OPERATOR-VALUED LOCAL HARDY SPACES

RUNLIAN XIA AND XIAO XIONG

ABSTRACT. This paper gives a systematic study of operator-valued local Hardy spaces, which
are localizations of the Hardy spaces defined by Tao Mei. We prove the hi-bmo duality and
the hp-hy duality for any conjugate pair (p,q) when 1 < p < co. We show that h; (R?, M) and
bmo(R%, M) are also good endpoints of Ly (Loo(R%)®M) for interpolation. We obtain the local
version of Calderén-Zygmund theory, and then deduce that the Poisson kernel in our definition
of the local Hardy norms can be replaced by any reasonable test function. Finally, we establish
the atomic decomposition of the local Hardy space h§ (]Rd, M).
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1. INTRODUCTION AND PRELIMINARIES

This paper is devoted to the study of operator-valued local Hardy spaces. It follows the current
line of investigation of noncommutative harmonic analysis. This field arose from the noncommuta-
tive integration theory developed by Murray and von Neumann, in order to provide a mathematical
foundation for quantum mechanics. The objective was to construct and study a linear functional on
an operator algebra which plays the role of the classical integral. In [37], Pisier and Xu developed a
pioneering work on noncommutative martingale theory; since then, many classical results have been
successfully transferred to the noncommutative setting, see for instance, [18, 19, 21, 22, 39, 34, 40].

Inspired by the above mentioned developments and the Littlewood-Paley-Stein theory of quan-
tum Markov semigroups (cf. [20, 25, 24]), Mei [30] studied operator-valued Hardy spaces, which
are defined by the Littlewood-Paley g-function and Lusin area integral function associated to the
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Poisson kernel. These spaces are shown to be very useful for many aspects of noncommutative
harmonic analysis. In [51], we obtain general characterizations of Mei’s Hardy spaces, which state
that the Poisson kernel can be replaced by any reasonable test function. This is done mainly by
using the operator-valued Calderén-Zygmund theory.

In the classical setting, the theory of Hardy spaces is one of the most important topics in harmoic
analysis. The local Hardy spaces h,(R?) were first introduced by Goldberg [12]. These spaces are
viewed as local or inhomogeneous counterparts of the classical real Hardy spaces Hp(Rd). Gold-
berg’s motivation of introducing these local spaces was the study of pseudo-differential operators.
It is known that pseudo-differential operators are not necessarily bounded on the classical Hardy
space H1(R%), but bounded on h;(RY) under some appropriate assumptions. Afterwards, many
other inhomogeneous spaces have also been studied. Our references for the classical theory are
[12, 46, 9]. However, they have not been investigated so far in the operator-valued case.

Motivated by [52, 51, 30], we provide a localization of Mei’s operator-valued Hardy spaces on
R? in this paper. The norms of these spaces are partly given by the truncated versions of the
Littlewood-Paley g-function and Lusin area integral function. Some techniques that we use to
deal with our local Hardy spaces are modelled after those of [51]; however, some highly non-trivial
modifications are needed. Since with the truncation, we only know the L,-norms of the Poisson
integrals of functions on the strip R? x (0, 1), and lose information when the time is large. This
brings some substantial difficulties that the non-local case does not have, for example, the duality
problem. Moreover, the noncommutative maximal function method is still unavailable in this
setting, while in the classical case it is efficiently and frequently employed. However, based on
tools developed recently, for instance, in [37, 18, 21, 39, 40, 20, 30, 31], we can overcome these
difficulties.

Let us present here the four main results of this paper. The first family of results concerns the
operator-valued local Hardy spaces h¢(R%, M) and bmo®(R%, M). The first major result of this
part is the h;—bmog duality for 1 < p < 2, where g denotes the conjugate index of p. In particular,
when p = 1, we obtain the operator-valued local analogue of the classical Fefferman-Stein theorem.
The pattern of the proof of this theorem is similar to that of Mei’s non-local case. We also show
that h¢(R?, M) = bmog (R, M) for 2 < ¢ < oo like in the martingale and non-local settings. Thus
the dual of h{(R%, M) agrees with h¢(R%, M) when 1 < p < 2.

The second major result shows that the local Hardy spaces behave well with both complex and
real interpolations. In particular, we have

(bmo* (R, M), B (R, M)) , = hi(R?, M)

for 1 < p < co. We reduce this interpolation problem to the corresponding one on the non-local
Hardy spaces in order to use Mei’s interpolation result in [30]. This proof is quite simple.

The third major result concerns the Calderén-Zygmund theory. The usual M-valued Calderén-
Zygmund operators which satisfy the Hormander condition are in general not bounded on inho-
mogeneous spaces. Thus, in order to guarantee the boundedness of a Calderén-Zygmund operator
on h;(Rd, M), we need to impose an extra decay at infinity to the kernel.

The Calderén-Zygmund theory mentioned above will be applied to the general characterization of
hg(Rd, M) with the Poisson kernel replaced by any reasonable test function. This characterization
will play an important role in our recent study of (inhomogeneous) Triebel-Lizorkin spaces on R,
see [49].

1.1. Notation. In the following,we collect some notation which will be frequently used in this
paper. Throughout, we will use the notation A < B, which is an inequality up to a constant:
A < ¢B for some constant ¢ > 0. The relevant constants in all such inequalities may depend on
the dimension d, the test function ® or p, etc, but never on the function f in consideration. The
equivalence A ~ B will mean A < B and B < A simultaneously.

The Bessel and Riesz potentials are J* = (1—(27)"2A)% and I* = (—(27)"2A) %, respectively.
If @ = 1, we will abbreviate J' as J and I' as I. We denote also J,(¢) = (1 + |¢[2)% on R? and

I,(¢) = |¢|* on R?\ {0}. Then J, and I, are the symbols of the Fourier multipliers J and I,
respectively.
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We denote by Hg(R?) the potential Sobolev space, consisting of all tempered distributions f
such that J7(f) € Ly(R?). If o > £, the elements in HS (R?) will serve as important convolution
kernels in the sequel.

1.2. Noncommutative L,-spaces. We also recall some preliminaries on noncommutative L,-
spaces and operator-valued Hardy spaces. We start with a brief introduction of noncommutative
L,-spaces. Let M be a von Neumann algebra equipped with a normal semifinite faithful trace
7 and S, be the set of all positive elements x in M with 7(s(z)) < oo, where s(z) denotes the
support of z, i.e., the smallest projection e such that exe = x. Let Sy be the linear span of Sj\'/[.
Then every x € Sy has finite trace, and Sy, is a w*-dense *-subalgebra of M.

