o — )i =) K (@) - hla)dy

Therefore, we have

T = Z TJW}'
v
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In the sequel, we need to separate the phase into different directions. Hence we define a

multiplier operator by

Gnoh(€) = ®(2" (e}, &/IED)A(E),
where h is a Schwartz function and ® is a smooth, nonnegative, radial function such that
0 < ®(z) <1and ®(z) =1on [z] <2, &(x) =0 on |z| > 4. Now we can split 7" into two
parts:

Tjnﬂl — Gn,vT‘]ﬂm + (I _ Gn,v)j—‘]ﬁm-

The following lemma gives the L? estimate involving GywT;"", which will be proved in next

section.

Lemma 2.3. Letn > 100. Suppose [|Q2|oc < 2(|Q2]1 in T, then we have the following estimate

| XY cnryvBim
i v

The terms involving (I — Gp,)T;"" are more complicated. For convenience, we set L =

(I = Gnp)T;"". In Section 4, we shall prove the following lemma.

2
, S 27N £

Lemma 2.4. Suppose ||Qcc < 2(|S2|1 in T]'. With the notations above, we have

m({ze )| X S 1B @) > 5) S A0l

n>100 j v
2.2. Proof of (2.6).
We now complete the proof of (2.6) under the condition [|Q2||ec < 2|1 in each T7}'. By
Chebyshev’s inequality,

m({x € (E")°: ‘ Z ZT]”Bj_n(x)‘ > %})

n>100 j

SRS D3P 3 B

n>100 j v

+m({x € (B ‘ Z ZZL?’”Bj_n(a:)‘ > %})

n>100 j o

2
2

= I+1I.

Using Lemma 2.4, we can get the desired estimate of II. Next we consider the term I.

Choose 0 < ¢ < % Minkowski’s inequality and Lemma 2.3 implies

15 [ S Y] )

n>100 J
-2 —ny+2ne 1\2 -1
A2 @IS D) S AR
n>100

We hence complete the proof of Theorem 1.1 once Lemmas 2.1-2.4 hold.
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3. PROOFS OF LEMMAS 2.1-2.3
3.1. Proof of Lemma 2.1.
We first focus on the proof of Lemma 2.1. By the definitions of T and 77",

T35 =175 = [ | [ 0 = ) G0) = K ) )y

:/Rd

By the definition of Kj(x,y), we have

/ O —y) / My tsmy (I (2, 9) — K5 (1 — 2,9))d= () dy |d.
Rd Rd

K (2, y) = Kj(z—2,9)| < |gj(e—y)(K(z,y) - K(z—2,9))|+|dj(z—y) = ¢j(x—2—y)[[K(z—2,y)|.

Consider the first term firstly. Note that |z| < 207%() and 201 < |z — y| < 27*1, then we have
2|z| < |z — y|. By the regularity condition (1.9), the first term above is bounded by

’2‘6 < p29-ddy, .
|z y’d+6x{2’ L<ja—y|<2+1) ST X{27-1<|z—y|<27H1}

We turn to the second therm. By the fact |z] < 27=ls(n) and the support of ¢j, we have
|z —y| ~ |z — 2 —y| and 2972 < |z — y| < 2912, By (1.8), the second term is controlled by

277z|

jd ] .
T g eyl ST 277N a2yl <ait2)-

Combining the above two estimates and applying Minkowski’s inequality, we get

ITf = TPl S n / / 2340z — )| / Nty (2)d2| f () dyda
Rd J2i-2<|z—y|<29+2

< p29-id / / | 19 - y)ldal f(y)ldy
Re J 252 <[ —y|<25+2
< n 2.

By Chebyshev’s inequality, Minkowski’s inequality and the estimates above, we get the bound

w({re @) B[S0l - 1B 0)] > 7))

n>100
1
<Al Y ZHTBJ w =T} Byl
n>100 j
SATHRN Y a7 IBjall S AN
n>100 j
which is the required estimate. O

3.2. Proof of Lemma 2.2.
Denote the kernel of the operator T7', by

':U J—
K5 (,9) 1= O (= K (29).
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By (2.5), we have

2J+2 ‘
‘/ K} :L“ydy‘ // d—lz—ﬂddrdeg/ 1Q(6)|d6.
L 2 L

Therefore by Chebyshev’s inequality, the above inequality, the property (cz-v), we get

(e g gnad 1)

n>100 jEZ
| PIRIEIE P S I LAY REOTE
n>100 jE€Z n>100 j

< )\_1||b||1/ card{n € N: n >100,2" < [Q()|/[|9[: }|22(6)|d0
Sd—1

SN [ 19601+ og* (2 19)do
< A7Callflh

3.3. Proof of Lemma 2.3.

We will use some ideas from [29] in the proof of Lemma 2.3. As usually, we adopt the TT*
method in the L? estimate. Moreover, we need to use some orthogonality argument based on
the following observation of the support of F (GM,T;Z’”): For a fixed n > 100, we have