Let 1 < p < co. For any @ € Sy, the operator |z|? belongs to S}, (recalling |z| = (z*x)2). We
define

1
Il = (r(lzl")) -
One can prove that || - ||, is a norm on Sxq. The completion of (Sa4, || - ||p) is denoted by L,(M),
which is the usual noncommutative L,-space associated to (M, 7). In this paper, the norm of
L,(M) will be often denoted simply by || - ||, if there is no confusion. But if different L,-spaces
appear in a same context, we will precise their norms in order to avoid possible ambiguity. We
refer the reader to [54] and [38] for further information on noncommutative L,-spaces.

Now we introduce noncommutative Hilbert space-valued Ly-spaces L,(M; H®) and L,(M; H"),
which are studied at length in [20]. Let H be a Hilbert space and v € H with ||v|| = 1, and p,
be the orthogonal projection onto the one-dimensional subspace generated by v. Then define the
following row and column noncommutative L,-spaces:

Ly(M;H") = (po @ Lm) Lp(B(H)®M) and L,(M; H®) = Lp(B(H)@M)(py @ 1),

where the tensor product B(H)®M is equipped with the tensor trace while B(H) is equipped with
the usual trace, and where 1, denotes the unit of M. For f € L,(M;H®),

£ N ey asrrey = 1P )% -

A similar formula holds for the row space by passing to adjoint: f € L,(M;H") if and only if
fre Ly(M; H®), and || fllz, (msmmy = 1 L, (mme)- Tt is clear that L,(M; H¢) and L,(M; H")
are 1-complemented subspaces of L, (B(H)®M) for any p.

1.3. Operator-valued Hardy spaces. Throughout the remainder of the paper, unless explicitly
stated otherwise, (M, 7) will be fixed as before and N = L., (RY)®M, equipped with the tensor
trace. In this subsection, we introduce Mei’s operator-valued Hardy spaces. Contrary to the
custom, we will use letters s, ¢ to denote variables of R? since letters x, y are reserved for operators
in noncommutative Ly-spaces. Accordingly, a generic element of the upper half-space Rf‘l will be
denoted by (s,e) with € > 0, where R‘f“l ={(s,e) : s € R% £ > 0}.

Let P be the Poisson kernel on R¢:

( 1
S)=C4——7
(Isf2 +1) %"
with ¢4 the usual normalizing constant and |s| the Euclidean norm of s. Let
1_ s €
P.(s)==P(-)=cg ——————7 -
E( ) ed (E) d (|3|2—|—52)%

For any function f on R? with values in L; (M) + M, its Poisson integral, whenever it exists, will
be denoted by P.(f):

P = [ Puls =050t (5,6) € RE
Rd
Note that the Poisson integral of f exists if

dt
e

dt

fe Li(M; Ly(R? ’W))-

)) + Loo (M; L§(R?
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This space is the right space in which all functions considered in this paper live as far as only
column spaces are involved. As it will appear frequently later, to simplify notation, we will denote
the Hilbert space Ly (R, Hﬁlﬁ) by Rg:

dt

(1.1) Ra = La(RY, W).

The Lusin area square function of f is defined by

(12 s = ([ I2eanis+of BEYE seme
r Ot gd-1

where T' is the cone {(t,) € RT"! : |t| < e}. For 1 < p < oo define the column Hardy space
HE(RY, M) to be

HERL, M) = {1+ [1flls = I1S5()lp < o}
Note that [30] uses the gradient of P.(f) instead of the sole radial derivative in the definition of
S¢ above, but this does not affect H5(R?, M) (up to equivalent norms). At the same time, it is
proved in [30] that "Hg(Rd, M) can be equally defined by the Littlewood-Paley g-function:

o 1
(1.3) G(f)(s) = (/0 5]%Pa(f)(s)|2de)2, s € RY,
Thus
1 £lls = NG ()llps | € Hp(RE, M).

The row Hardy space H;(Rd, M) is the space of all f such that f* € Hg(Rd, M), equipped with
the norm || fll3; = || *||2 - Finally, we define the mixture space H,(R?, M) as

Hp(RY, M) = HE(RE, M) + HL(RE M) for 1<p<2
equipped with the sum norm

1£ll3¢, = inf {[If1ll2g + Il f2]

wr o f = fi+ fa},
and
Hp(RY, M) = HE(RE, M) N HL (R, M) for 2 < p< oo
equipped with the intersection norm
[ flla, = max (|| fllas 1 fllo)-

Observe that
HS(RE, M) = H5(RY, M) = Ly(N) with equivalent norms.
Tt is proved in [30] that for 1 < p < co

H,(RY, M) = L,(N) with equivalent norms.

The operator-valued BMO spaces are also studied in [30]. Let Q be a cube in R? (with sides
parallel to the axes) and |Q)| its volume. For a function f with values in M, fg denotes its mean

over Q:
1
fo= —/ f(t)dt.
°=1al J, (t)
The column BMO norm of f is defined to be

— o |2 L
(1.4) o = s [y [ 156) ~ sof'a

Then

1
2
M .

BMO“(R*, M) = {f € Loo (M;RS) : | flBMO* < 00}.
Similarly, we define the row space BMO" (R%, M) as the space of f such that f* lies in BMO®(R%, M),
and BMO(R?, M) = BMO“(R%4, M) N BMO" (R¢, M) with the intersection norm.
In [30], it is showed that the dual of H$(R%, M) can be naturally identified with BMO®(R%, M).
This is the operator-valued analogue of the celebrated Fefferman-Stein H1-BMO duality theorem.
On the other hand, one of the main results of [51] asserts that the Poisson kernel in the definition
of Hardy spaces can be replaced by more general test functions.
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Take any Schwartz function ® with vanishing mean. We will assume that ® is nondegenerate
in the following sense:

(1.5) VEe R\ {0} 3e >0, st B(ef) £0.

Set ®.(s) = e ?®(£) for € > 0. The radial and conic square functions of f associated to ® are
defined by replacing the partial derivative of the Poisson kernel P in S¢(f) and G°(f) by @ :

s e RY

dtde\ 3
(16) S0 = ([ oo fs+ 0P S )

and

(1) Gi0e = ([ 1o s s L)’

The following two lemmas are taken from [51]. The first one says that the two square functions
above define equivalent norms in Hg(R?, M):

Lemma 1.1. Let 1 < p < o0 and f € Li(M;RG) + Loo(M;RG). Then f € HE(RY, M) if and only
if G3(f) € Lp(N) if and only if S§(f) € L,(N). If this is the case, then

1G& (Dl = 1156 (Nllp =~ [1f 112

with the relevant constants depending only on p,d and ®.

The above square functions G and S§ can be discretized as follows:

GiP(f (ZI%J*f £)?

(1.8) = )
SaP(f) Z 2@/ |y *f(t)|2dt)2.
j—foo B(s,277)

Here B(s,r) denotes the ball of R? with center s and radius 7. To prove that these discrete square
functions also describe our Hardy spaces, we need to impose the following condition on the previous
Schwartz function ®, which is stronger than (1.5):

(1.9) VEERN\ {0} 30 <20 <b< oo st B(ef) £0, Ve € (a, b).
The following is the discrete version of Lemma 1.1:
Lemma 1.2. Let 1 <p < oo and f € Li(M;RG) + Loo (M;RG). Then f € HE(RY, M) if and only
if G3P(f) € Ly(N) if and only if Sg”(f) € L,(N). Moreover,
1GS” (Alp = 1557 ()l = 11F g

with the relevant constants depending only on p,d and .

Finally, let us give some easy facts on operator-valued functions. The first one is the following
Cauchy-Schwarz type inequality for the operator-valued square function,

(1.10) [ o < [ jotPas [ 1),

where ¢ : R — C and f : R? — L;(M) + M are functions such that all integrations of the above
inequality make sense. We also require the operator-valued version of the Plancherel formula. For
sufficiently nice functions f : R — L;(M) + M, for example, for f € Ly(R?) ® Ly(M), we have

(1) [ rekas= [ 1P

Given two nice functions f and g, the polarized version of the above equality is

(112 | 1@ s = | Foaerd

The paper is organized as follows. In the next section, we give the definitions of operator-valued
local Hardy and bmo spaces. Section 3 is devoted to the proofs of duality results, including the
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h;-bmo duality and the h,-h, duality for 1 < p < 2 and % + % = 1. Section 4 gives the results
of interpolation. In section 5, we develop Calderén-Zymund theory that is suitable for our local
version of Hardy spaces. In section 6, we prove general characterizations of h;;(Rd, M), and then
connect the local Hardy spaces h¢(R%, M) with Mei’s non-local Hardy spaces Hg(R?, M). In the
last section of this paper, we give the atomic decomposition of h§(R%, M).

2. OPERATOR-VALUED LOCAL HARDY SPACES

2.1. Operator-valued local Hardy spaces. In this subsection, we give the definition of operator-
valued local Hardy spaces as well as some basic facts of them. Let f € Li(M;R§) + Loo(M;RG)
(recalling that the Hilbert space Ry is defined by (1.1)). Then the Poisson integral of f is well-
defined and takes values in L1 (M)+ .M. Now we define the local analogue of the Lusin area square
function of f by

. 0 2 dtde 3
(6 = ([ I5ePns+ 0 55" s e R
T 9 9
where T is the truncated cone {(t,) € REM ¢ |¢t] < e < 1}. Tt is the intersection of the cone
{(t,e) e RT™ 1 |t| < &} and the strip S € RE defined by:
S={(s,e):s R0 <e<1}.
For 1 < p < oo define the column local Hardy space hg(Rd, M) to be
by (R, M) = {f € Li(M;RG) + Lo (M; RG) : || fllng < o0},
where the hg(Rd, M)-norm of f is defined by
[ £llne = 18 (O, vy + 1P fllz, -
The row local Hardy space h;(Rd,/\/l) is the space of all f such that f* € h;(Rd,M), equipped
with the norm || f|n; = [|f*|lns. Moreover, define the mixture space h, (R4, M) as follows:
h, (R%, M) = hS(RY M) + hl (R4 M) for 1 < p <2
equipped with the sum norm
1£lIn, = nf{]gllns + [2llng = f =g+ h,g € hy(R?, M), h € hy (R, M)},
and
h, (RY, M) = hS(R% M) NhI (R4 M) for 2 < p < oo
equipped with the intersection norm

[1f1n, = max{[|.fllng, [/ [lng }-
The local analogue of the Littlewood-Paley g-function of f is defined by

h;;a
9°(f)(s) = (/1 |2Pa(f)(3)|2€d€>% s € R%
0 85 ’
We will see in section 6 that

15 (Plp + 1P fllp = [lg° ()l + P fll
for all 1 < p < oc0.

In the following, we give some easy facts that will be frequently used later. Firstly, we have

(2.1) Is“CHIIE + I[P = fII5 = [ £1]3-
Indeed, by (1.11), we have

0 2. E\ 2,2 112
[ Igepen)fas= [ |50 1fokas

= [ AmleP I et e
Then .
[ [ 1P ededs = [ (1= 41— amigle=19) fe) e
R4 JO 4

Oe Rd



Operator-valued local Hardy spaces 7

Therefore

IO =7 [ [ 15epents + 0 s
:T/// ()0 S s
R4 B(ee €

= ded
C“/Rd 0 | ) (s)|zdeds
= %r [ (1= e amlglemo | Fio P,
4 R
where ¢4 is the volume of the unit ball in R¢. Meanwhile,

Poflf = [ e tIFo)Pas

Then we deduce (2.1) from the equality

SISO + 1P £ =7 [ (1 amle7e) fio g
d R4

and the fact that 0 < 4r|¢|e=*7I¢l < 1 for every £ € R?. Passing to adjoint, (2.1) also tells us that
1 by aty = [1f*ll2 = [ fll2- Then we have

(2.2) h§(RY, M) = hi (R, M) = Ly(N)

with equivalent norms.
Next, if we apply (1.12) instead of (1.11) in the above proof, we get the following polarized
version of (2.1),

f d574/]Rd/ 85 P.(g)"(s)e deds
+ [ PP rats)) ds i [ P f6)IP) < glo)) s

/Rd//ag S+t)%P()( +t)dtd€d

+ /]Rd P« f(s)(Px*g(s))*ds+ 471'/]R Px f(s)(I(P)*g(s))"ds

d

for nice f, g € Li(M;RG) + Loo(M;RG) (recalling that I is the Riesz potential of order 1).

2.2. Operator-valued bmo spaces. Now we introduce the noncommutative analogue of bmo
spaces defined in [12]. For any cube Q@ C R? we denote its center by cq, its side length by
H(Q), and its volume by |Q|. Let f € Loo(M;RG). The mean value of f over @ is denoted by

fo = ‘Q‘ Jo f(s)ds. We set

0 e =max{ s ([ [ 17 = Sala? o suw (1 152401,

Q<1
Then we define
bmo®(RY, M) = {f € Loo(M;RY) : || f[lbmoe < 00}
Respectively, define bmo” (R¢, M) to be the space of all f € L>°(M;R}) such that

[ £* lbmoe < 00

with the norm || f|lbmor = ||f*|/bmos. And bmo(R%, M) is defined as the intersection of these two
spaces
bmo(R?, M) = bmo®(R% M) N bmo" (R, M)
equipped with the norm
[ fllbmo = max{{[| f[[bmoe, [ lbmo }-
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Remark 2.1. Let @ be a cube with volume k% < |Q| < (k+1)? for some positive integer k. Then
Q can be covered by at most (k + 1)? cubes with volume 1, say @Q;’s. Evidently,

(k+1)¢

Q|/f|2dt<k /|f|2dt<k d Z / |f|2dt.