(8:1) sup ) [3(2" (e}, £/[¢)] < 272,
40 75

In fact, by homogeneous of ®2(27(e?, £/|£])), it suffices to take the supremum over the surface
S%1. For |¢] = 1 and & € supp ®2(2™7 (e, £/|€])), denote by &+ the hyperplane perpendicular
to €. Thus

(3.2) dist(e?, £1) < 27,

Since the mutual distance of €™’s is bounded by 277~ there are at most 277(d=2) yectors satisfy
(3.2). We hence get (3.1).
By applying Plancherel’s theorem and Cauchy-Schwarz inequality, we have

| S Gty = | S e e/ F (S 1B @)
v v J
(33) sz SIS a) ]
v J
S S ||
v

Once it is showed that for a fixed e},

2
(3.4) H Zz}ij,n )
J

< g 2m(d=DF2mp 101111 £y,
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then by card(©,) < 241 and apply (3.3) and (3.4) we get
(PP
voJ

which is just the desired bound of Lemma 2.3. Thus, to finish the proof of Lemma 2.3, it is

2
;S 2~ card (On) MR 1f 11 S 272N | £

enough to prove (3.4). By applying ||9]c < 2|21, (2.5) and the support of I'}', we have

|77 Bjn ()] < 2|2l /Rd Iy (@ = y)|K5 (2, y)[|Bj—n(y)|dy
S 2MQUWHSY * | Bj—n| (@),
where H"(z) := 2‘jdXE;L,v (x) and X (x) is a characteristic function of the set
E;“’ = {z e R?: [z, e™)| < 2772 |2 — (x,eM)el| < 27T277),

For a fixed e}!, we write

| X 7B
J

2

LS PUNRY [ H By (@) 1By @)l
J

(35) o

+PINQRYS Y [ H Bl (@) Byl
j i=—o00

Observe that |[H""||; < 27"m(E") < 271 therefore for any i < j,

HP s H"(x) S 27 Da-idy B

where E]”“ = E;l’v + E;”) Hence for a fixed j, n, e} and =, we have
j—1
HY s H s« |Bjnl(x) +2 > H s« H % |Bi_y|()

1=—00

< g-m(d-1)g—jd Z/ _|Bin(y)ldy
i<j JetE;”

< an'y(dfl)ijd / b d
(3.6) S >N Rd! Q(y)ldy

i<j Qen,_,
Qn{a+E7" 10

srmlyay S 2

'LSJ QEL?]',H
Qn{az+E7}#0

< 9-md-1)g-jdgid-ny(d-1) A _ A 9-2m(d-1)
where in third inequality above, we use [ |bg(y)|dy < AQ|/Ca (see (cz-v) in Section 2) and in
the fourth inequality we use fact that the cubes in Q are disjoint (see (cz-iii) in Section 2). By

(3:5), (3.6) and 3 |[Bj—nll1 S [ f]l1, we obtain
i

| 7B
J

2
, S A2 Q) Y T Byl € ARV Q4 ).
J
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Hence, we complete the proof of Lemma 2.3. 0

4. PROOF OF LEMMA 2.4
To prove Lemma 2.4, we have to face with some oscillatory integrals which come from L;w.

We first introduce Mihlin multiplier theorem, which can be found in [19].

Lemma 4.1. Let m be a complez-value bounded function on R™\ {0} that satisfies
[ogm(&)] < Ale|™!
for all multi indices |o| < [4] + 1, then the operator T,, defined by

T f(€) = m(€) f(€)

is a weak type (1,1) bounded operator with bound Cy(A + ||m||co)-

Before stating the proof of Lemma 2.4, let us give some notations. We first introduce the
Littlewood-Paley decomposition. Let ¢ be a radial C'*° function such that (&) = 1 for |¢] < 1,
P(€) =0 for [£] > 2 and 0 < (&) < 1 for all £ € RY. Define £, (&) = (28¢) — p(2F+1€), then
By is supported in {¢ : 27571 < |¢| < 2771}, Define the convolution operators Vi and Ay with
Fourier multipliers 4(2*-) and B4, respectively. That is,

Vif(€) = 0(2%€) (&), Auf(€) = Br(€)f(€).

Then by the construction of 8, and 1, we have

I:ZAk:Vm—i— ZAk for every m € Z.
kez k<m

Set A" = Vo, 1" and D'y = (I — G ART]. White

LY = (I = Gup)Vin T3 + > (I = Gr) AT
k<m
= (I = Gnp)ATm + > DY,
k<m

where m = j — [neg], €9 > 0 will be chosen later. To prove Lemma 2.4, we split the measure in
Lemma 2.4 into two parts,

({xe E*) ) 3 ZZI G T By )’>)\})

n>100 v

({xe (E*)° )ZZI G ( ZA ]>%})

(4.1) n>100 v
em({re \zzzz !%})

=141
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4.1. First step: basic estimates of I and I1.
Consider the term I. Notice that F[(I — Gpn.)f](€) = (1 — ®(2™ (e, E/IE]))) - F(£). Tt is
easy to see that (1 — ®(2™(e’,£/[£|))) is bounded and

98 (1 = 22" (el, €/1€))| S 2B Djel e
for all multi indices || < [4]+1. Then by Lemma 4.1, I — Gy, is of weak type (1,1) with bound
om((51+1), By using the pigeonhole principle, one may get
(4.2) {z:) file) > > Ay Ja: file) > N}

Let p > 0 to be chosen later. Then there exists C, 4 such that

S 5 ey L
n>100 e €O, 2

Therefore
(4.3)

ve (E*)C:( 3 Z([-Gn,v)(ZAmBj_n)(x) > %})
xe(E*)C:‘ 3 Z(J_Gn,v)(ZA"” n)(m) >3 Zcmdz—w—nﬂd—lu})

n>100 v j n>100 v

< Zm({x € (E*)° \(1 - Gm)<ZA’”’B )(x) > cﬂ,drw*m(d*u})

n>100 v j

1
< Y DY GG AT By
n>100 j v~ Hd

< Z ZZ Z Cl )\2nu+n'y(d 1)+ny([ ]+1)||AnvbQH17
J

v @)=z
where the second inequality follows from (4.2) and in the third inequality we use I — G, is
weak type (1,1) bounded and Minkowski’s inequality.

Next we turn to the term II. We use L' estimate directly

(4.4) HéiZZZZHD””BJ nllt < ZZZZ > 1D bl

n>100 v j k<m n>100 v J k<ml(Q)=29—"

Now the problem is reduced to estimate || A7, bgll1 and ||D" wbolli. Recall in (2.7), the

kernel of operator T;l’v is
K320 (x) := Qz — y)Ty (z — y) K} (2, y).
Below we see K]T”yv(:c) as a function of x for a fixed y € Q. Thus, by Fubini’s theorem,
Ajmba(r) = /QVmKﬂf(x) ~bo(y)dy =: /QAm(ar, )b (y)dy

and

)

Db (x) = /Q (I = G ) ARKT () - b () dy = /Q Di(, 9)ba(y)dy.
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4.2. Estimate of D;.

Lemma 4.2. For a fixed y € Q, there exists N > 0, such that for any N1 € Z

(4.5) 1D )| < Cn%*lNl2—m(d—1)+m2(—j+k)N1+m(N1+2N)”QHh
where C' is a constant independent of y, but may depend on N1, N and d.
Proof. Denote hy, p, (&) = (1 — ®(2" (e}, &£/1€])))Br(§). Write Dy(z,y) as

n,v 1 iz —i€-w n n
(I = Gnw) MK () = o5 / e ghkz,n,u(ﬁ)/ e 0w — YT (w — y) K] (w, y)dwde.
’ (27T) Rd Rd

In order to separate the rough kernel, we make a variable change w — y = rf. By Fubini’s
theorem, the integral above can be written as
1 n > i(x—y—rb,8) n d—1
(4.6) 5d QO)I75(0) eI g (§) K (y + 0, y)r drdg pdo.
(2m)¢ Jsa-1 Rrd Jo o !
By the support of KJ”(x, y) in (2.5), we have 2772 < r < 29+2_ Integrate by parts N; times with
r. Hence the integral involving r can be rewritten as
(o.9)
| e, O U -+ 16y,
0

Since 6 € supp I'?, then |0 — e’| < 27™. By the support of ®, we see [{e?, £/[£])] > 2177

Thus,

(4.7) (0, €/1€D1 = ey, €/1EN| = [(ey = 0, /€D = 277

After integrating by parts with r, integrate by parts with £, the integral in (4.6) can be rewritten

as

1 ) o
n i(x—y—1rb,E) Ny n d—1
G /Sd_ln(e)rv(a) /Rd e /0 O (K y + 76, y)r' ™) x
(I — 272 AN
(1+272k2 —y —rb|?)

In the following, we give an explicit estimate of the term in (4.8). By the definition of

(4.8)

N (hk,n,v(ﬁ)(iw, £>)‘N1)drdgd0.

K}(z,y), we have

0K (x,y)| = 2—(j—l(s(n))|a\‘ /(3§n)j—l5(n) (x — z)Kj(z,y)dz’

(4.9) < 27l K () o |02

< 2—(j—l(s(n))|0é\—jd,

where the third inequality follows from (2.5). By using product rule,

oM (K (y + 6,y )| = 1%0&8:;(@(% r0,))0N )|
=0

(4.10)

N1
D e R A
i=Nj—d+1
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Applying (4.9) and 2972 < r < 292 | the above (4.10) is bounded by

Ny
(4.11) Z C;ivl2—(;’—15(n))z’—jd2(j+2)(d_1_m+i) < CNln25_lN12—(1+N1>j_
i=N1—d+1

Below we will show that
(4.12) (T =272 AN [(6,6) Mg o (9)]] < Oy 2 HRINEZN,
We prove (4.12) when N = 0 firstly. By (4.7), we have
|(=i(0,6)) ™™ - by o (] S 140,67 S 200N,
By using product rule,

1O, e, (€)] = | — O, [@(27 (€, €/IEN] - Br(€) + e, Br(€) - (1 — @27 (e, £/I€N))| < 277