Hence,

0l <ot
ﬁimqém“”w<2mmH/ﬂm

Thus, if we replace the second supremum in (2.4) over all cubes of volume one by that over all
cubes of volume not less than one, we get an equivalent norm of bmo®(R%, M).

Proposition 2.2. Let f € bmo®(R%, M). Then
112 Mirg) S 1S lbmor-
Moreover, bmo(R%, M), bmo®(R?, M) and bmo" (R?, M) are Banach spaces.

Proof. Let Q¢ be the cube centered at the origin with side length 1 and Q,, = Q¢ + m for each
m € Z%. For f € Loo(M;RY),

T g Y e
< E e orel,

1
S ”leQJmoC Z W 5 ||f||%mo“'

meZd

It is then easy to check that bmo®(R%, M) is a Banach space. O

Proposition 2.3. We have the inclusion bmo®(R%, M) C BMO®(R?, M). More precisely, there
exists a constant C' depending only on the dimension d, such that for any f € bmo®(R%, M),

(2:5) 1fllBmos < CIlflbmoe-

Proof. By virtue of Remark 2.1, it suffices to compare the term H(ﬁ fQ | f|2dt)2
(& S 1f = fal?dt)

gy 17~ SaPan?],

and the term
M

“ for |@| > 1. By the triangle inequality and (1.10), we have

_hq/Mﬁ%M
<2y [ 1rant],

which leads immediately to (2.5). O

+ lfellam

Classically, BMO functions are related to Carleson measures (see [11]). A similar relation still
holds in the present noncommutative local setting. We say that an M-valued measure d\ on the
strip § = R? x (0, 1) is a Carleson measure if

N(/\)—ls1|1p1{|Q|||/ ||, : Q CR? cube } < oo,

where T(Q) = Q x (0,1(Q)].

Lemma 2.4. Let g € bmo®(RY, M). Then d)\, = |%P5(g)(s)|25 dsde is an M-valued Carleson
measure on the strip S and

1
max{N(Ag)%, [P *gllL.n} S lI9llomoe-
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Proof. Given a cube @ with |@Q| < 1, denote by 2@Q the cube with the same center and twice the side
length oer. We decompose g = g1 + g2 + g3, \x{here g1 = (g — gQQ)]l2Q and g2 = (g — ggQ)]le\QQ.
Since [ %Ps(s)ds =0 for any € > 0, we have %Pg(g) = %Pg(gl) + %Ps(gg). By (1.10),

N(Ag) < 2(N(Agy) + N(Ag,))-
We first deal with N()\ ). By (1.11) and (2.5), we have

/ } <(g1)(s) 5dsd€</ / (g1)( s)’25dsd€
T(Q) 66 Rd

2
/Rd/ ’c'? ‘|gl )|“ededs
< / g1 (s)ds = / 19— 9205 < Q] 9]2mer-
R 20Q

Thus, N(Ag,) < [|gl120e- Since |—§EPE(S)| < (5+|sl|)drl, applying (1.10), we obtain
9 2 1 l9(t) — g2?
P. < - dt.
’88 (92)(«9)’ ~ /Rd\2Q (6 |5 — t|)d+1

The integral on the right hand side of the above inequality can be treated by a standard argument
as follows: for any (s,¢) € T(Q),

2 NP
/ l9(t) — g2q| it < / l9(t) — g20] gt
R R

naq (€4 [s =t n2q [t —cQ|™!

SZ/ lg(t) — 92@\ dt

i>1/241Q\25Q |t*CQ|d+1

t) — gag|*dt
g el o, 190~ 20|

Lygp2
N l(Q) g bmo®

where cg is the center of Q. Then, it follows that N(Xg,) < [l9]12 0c -
Now we deal with the term ||P * g(s)||m. Let Q. = Qo + m be the translate of the cube with
volume one centered at the origin, so R% = U,,c7¢Q. By (1.10), for any s € R%, we have

Pegll =13 [ Plgts 0]
<[ pwrant s [ lots 0P

mezd m
1
< i [ o],
lQI=1 |Q|
< llgllbmoc-
Thus, ||P * g5 a7 = suPsera [P * g(5)[[a1 < [9llbmoe, which completes the proof. O

Reexamining the above proof, we find that the facts used to prove NV ()\g)% < |9]lbmoe are
o [pacP.(s)ds =0 for Ve <0;

— 2
® Supeepa [y ‘6%138(5) £ < oo

e
° |637P8 S | 5 W
We can easily check that if we replace 58 P. above by U, = Eld\I/(é), where U is a Schwartz

function such that ‘I/( ) = 0, the corresponding three conditions still hold. On the other hand, the
only fact used for proving the inequality ||P * gl[z_ (A S [|9/lbmoe is that

Z(/ IP(t)dt)} < oo,

m Y Q@m
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Recall that H$(R?) denotes the potential Sobolev space, consisting of distributions f such that
Jo(f) € La(R?). Tt is equipped with the norm I £l g may = [T fl|Loay- If ¢ is a function on R4

such that 1 € Hg (R?) for some o > £, we have

2710\3 < 1 3 12V () 2ds) 2 N ora
S WP S (8 ) L0+ P 6as) ! < s

m m

Based on the above observation, we have the following generalization of Lemma 2.4:

Lemma 2.5. Let ) be the (inverse) Fourier transform of a function in H§(R?), and ¥ be a
Schwartz function such that ¥(0) = 0. If g € bmo®(R%, M), then duy = |V, x g(s)[>L% is an
M-valued Carleson measure on the strip S and

(2.6) max{N(ug)?, [¢¥*glle.v} S l19lbmor
In particular,
1
(2.7) max{N(ug)?, [J(P)*gllL.n} S lgllbmoe-
Proof. (2.6) follows from the above discussion; (2.7) is ensured by (2.6) and the fact that (1 +
|£]2)ze27IEl € HY(RY), which can be checked by a direct computation. O

Remark 2.6. We will see in the next section that the converse inequality of (2.7) also holds.

3. THE DUAL SPACE OF hg FOR 1 <p<2

In this section, we describe the dual of hy, (R4, M) for 1 < p < 2 as bmo type spaces. We call these

spaces bmog(Rd,M) (with ¢ the conjugate index of p). The argument used here is modelled on
the one used in [12] when studying the duality between H¢(R?, M) and BMOg (R?, M). However,
due to the truncation of the square functions, some highly non-trivial modifications are needed.

3.1. Definition of bmoj. Let 2 < ¢ < oo. We define bmog(R?, M) to be the space of all f €
L,(M;R) such that

1o = (|| 50 5 [ 150 = sl + | s 2 [ isopa
sEQCR? |Q‘ SEQCRd‘Q|

lQl<1 Q=1

a
2
aq
2

g 1
2\ q

> < 0.
a
2

If ¢ = oo, bmoy, (R?, M) coincides with the space bmo®(R?, M) introduced in the previous section.
Note that the norm | sup;” aills is just an intuitive notation since the pointwise supremum
does not make any sense in the noncommutative setting. This is the norm of the Banach space
La (Nl ); we refer to [36, 18, 22] for more information.
If 1 < p < oo and (a;)iez is a sequence of positive elements in L,(N), it has been proved by
Junge (see [18], Remark 3.7) that

(3.1) ||Sup Tailly =sup { Y 7(aibi) s b€ LyN), b = 0, || D billg < 1}

€L 1€Z
It is also known that a positive sequence (z;); belongs to L,(N;/ls) if and only if there is an
a € L,(N) such that z; < a for all 4, and moreover,

Iz, vien) = inf{llally : @ € L), @i < a, Vi)

Then we get the following fact (which can be taken as an equivalent definition): f € bmo;(Rd, M)
if and only if

(32)  JaeLyN) st ﬁ /Q £() = foldt < a(s), Vs € Q and VQ C R* with Q] < 1
and
(33)  3beLy(N) st @H /Q F(0)2dt < b(s), Vs € Q and VQ C RY with [Q] = 1.
If this is the case, then
£ lbmo; = inf { (llall§ + o]

[MISINISY
Q=

)

:a,bas in (3.2) and (3.3) respectively}.
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In fact, the cubes considered in the definition of bmog(Rd,M) can be reduced to cubes with
dyadic lengths. Let Q¥ denote the cube centered at s and with side length 27F k€ Z. Set

2
fia = Qk| ka\ dt and f#(s) ()| dt.

Lemma 3.1. If ¢ > 2, then

IQOI

1
g a\ g
(Ilsup * 7215 + 17#13) "
kzl 2 2
gives an equivalent norm in bmo§(R%, M).
Proof. 1t is obvious from the definition that

1 1
Isup £FIZ < [|fllbmo;  and [ f#]1Z < [ £llbmos-
k>1 2 2

We notice that for any cube Q with |Q| < 1 and s € Q, there exists k > —1 such that Q C Q¥ and
Q¥ < 441Q). Thus

1 3 1 1
1l 5w [ 150 faPat] S0 sup G < 2 sn A1
9chRd|Q| Q 2 k>—1 2 k>1 2
lQI<1
Similarly,
ol e iy [ e T el
— || sup™ 2
44 EQCRd|Q‘ 3 5
Q=1
Thus the lemma is proved. O

From the proofs of Proposition 2.2 and Lemma 2.4, we can easily see that their g-analogues still
hold in the present setting. We leave the proofs to the reader.

Proposition 3.2. Let ¢ > 2 and f € bmog(Rd,M). Then
£l z,mirg) S 11 llbmos -

Lemma 3.3. Let f € bmog(R?, M) and assume that the operators a and b satisfy (3.2) and (3.3)
respectively. Then d)y is a g-Carleson measure in the following sense:
1 | 0
Q[ Jrq) O¢

Moreover, |t x f(5)|> < b(s) for any s € RY, if 4 is the (inverse) Fourier transform of a function
in HY (R?).

P.(f)(t)|?edtds < a(s), Vs € Q and ¥Q C RY with |Q| < 1.

3.2. A bounded map. In the sequel, we equip the truncated cone I' = {(s,e) € ]R‘frl D8] <
€ < 1} with the measure gﬂj. For any 1 < p < oo, we will embed hg(Rd, M) into a larger space
L,(N; LS (f)) ®p Lyp(N). Here Ly,(N; LS (f)) ®p Lp(N) is the £,-direct sum of the Banach spaces

L,(N; LS (f)) and L, (N), equipped with the norm

P P v
1.9 = (1717 () * 1912, 0)
for f € L,(N;LS (f)) and g € L,(N), with the usual modification for p = cc.
Definition 3.4. We define a map E from he(R%, M) to L, (N; Lg(f)) @p Lp(N) by
%,
E(f)(s,t,6) = (£ 5P (/) (s + 1), P x f(5)),

and a map F for sufficiently nice h = (k', ") € L,(N; Lc(f)) @p Lpy(N) by

F(h)(u):/Rd [jd/fh’(s,t,a)aiPa(s+t— )%m”( (P + 4w I(P))(s — u)]ds
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By definition, the map E embeds h¢(R?, M) isometrically into L, (N; Lg(f)) @®p L,(N). The
following results, Theorems 3.8 and 3.18 show that by identifying hg(Rd,M) as a subspace of
Ly (N L§(T)) ®p Ly(N) via E, h¢ (R4, M) is complemented in Ly, (N L§(T)) @, Ly(N) for every
1 < p < o0 by virtue of the map F.

Proposition 3.5. Let 1 < p < oco. Then for any nice f € L1(M;RG) + Loo(M;RG), we have
F(E(f)) = f.
Proof. Applying (2.3), we get, for any nice function g,

4 0 0 dtde
| gt = [ [2 [ Eeiis 08t 0 Gt

+Px f(s) /(P(S —u) +4n1(P)(s — u))g(u)du] ds

:/Rd [0471 //f %Pa(f)(s+t)%p€(g)(s+t)%
+ P« f(s)(P* g+ 4nI(P) * g)(s)}ds

~ [ fwgtwa.
R4
which completes the proof. O

The following dyadic covering lemma is known. Tao Mei [30] proved this lemma for the d-torus
and also for the real line. For the case R? with d > 1, we refer the interested readers to [6, 16] for
more details. In the following, we give a sketch of the way how we choose the dyadic covering.

Lemma 3.6. There exist a constant C' > 0, depending only on d, and d + 1 dyadic increasing
filtrations D' = {D;}jez of o-algebras on R? for 0 < i < d, such that for any cube Q C R, there
is a cube Diw» € Dj satisfying Q C D! . and |DfnJ| < Q.

m,j

Proof. Let {a'}?¢_, be a sequence in the interval (0,1) such that

Then we define
of, j>0,

(3.4) a§ =qa'+3(27—1), j<0and —j even,
ai =127 4+1), j<0and —jodd.