Therefore by induction, we have [Og hknv(§)] < 207+l for any multi-indices a € Z7. By

using product rule again and (4.7), we have

|02 ((0,6)) ™ b0 (€))| = (0,672 - Ni(NY + 1)62 - hyg

+2(0,€) M (= N1) - 0:0g hi o (€) + (0,€) N 02 ik (€)]
< CN1 2(n’7+k)(N1 +2) ]

Hence we conclude that
272 Agl((8, )N hin o ()] < O 20 HHINH20,

Proceeding by induction, we get (4.12).
Now we choose N = [d/2] + 1. Since we need to get the L! estimate of (4.6), by the support
of hk,n,va

-N
/ /(1+22k\x—y—re\2) dwd¢ < O,
supp(hi,n,v)

Integrating with 7, we get a bound 2/. Note that we suppose that ||| < 2™|Q||;. Then
integrating with 6, we get a bound 27"7(@=D+n|Q||;. Combining (4.11), (4.12) and above
estimates, ||Dg(-,y)||1 is bounded by

Ch, n26_1N1 9 =3 (14+N1)+(ny+k)N1+2nyN+j—ny(d—1)+n. 1911

= Cy n26*1N12—n’y(d—1)+nL2(—j+k)N1+n'y(N1+2N)HQH1
1 .

Hence we complete the proof of Lemma 4.2 with N =[] + 1. O
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4.3. Estimate of A,,.

Using the cancellation condition of bg (see (cz-v) in Section 2), we have

Ao (w) = /Q (Am(z,9) — A, 50))bo (y)dy.

where 1o is the center of (). By changing to polar coordinates and applying Fubini’s theorem,

we can write A,,(z,y) as

L n o0 i({x—y—r0,£) m n d—1
(2m)d /Sd_l Q(Q)Fv<9){/0 /Rde Y YERME K (y + r0,y)r® drdE »db.

Integrating by part N = [d/2] 4+ 1 times with £ in the above integral, we have

1 n * i(x—y—r n —
et o SO [ [ e

=20 g
(1+272mz —y —ro]?)
Denote
Am (2, y) = Am (2, 90) =2 Fna(2,y) + Fn2(2,y) + Fns(2,y),
where

1 o0 . . ,
F, = —— Q0" i(—,8) _ i(—y0,8) ile—r6,€)
mJ(fL‘? y) (27T)d /Sd_l (0) v (0){ /(; /]Rd (e e )6

_ 9—2m N m
(=209 ey
(1 +272mp —y — r9]2)

x Ki'(y +r0, y)rd—1

1 (o] .
Fn = Q()rr He=yo=r0.8) (|1 —~ K"
2(z,y) o) /Sdl (9) U(H){/O /Rde ( Ty +r0,y) — K} (yo +r9,yo)>

_9—2m N m
)it L7270 T2 g)N dgdr}de,
(1+272mz —y —r6?)

and
1 o .
Fnale9) = orsa [ QOTE6) [ [ temort(r - ammag Nyt
’ (2m)d Jga- 0 Jrd
1 1
K7 (yo + 10, y0) — dédrde.
’ <(1+2_2m|x—y—7”9|2)N (1+2_2m\x—yo—r€\2)N>

Hence
(4.13) AT mbel < sup(|Fma (s )lle + 1 Fm2 ()l + (1 Fm3 (5 w)l10) [0 -

yeQ

We have the following estimates of Fy,, 1(x,y), Fn2(x,vy), Fm3(z,y).

Lemma 4.3. For a fixed y € QQ, we have
1Frm 1 (- 9)|la < C27mld=Dmetizn=mq,

where C' is independent of y.
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Proof. We use the same method in proving Lemma 4.2 but don’t apply integrating by parts.
Note that y € Q and yq is the center of @, then |y — yo| < 277", Thus

U8 _ gil=y0.8)| < 9j—n—m
Since 2772 <7 < 27*% and (2.5), we have ’an(y +76,y)r?1| <279, It is easy to see that
(T =27 ANy (27¢)| < C.

Since we need to get the L! estimate of Fy, 1(+,y), by the support of 1(2™¢), we have

-N
/§|<21 / (1 + 27 — gy — r0|2) dzdé < C.

Integrating with r, we get a bound 2/. Note that we suppose that ||Q||s < 27|21, so integrating
with 6, we get a bound 2™(@=D+7||Q||;. Combining these bounds, we can get the required

estimate for F, 1(-,y). O

Lemma 4.4. For a fixed y € QQ, we have
1Fma(-y)lh < C2mm@bmtizn=m g,
where C' is independent of y.

Proof. For the term Fy, 3(-,y), we can deal with it in the same way as F), 1(-,y) once we have

the following observation

w) ¥l = | [ - w0, T+ (1 o))t

! N2~z — (ty + (1 — t)yo) — 0|
< |y —yp|2™™ dt
< 1y = vol / (1+272m(z — (ty + (1 — t)yo) — rO2)N+1

where U(y) = (1 + 272"z —y — r0/?)~N. Since y € Q and yo is the center of @, we have
ly —yo| S 277" By 2972 <7 < 272 and (2.5), we have K7 (y + r0,y)r?=1| < 277 It is easy to
see

(I — 272" Ag)Nyp(27¢)| < C.