The o-algebra D;» is generated by the cubes
D;, ;= (o) +mi277 0} + (my +1)277] x -+ x (o +mg277, o + (mg + 1)277],

for all m = (my, - ,my) € Z°.
For any cube QQ C R?, there exist a constant C, depending only on {a’ g:o and d, and a dyadic
cube D}, ; such that Q C D}, ; and | D}, ;| < C|Q|. O

To show the boundedness of the map F, we need the following assertion by Mei, see [30, Propo-
sition 3.2]; we include a proof for this lemma, since the one in [30] is the one dimensional case. Let
1 <p<oo,and f € Ly(N) be a positive function. Let @ be a cube centered at the origin, and
denote QQ; =t + Q. Then we define

L
QI Ja,

Lemma 3.7. Let 1 < p < oo and let (fx)kez be a positive sequence in Ly,(N) and (Q¥)rez be a
sequence of cubes centered at the origin. Then

" S 1S Sl

keZ kezZ

o) f(s)ds.
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Proof. Similarly to the proof of [30, Proposition 3.2], we are going to apply [18, Theorem 0.1] for
noncommutative martingales. By Lemma 3.6, we can cover every Q¥ by some D! , jr» and thus by
some Dj, ;. ;, which has twice the side length of D}, ; . Moreover, [D}, ; | < C|Q¥|. Obviously,
t + QF is still covered by t + D¢ el
us adjust the translation vector t = (t1,...,t4) as follows. Write Q¥ = (—a,a] x ... x (—a,a] and
D¢, el = = (by,b2] X ... X (b1,bs], then either by —a > 27 or —a — by > 277+, Without loss of
generality, we can assume by — a > 279%. Now set t = ({1, ..., tq) with t~ the largest real number in
the set 277%7Z less than t;. Then we can check that ¢ + QF is covered by t + D! ; and that the
later is a dyadic cube. Thus,

but the later is not necessary a dyadic cube in ’D;-rl. Let

m,jk—

(f)? <C > E(fiulD}
0<i<d
where E(\D;) denotes the conditional expectation with respect to D; Then the lemma follows
from [18, Theorem 0.1]. O

Theorem 3.8. For2 < p < oo, the map F extends to a bounded map from L, (N; Lg(f)) ®pLy(N)
to bmoj, (R, M).

Proof. We have to show that for any h = (W', h") € L, (N; Lg(f)) @p Lp(N),

c < T
||F(h)||bmop ~ ||hHLp (N;LS(F))@pLP(N).

Fix h = (W', ") € L,(N; L3 (f)) @®p Ly (N) and set ¢ = F(h). We will apply Lemma 3.1 to estimate

the bmoy-norm of F(h). For v € R? and k € N, denote by Q* the cube centered at v and with side

length 277 then we have QF = v + QE. We set
hi(s,t,e) = h/(S,t,ﬁ)]lQﬁ—l(S), Ry (s, t,e) = h'(s,t,e)]l(mfl)c(s)

and

L0 = 15 [, o) = vt

k 8 k dtde
Qo — —_ Qo / i
B%o(v) /}Rd//f(agPs) (s, t,v)h5(s, t, ) ~a ds

s,t,v) = |Qk‘ ka 5P.(s 4t — u)du. Then, we have

Let

with (2P.)%%

‘pk#(v) S / lo(u) — BQO( )2du
a( 95 \ak dtde
- Q’“ / o 1)c//h 54e) (S‘H_“)—(QPE)Q (s,t,0)] —dS‘ du
! dtde
|Qk| Qk /kl/ hy Sta (3+t—u)€—ds‘d
|Qu| Qk /Rdh//( )P <S_u)+47TI(P)(5—U)}dS‘2du,

When s € (Q¥1)¢, uw € QF and (t,e) € T, we have |s +t —u| + ¢ ~ |s — v| + ¢ with uniform
constants. Then,

//‘a (s 4t—u)— (gp)(? (s,t,v)‘thde

// 2dtd5 / / —2k gt de
|S+t,u‘+€)d+2 gd—1 B ( 57U|2+€2)d+2 cd—1

92— 2k
—Cd/ y de < 7
S




14 R. Xia and X. Xiong

Let (ak)ren be a positive sequence such that || 32, akl(z), < 1, where 7 denotes the conjugate
index of r. Let

2- 2 / th S
A Z / / k 1)( 5_U|d+1 S / k 1)(‘ ‘S—fu|d+1/ |h d+1ds-ak(fu)dv

k>1

dtde
!/
B= Z /d Q¥ Q§| ngl//fh1(s7t,€)8€Pg(s+t— u) d+1ds| du - a(v)dv

k>1

C= Z /d 0F] Qk| g W' ($)[P(s — u) + 47 (P)(s — u)]ds| du - ay(v)dv.

k>1

Then,
o7 /sok Ja(v)dv S A+ B+ C.

k>1

First, we estimate the term A. Applying the Fubini theorem and the Holder inequality, we arrive
at

_ g dtde
A< r /d2 k/ L ool 1/f\hg(s,t,e)\‘lﬁdsak(v)dv

k>1
dtde

< o )2 H k _—d—1

| [[msteor e Sot [ e ]

e k (G=1)(d+1)
I sy | Zz 3 / a2 o] , -
i<k \Q3 2
Here and in the context below, ||-|[(z) is the norm of Lz, (N) with respect to the variable s € R

Now we apply Lemma 3.7 to estimate the second factor of the last term:

DIy N e P DIpIERt

2 1
k>1j<k Q:T\Q: Jez k>j
psSit

Il <1

k>1

(8

Then we move to the estimate of B:

1 0 dtde | |2
< kd / 2 — -
B § :/d2 7-/Rd /kil/fhl(s,t,s)a,C (U)(%Pe(s"'t w) g ds‘ dudv

k>1

139 dtde
< okd / /h 1 eYad (0)Lp L pydde 2
k2>:1/ ”;H112p1 k1 148, k()a (f)(s )5 s‘

Since h§(R%, M) = Lo(N) with equivalent norms, by the Cauchy-Schwarz inequality and Lemma

3.7, we get
dtde
B< Z/d okd /k 1 // |h/ 2 desak(v)dU'Hthg

k>1

< Z / // |y (s, t,e |2d§ili2kd/ ag(v)dvds

k>1

< In 2 - H kd
_”hHLp(N;Lg(F)) ];12 Qf—lak(v)dv (2

a2 a2
<29h HLP(N;LE(f)) f ;1“’6“(@/ = 2%n HLP(N;Lg(f))'
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The techniques used to estimate the term C are similar to that of B:

C= Z /d okd / - ‘ » R (s)[P(s —u) + 4 I(P)(s — u)]ds|2ak(v)dvdu

k>1

|, o
k>1 Qs

S| L et =)+ anr@)s = gasf]
Take f € L,/ (N) with norm one such that
H| /]R B (5)[P(s — u) + 4nI(P)(s — u)]ds|2H% - \T /}R R (s)[P % f(s) + 4 I(P) % f(s)|ds

Then

" /R W' ()[P(s — ) + 4] (P)(s — -)]ds|2H§

2

2
7 [ K« £(6) + amI(®) s f()ds| < (B3P £+ 4m1(P) < 1
Rd
S IRIRIAE = IR 15-
Combining the estimates of A, B and C with (3.1), we obtain

# 2
[ Sup Torlle ||hHLP(N;Lg(f))@pLP(N>'

It remains to establish the Lg—norm of o (s) = @ fQO |<p(t)‘2dt, which is relatively easy. For
any positive operator a such that Ha||L(p),(N) < 1, we have
2

T/w#(v)a(v)dv,éT/Rd /Qg I/Rd //fh'(S,t,E)%PE(S—H— )dfjds\ du - a(v)dv
+T/Rd /Qg }/Rd B (s)[P(s — u) + 4n I (P)(s — w)]ds|*du - a(v)dv

def gy (.

The terms B’ and C’ are treated in the same way as B and C respectively. The results are

dtde
/ / 2 112
o[ [[weeors | aeds ST, (ol

< H/Q awyac] , /R () [P(s =)+ 4T (P = sl |, < 12

Py
2

So we obtain
#le S

h|? ~ :
ll N | HLP(N;LE(F))@PLP(N)

Thus, Lemma 3.1 ensures that

||F<h)||bmo;‘7 S ||hHLp(N;L§(f))®pr(N)7

which proves the theorem. O

Corollary 3.9. Let 1 <p < 2. For any f € L,(M; L§(R?, (1 + [¢t|*T1)dt)), we have
. <
||f||hp ~ ||f||LP (M;Lg(]Rd,(l-'rlt‘cH'l)dt)) .

Proof. To simplify notation, we denote Ly (R?, (14 [¢|4T)dt) by Wg4. Let ¢ be the conjugate index
of p. By duality, we can choose h = (', h"") € L,(N; L) @, Ly(N') with norm one such that

|5 ( My + 1P+ fllp

/Rd // S+t)h/*(3’t’€)%ds+7/ * f(s)h"™*(s)ds
= Ir [ FR ) ()l
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where
(3.5) F(h)(u) = /]R [//f h’(s,t,e)%PE(s i U)% £ (s)P(s — )| ds.

Following the proof of Theorem 3.8, we can easily check that F is also bounded from Lg(N5 LS (f)) By
Ly(N) to bmog (R4, M). They applying Proposition 3.2 and Theorem 3.8, we have

|7 / F(s)F(h)* (s)ds|
S s s / F(5)¢" (s)ds|

”‘PHbmog(Rd,M) <

ds
s s e [ e O
Il zgrimg) <1 1+ |s[d+t
= 1@+ I8N FllL, msrg) = 1z, (mews)-
Thus we obtain the desired assertion. O

3.3. Duality. Now we are going to present the hi-bmoy duality for 1 < p < 2. We begin this
subsection by a lemma which will be very useful in the sequel.

Lemma 3.10. Let 1 < p < 2 and q be its conjugate index. For f € hi(RY, M) N Ly(N) and
g € bmoj (R%, M),

|T/]Rd F(s)g*(8)ds| < [ £lIng lgllbmog -

Proof. Tt suffices to prove the lemma for compactly supported (relative to the variable of R?)
fe h;(Rd,M). We assume that f is sufficiently nice that all calculations below are legitimate.

We need two auxiliary square functions. For s € R? and ¢ € [0, 1], we define

(3.6) $(f)(s,e) = (/:/B(”_E) %R(f)(ﬂffj—ilf)%,

2

1) e = ([ [ Igrnorat)’

Both 3°(f)(s,e) and s°(f)(s,e) are decreasing in € and s°(f)(s,0) = s°(f)(s). In addition, it is
clear that 3°(f)(s,e) < s°(f)(s,e). Let (e;)ier be an increasing family of 7-finite projections of M
such that e; converges to 1 in the strong operator topology. Then we can approximate s°(f)(s, )
by s¢(e;fe;)(s,e). Thus we can assume that 7 is finite; under this finiteness assumption, for any
small 6 > 0 (which will tend to zero in the end of the proof), consider s¢(f)(s,e) 4+ d1rq instead of
s°(f)(s,€), we can assume that s°(f)(s,¢) is invertible in M for every (s,e) € S. By (2.3) and the
Fubini theorem, we have

[ 10wl <] [ [ 2rane Zeor e

+ ’T/RdP*f(S)(P*g(S))*dS+T/RdP* F(s)(I(P) *9(8))*ds’

2 ' 9 ) dedt
=|= =P, I p_(g) (1) L
> /R /O /B oy 2T NNO7P<(0) (1) S ds|

+ ‘T/RdP*f(s)(P*g(s))*ds+7-/RdP*f(s)([(p) *9(8))*d5‘.



Operator-valued local Hardy spaces 17

Then,

v [ 195" ()is

S L L S 0eE )  pter 0 S
+(‘T/de*f( )(P % g(s) ds‘+‘ / P*f(s)(](P)*g(S))*dsD

S 4IL
The term II is easy to deal with. By the Holder inequality and (2.7), we get
IL< [P fllp][P  gllg + [P+ Fllp [ L(P) = gllq-
Then by [43, Proposition V.3 and Lemma V.3.2] we have
IPxgllyg SNIJP) *gllq, and [[1(P)*gllg S |J(P) * gllg-
Hence, by Lemma 3.3,

IT S |9llbmosg [[ f1Ing -
Now we estimate the term I. By the Cauchy-Schwarz inequality

%12 = T/Rd /01 (/B(s,;) %Ps(f)(t)F&-jfl)Sc(f)(svf)ZFQdeds
T/Rd /01 (/B(s <) |%Pe<g)(t)|25ccllf1)Sc(f)(sag)z_pdsds

A B.

Note here that s°(f)(s,¢€) is the function of two variables defined by (3.6), which is differentiable
in the w*-sense. We first deal with A. Using 5°(f)(s,e) < s°(f)(s,€), we have

s [ [ [, oranerspeor S
:_T/Rd/o (&Ec(f)(s,s)Q)EC(f)(s,e)p’stds
- —27-/Rd/01sc(f)(s,s)p_lggsc(f)(s,g)dads.