Since we need to get the L! estimate of Fy, 3(-,y), by the support of 1(2™¢), we have

N27 ™|z — (ty + (1 — t)yo) — 10|
dzdé < C.
/ilgzl—m / (1+272m|z — (ty + (1 — t)yo) — rO2)N 1 mie =

Integrating with 7, we get a bound 27. Integrating with ¢, we get finite bound 1. Note that we
suppose that [|Qee < 27||Q|1, therefore integrating with 6, we get a bound 2-"7(d=D+n|Q|;.

Combining these bounds, we can get the required estimate for F, 3(-,y). ]

Lemma 4.5. For a fixed y € QQ, we have
[Fna )l < € (n2 7 270 49778 )gmml-Dime g,

where C' is independent of y.



18 YONG DING AND XUDONG LAI
Proof. First, notice that 2972 < < 2072, Write K}y +r0,y) — K}'(yo +70,y0) as
(Kf(y +70,y) — K (yo + 10, y)) + (K?(yo +r0,y) = K (yo + 79, yo))~

Since y € @ and yp is the center of Q, we have |y — yo| < 2/~™. Therefore by the mean value

formula, Minkowski’s inequality and (2.5), we get

Ki(y+1r0,y) — K'(vo —i—rH,y)’

= /Rd (njflg(n) (y+70 —2) —nj_15m) (Yo + 6 — Z))Kj(z, y)dz

1
(4.14) = /Rd (/0 (Y = Y0, V(Nj—15n)) (ty + (1 = t)yo + 76 — z)>dt) K;(z,y)dz

IA

n
[y = yol277 S mll 155 (- ) lloe
i=1

S, n26_127n7jd.

We write
‘Kf(yo +70,y) — K}'(yo + 16, yo)‘
= \ /R Mty (v + 70 = 2) (Kj(z, y) — K;(z, yo))dz‘
(4.15) < ‘ /Rd Nj—is(n) (Yo + 70 — 2) (qu(z —y) — dj(z — yo))K(z, y)dz‘

+ ‘ /Rd Nj—15(n) (Yo + 76 — 2) (K(z, y) — K(z, yo))¢j(2 - yo)dZ‘
=P+ P.

Consider P firstly. Using the fact |y —yo| < 277" and the support of ¢, we have 2772 < |z —y| <

2712 Applying the mean value formula, we get
Pr <y —yol2 7 [|K(,y)llollnll S 2777
For the term Ps, by |y —yo| < 277" and 2771 < |z — yo| < 271, we have 2|y — yo| < |2 — yo|.

By the regularity condition (1.9), we have

ly — yO‘d —né—ijd
p<C Do (o + 70 — 2) YL < 9-ni—jd
pi—2<famyol<airz 0 Y |2 — yold+?

Combining the estimates of P; and P, we conclude that (4.15) is controlled by 2779774,

Now we come back to estimate the L'(R?) norm of F, o(-,y). It is easy to check
(I =272 Ag)Vp(27m)| < C.

Since we need to get the L! estimate of Fy, 2(+,y), by the support of 1(2™¢), we have

-N
/§|<21 / (1 + 272 —y — 7“:9|2> dzd¢ < C.
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Integrating with r, we get
27+2

/ rildr ~ 274,
27—2

Integrating with 6, we get a bound 2-™(@=1D+7|Q||;. Combining with the estimates in (4.14)
and (4.15), the L' norm of Fy,2(-,y) is bounded by

<n26*12—n + 2—n6>2—n'y(d—1)+m”QHh
which is the required bound. ]

4.4. Proof of Lemma 2.4.
Let us come back to the proof of Lemma 2.4, it is sufficient to consider I and IT in (4.1).
By (4.3), (4.4) and (4.13), we have

I+ 11 <z Z ZZ Z |:C 12n,u+n'y(d 1)+n’Y([ 1+1) HAnvbQul + Z ||D bQH ]

n>100 joov (Q)=29—n k<m
DIDY Z sup |, h2 DD (£ ()
n>100 J vo(Q =92j—n yeq
+ [ Fma(- >||1+||Fm3 o) + D 1DkCw) bl
k<m

Notice m = j — [neo] and card(©,,) < 2"@4~1). Now applying Lemma 4.2 with N = [¢] + 1,
then Lemma 4.3, Lemma 4.4, Lemma 4.5 and the fact [neg] < neg < [neg] + 1 imply

THITEAT S Z bl 10l [C a2 4 n2 252 4 gosm) 4 20 Nagaan],
n>100 j 1(Q)=2i—"

where

st=p+yd=1)+~([z]+1) —1+e0+v¢,

QN A

=,u+7(d—1)+7([§]+1)—1+b,

C*iH-l)—cS—I-L,

s3=p+y(d=1)+7([5

d
S4 = —€0N1 + ’}/Nl —+ 2([5]
Now we choose 0 < 1 K 7 <0< 1,0< p<0,0<v<9,0< <6 and Np large enough
such that

+ 1)y +.

max{sl, S92, 83, 84} < 0.

Therefore

Q - - Q
I—I-IIS || )\HleHl Z [C (231n n26 1232n+233n)+n25 1N1234n] || Hl”f”

w,d
n>100

Hence we finish the proof of Lemma 2.4, thus we prove Theorem 1.1. O
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5. APPLICATIONS OF THE CRITERION

In this section, we will give some important and interesting applications of Theorem 1.1.

Notice the following well known embedding relations between some function spaces on S
LS H c LS H (1 < r < o0) € LlogtL(s1) € LY(s47),

and (|| o0+ S (€[], when @ € L"(S% 1) (1 < r < o0). Thus, we may get the following

~

corollary of Theorem 1.1:

Corollary 5.1. Suppose K satisfies (1.8) and (1.9). Let Q satisfy (1.1) and Q € L™ (S 1) for
1 <r < oo. In addition, suppose 2 and K satisfy some appropriate cancellation conditions such
that To f(x) in (1.7) is well defined for f € C°(R?) and maps L*(RY) to itself with bound ||Q||,..
Then for any A > 0, we have

Am({x € R : [Tof(z)] > A}) < Caurllf1
where Cop = [|Q]r + fga-1 [Q0)](1 +1og™ (1Q2(0)]/]|2]1))do-

Obviously, the weak type (1,1) bounds of rough singular integral T" given in Theorem B are

immediate consequences of applying Theorem 1.1. In fact, it is easy to see that
1
K(z,y) = m

in the kernel of the singular integral T' defined in (1.4) satisfies (1.8) and (1.9) with § = 1.

In the following we give some applications of Theorem 1.1 and Corollary 5.1 involving
Calderén commutator and its generalizations, which arises naturally in the studies of the Cauchy
integral on Lipschitz curve and differential equations with non-smooth coefficients, see [4], [18§],

[27] and [28] for the background and applications of Calderén commutator.

5.1. Calderén commutator.

Recall Caldeén commutator defined in (1.5),

Toaf(e) = pv. [ T S gy

As a first application of Theorem 1.1, we get the weak type (1,1) boundedness of Calderén

commutator Tq 4.

Theorem 5.2. Suppose Q € Llog™L(S%™1) satisfying (1.1) and (1.6) and A € Lip(R%). Then
for any XA > 0, we have

m({z € R?: [To af(z)] > A}) S A'Cal| VAl fl]1-
Proof. Under the conditions in Theorem 5.2 | by Theorem C, we know that Tq is bounded on

L*(R%) with bound [V Allool|€2] 110+ 1, Hence, to prove the Theorem 5.2, by Theorem 1.1, it is
enough to show that the kernel

1 AW - AW
Koy =i ooy
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satisfies (1.8) and (1.9). Since A € Lip(R%), it is trivial to see that (1.8) holds. Suppose
|1 — y| > 2|z — x2], then we have |z1 — y| = |x2 — y|. Applying the mean value formula, we

have

|K(21,y) — K(22,y)| <

21 — y[TT T Jzg — y[dFT |zg — y|dt+1

|z1 — 22

Thus the first inequality in (1.9) is valid. The proof of the second inequality in (1.9) is similar.

Hence we complete the proof. O

5.2. Higher order Calderén commutator.
In 1990, S. Hofmann [23] gave the L” (1 < p < co) boundedness of the higher order Calderén

commutator defined by

k
(5.1) 75 af(2) = pov. | ) - Fy)dy,

R4 ’33 - y’d

Qz—y) <A(ﬂf) —Aly)

|z =yl
where (Q satisfies (1.1), A € Lip(R%) and &k > 1.

Theorem D ([23]). Suppose that Q € L=(S1) and satisfies the moment conditions
(5.2) / Q(0)6°d0 =0, for all o € ZL with |a| = k.
gd—1

Then the higher order Calderon commutator T&A defined in (5.1) is a bounded operator on
LP(RY) for 1 < p < oo with bound |||« ||VA|% .

Applying Corollary 5.1, we show that the higher order Calderén commutator T& 4 1s of weak
type (1,1).

Theorem 5.3. Suppose that k > 1, Q € L>®(S*1) satisfying (1.1) and (5.2) and A € Lip(R?).
Then for any A > 0, we have

m({z € R : T Af(2)] > M) S A7 Qoo | VAIISN £l

Proof. The proof is similar to the proof of Theorem 5.2. By Corollary 5.1 and Theorem D, it
only needs to check that the kernel

Klay) = <A<x> - A(y))’“

|z —y|d lz — 1y

satisfies (1.8) and (1.9). On one hand, the verification of (1.8) is trivial since A € Lip(R?). On
the other hand, if |z; — y| > 2|x; — x2|, we have |21 — y| = |z2 — y|. Applying the mean value
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formula, we get

K (21,y) — K(x2,y)]

R — Azy) — Ay [*
~ ey —yld |z —yld |x1 — v
1 (Auo—A@vk_<A@ﬂ—A@»k
|zo — y|d |z1 — ) |zg — y
< [vayk, T =

ey =yl

Thus the first inequality in (1.9) is valid. The proof of the second inequality in (1.9) is similar.

Hence we complete the proof. O

5.3. General Calderon commutator.

In [3], Calderén introduce the following more general commutator

Uz —y) rAlx) — Ay)
e G

(5.3) Toraf(e) = |

It is well known that the study of this commutator is closely connected to the Cauchy integral
on Lipschitz curves and the elliptic boundary value problem on non-smooth domain (see [4], [3],
[5] and [16]). In [5], by using the method of rotation, A. P. Calderén et al. pointed that

Theorem E ([5]). Suppose 2, F' and A satisfy the following conditions, then the commutator
Tora defined in (5.3) is bounded on LP(R?) for 1 < p < co:

(i) Q(—0) = —Q(0) for 6 € S¥1 and Q € L}(S41);

(ii) A € Lip(RY) ;

(iii) F(t) = F(—t) fort € R and F(t) is real analytic in {|t| < ||VA|s}-

Using Theorem 1.1, we may get a weak type (1,1) boundedness of T r 4.

Theorem 5.4. Suppose Q, A and F satisfy the conditions (i)~(iii) in Theorem E. If Q €
Llogt L(S1), then the general Calderén commutator Tq 4 is of weak type (1,1). That is, for
any A >0 and f € L',

m({z € R |Topaf(z)| > A}) S A Callf]-

Proof. By Theorem 1.1 and Theorem E, it is enough to show that the kernel

Alx) - A(y))

|z — |

1

Klzg) = |z — yldF<

satisfies (1.8) and (1.9). It is easy to check that

1
K (z,y)] < WHFHLW(B(O,HVAHOO))-
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Suppose |x1 — y| > 2|x; — x2|, then |x1 — y| =~ |z2 — y|. Using the mean value formula and the
fact F' is analytic in {|t| < ||V A||x}, we have

A(rr) — A(y))‘

1 1
(o)~ Kem < [ = 1l
K (@1,9) = Ko y)l < |gr—ym — =y P—

- ‘F<A<w1> - A<y>) _ F(M)(
w2 — y|? ] w2 =yl
r1 — T2
~ M(HFHL“(B(OJWAIM)) + HVAHOOHVFHLOO(B(O,HVAHOO)))-

Thus the first inequality in (1.9) is valid. Similarly we can establish the second inequality in

(1.9). Therefore we complete the proof. O

5.4. Calderén commutator of Bajsanski-Coifman type.
In 1967, Bajsanski and Coifman [1] introduced another kind of general Calderén commutator

as follows. For a multi-indices a € Z%, set A, (z) = 02 A(z) and

R(A,29) = Aw) — 32 AW oy,

|| <l
where [ € N. Define the singular operator T 4, as

a lz—yld |z —y|

(5.4) Toauf(x) = pov. /R - f(w)dy,

where Q satisfies (1.1) and (1.3). Clearly, when I = 1, the operator T 4, is just Calderén

commutator T 4 defined in (1.5).

Theorem F ([1]). The commutator To a,; defined in (5.4) is bounded on LP(RY) for1 <p < oo
if l € N and Q, A satisfy the following conditions:
(i) Q € Llog™L(S*1) and satisfies (1.1) and

(5.5) / Q(0)0%d9 =0, for all a € ZL with |a| =1;
gd—1

(ii) Ay € L®(RY) for |a| =1.
E. M. Stein pointed out that the operator Tq 4 is of weak type (1,1) if Q € Lip(S4=1).

Theorem G (E. M. Stein, see [1, p.16]). Suppose | € N and Q, A satisfy the same conditions
as Theorem F, but replacing Q € Llog™L(S1) by Q € Lip(S?1), then To ay is of weak type
(1,1).

Applying Theorem 1.1, we may improve Theorem G essentially.

Theorem 5.5. Let [ > 1. Suppose Q € Llog™L(S%™!) satisfying (1.1) and (5.5). Let A, €
L®(RY) for every |a| = 1. Then for any X > 0, we have

m({zx € R?: |Taaf(x)] > A}) S ACq Z [ Aallool fl1-

|af=l
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Remark 5.6. When | =1, T 41 equals to T 4 defined in (1.5). Thus, Theorem 5.2 is just the

special case of Theorem 5.5 when [ = 1.

Proof. By Theorem 1.1 and Theorem F, to prove Theorem 5.5, it suffices to show that the kernel
1 P(A z,y)

e —yl? o=yl

satisfies (1.8) and (1.9). By the fact A, € L>®(R%) for every |a| = [ and the following Taylor

expansion

K(:E,y) =

1
i )l /0 (1= ) Aa(y + s(x — y))ds,

we conclude that
K,y <) A aHoo - | :
la|=1
Choose |z1 — y| > 2|x1 — x2|. Then we have |z1 — y| = |z2 — y|. By using the Taylor

expansion, we can write

-Pl(Avxvy) = ]Dl—l(A)x7y) - Z Aoc;(ly) (x _y)a
|a|=l-1 ’
T — a 1
—0-10) X T [0 (Aay+ st - ) - Aa) s

la]=1—1

Note that for each |a| =1 — 1, A, € Lip(R%). By the mean value formula, it is not difficult to
see that
K(o19) = Kol § 3 Iall o2
|al=t
The proof of the second inequality in (1.9) is similar. Hence (1.9) holds for K(z,y). Thus we
finish the proof. O

5.5. General singular integral of Muckenhoupt type.

In 1960, B. Muckenhoupt [26] considered a modification of singular integral and generalized
Calder6n and Zygmund’s work [6] and [7] on the fractional integration in the following. Suppose
that  satisfies (1.1)~(1.3). Then the following singular integral operator is well defined for
f€CPRY) and r € R\ {0},

, _ Q(z —y)
(56) Tose @) = pv. || T )y
where § = y/—1.

Theorem H ([26, Theorem 8]). With the above definition of the general singular integral operator
Tao.ir, Ta,r is bounded on LP(R?) with bound C..||Q|1 for 1 < p < co. Here we should point out
Q satisfies additional cancelation condition (1.2) so that Tq . f is well defined for f € C°(RY).

As a final application of Theorem 1.1, we can establish the weak type (1,1) boundedness of
TQ,@'T-
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Theorem 5.7. Suppose Q satisfies (1.1), (1.2) and Q € Llog™ L(S* ). Then for any X > 0,

m({z € R?: [To f(x)] > A}) S A 'Call flhr-
Proof. By Theorem 1.1 and Theorem H, it suffices to verify the kernel

1
K(%y):W

satisfying (1.8) and (1.9). It is easily to see that | K (z,y)| = m. Suppose |z1 —y| > 2|x1 —x2/,
then |21 — y| = |x2 — y|. By using the mean value formula, we have
K (z1,y) — K(22,y)|
< 1 7 1 ‘ n
Tz —ylt |z =yt [z -yl
< 71— 2
~ g =yl

So the first inequality in (1.9) is valid. Similarly we can establish the second inequality in (1.9).

‘ —irln|z1—y| 6—irln|m2—y|

Hence we complete the proof. O

6. SOME FURTHER PROBLEMS

In the previous section, we give lots of applications of Theorem 1.1. However, there are still
many operators that do not fall into the scope of our main result’s applications. Below we list

some open problems related to weak type (1,1) bound (For more we refer the reader to see [30],
[21]).

6.1. Oscillatory singular integral operator with rough kernel. Let P(x,y) be a real-
valued polynomial on R? x R%. S. Lu and Y. Zhang [25] showed that the operator defined
by

Py UT —Y)

Tf(x)= p.v./ e'P@y) f(y)dy

(z) y 2 — g ()

is bounded on LP(R%)(1 < p < +00) if Q satisfies (1.1), (1.2) and Q € L"(ST1)(1 < r < +00).
S. Challino and M. Christ [9] proved that this operator is of weak type (1,1) if Q € Lip(S¥1).

It is interesting to show T is weak (1,1) bounded if 2 is rough.

6.2. Commutator of Christ-Journé type. Let a € L>°(R%), let K be the Calderén-Zygmund
convolution kernel. M. Christ and J. L. Journé [11] proved the operator defined by

Torf(x)=p.v. /]Rd K(x — y)(mw’ya)kf(y)dy

maps LP(R?) to itself for 1 < p < +oo, where my ya = fol a(sx + (1 — s)y)ds. A. Seeger [30]
showed that Tj, 1 is of weak type (1,1). It is open whether Ty, , is weak (1,1) bounded for k£ > 2. If
replacing the Calderén-Zygmund convolution kernel K (z) by Q(z)/|z|¢ with Q is homogeneous
of degree zero, S. Hofmann [24] proved this kind of operator maps LP(w) to itself for w an A,
weight and 1 < p < oo if Q € L=®(S%"1). One can also ask a question whether it is weak type
(1,1) bounded if Q € L°(S91).
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6.3. Maximal singular integral operator with rough kernel. Suppose K satisfies (1.8) and
(1.9). Let Q satisfy (1.1) and Q € Llog™ L(S%!). Suppose Q and K satisfy some appropriate

cancellation conditions such that the following operator

rrw =sp| [ 06K )

is well defined for f € C°(R?) and extends to a bounded operator on L?(RY) with bound
ClI|f 10g+ - Then a natural question is that wether T is of weak type (1,1). When K(z,y) =
1/|x —y|?, Calderén and Zygmund [7] showed that T} is LP(RY) bounded for 1 < p < 400 if Q €
Llog™ L(S?1). But it is unknown whether T is of weak type (1,1) even when Q € L>®(S%1).
And when K(z,y) = W, A is a Lipschitz function, A. P. Calderén [2] proved that T is
LP(R%) bounded for 1 < p < +oo if Q € Llog™ L(S%1). Also the weak type (1,1) bound is

unknown in this case.
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