Since 1 < p < 2 and 3°(f)(s,¢) is decreasing in &, 3°(f)(s,e)P~1 < 3°(f)(s,0)P~L. At the same
time, £5°(f)(s,e) < 0. Therefore,

1
AS 77‘/}1@ Ec(f)(s,())pfl/o aQE(f)C(S,s)dsds

3

St [ st oras = 1.

The estimate of B is harder. For any j € N, we need to create a square net partition in R¢ as
follows:

1 o1 ; 1 1 .
my = (—=(m1 —1)277, —m1277] x - - X (—=(mg — 1)277, —=m427’
Q »J (\/g( 1 ) \/& 1 } (\/&( d ) \/g d ]
with m = (mq,--+ ,mq) € Z%. Let ¢, ; denote the center of Q,, ;. Define

dtdr\ 3
—_ 2 ] ( .
(3.8) /2 i /B(('m 3T 87’ )(t)| rd 1) if s € Qm.j-

For any s € R% and k € Ny (Ny being the set of nonnegative integers), we define

d(s, k) = S°(f)(s,k)* " = S°(f)(s,k — 1)* 7"

Since B(s,7 — 5) C B(cm,j,r) whenever s € Qp, ; and £ > 277, we have

s(f)(s,) < Sf)(5,§), Vs € Qe >277.
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It is clear that S°(f)(s,j) is increasing in j, so d(s,k) > 0. At the same time, d(s, k) is constant
on Qm and 3, d(s ,k;) = S°(f)(s,7)*P. Therefore,

9—Jt+1

=T Se(f Sj2p/
/RdZ 2

2~ Jj+1

—r [ b [

§>11<k<j

9 zdt . -
/B< RO L)SE(f) (5, ) Pdeds

2= J+1
/ (DOF dt L deds
B(s,5

(/. E)I(ng (D)D) ey ) deds

o—i+1 8 dt
= il 2
T/Rd’;d 5, k) 2/2 / \6€P6<g)(t>| 7 ) deds
g k41
9 dt
_ dsk:/ / / L (a0 o) deds.
;kzx Qi B(s,g) 0¢ )

Since g € bmoy, Lemma 3.3 ensures the existence of a positive operator a € L%(J\/' ) such that

lallg < llglEme; and

1l / )(t)|?edtde < a(s) and for s € Q and for all cubes Q with |Q] < 1.

Let Qm,k be the cube concentric with @, ; and having side length 2-k+1 By the Fubini theorem
and Lemma 2.4, we have

/Q/ / P00 )

2—k+1 2— k+1

/Q/ (g)(s)|2ededs

—2d/ |—PE( )(s )|25dads
T(Qom,k) Oe

< / a(s)ds.

m,k

Then we deduce

By Y [ dsbats)as

m k>1 an k

/Rstk

k>1

=T Sc(f)(s +00)? " Pa(s)ds

—r / S Pals)ds < [15°()1Z 7lal

2 2—
< ||fuh;||a||g < ||f||h;”||g||%mo;.

Combining the estimates of A, B and II, we complete the proof.

The following is the main theorem of this section.

Theorem 3.11. Let 1 < p < 2 and q be its conjugate index. We have hg(Rd, M)* = bmo, (]Rd M)
with equivalent norms. More precisely, every g € bmog (R4, M) defines a continuous lmear func-
tional on h§(RY, M) by

—T/f (s)ds,V f € L,(M;W9).
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Conversely, every £ € hy (Rd, M)* can be written as above and is associated to some g € bmog(R”l7 M)
with

Proof. First, by Lemma 3.10, we get

(3.9) [€(F)] S Nlgllbmog [ lIng

Now we prove the converse. Suppose that ¢ € hg(Rd,M)*. By the Hahn-Banach theorem, /¢
extends to a continuous functional on L, (N L§ (f)) @®p Lp(N) with the same norm. Thus, there
exists h = (h/,h") € Ly(N; Lg(f)) @y Ly(N) such that

of) = T/Rd //f %Ps(f)(s +t)h'*(s,t,5)%d8 +T/Rd P x f(s)h'"*(s)ds,
[ SR ()

where F is the map defined in (3.5).
Let g = F(h). Following the proof of Theorem 3.8, we have

and

HgHbmo; < HEH(h;)*
and
—T/f s)ds, ¥V f € L,(M; Wg).
Thus, we have accomplished the proof of the theorem. O

The following corollary gives an equivalent norm of the space bmo;. Note that it is a strength-
ening of the one-sided estimates in Lemmas 2.4 and 2.5.

Corollary 3.12. Let 2 < g < oco. Then g € bmoZ(Rd,M) if and only if dhg = |%P€(g)(s)|2€dsd5
is an M-valued Carleson g-measure on S and ||J(P) * g||, < 0o. Furthermore,

g bH]O ~ Su‘p
S‘EQ( R | | 1 (Q)

lQI<1
Proof. From the proof of Lemma 3.10, we can see that if d\, = |£P.(g)(s)|?edsds is an M-
valued Carleson g-measure on S and J(P) % g € L,(N), then g defines a continuous functional on

he (R4, M):

P.(9)(1)*edtds ||, +[1(P) % gll.

vk Nl

() =7 [ Fe)g"s)ds

and
1 0 9 3
lellgy- S || sup* |52 Peg) () edts] | +[1T(P) gl
s€eQCR? QI T(Q) 9¢ 3
lQl<1
According to Theorem 3.11, there exists a function ¢’ € bmoZ(Rd, M) such that
0 3
19/ lmo; S || sup* |52 P=(o)(t) Pedtde |, + [17(P) gl
SEQCRY |Q\ Q) 0¢ %
lQI<1
and that

T f(s)g"(s)ds =7 [ f(s)g"(s)ds,
R4 R
for any f € h§(R?, M). Thus, g = ¢ with

9
ll9llbmos < H sup ¥ — —P_(g)(t)|edtde

|
seqert @l Jr() 92
lQI<1

+ [17(P) * gllq-

[STSET




20 R. Xia and X. Xiong

The inverse inequality is already contained in Lemmas 2.4 and 2.5. We obtain the desired assertion.
O

3.4. The equivalence h, = bmo,. We now show that h (R4, M) = bmo¢ (Rd M) for 2 < g < 0.
Thus according to the duality obtained in the last subsection, the dual of h;(Rd, M) agrees with
h¢(RY, M) when 1 < p < 2. Let us begin with two lemmas concerning the comparison of s(f) and
g°(f). We require an auxiliary truncated square function. For s € R? and ¢ € [0, %], we define:

(3.10) 7000 = ([ 1Pt

Lemma 3.13. We have .
§C(f)(s,s) S/ Sc(f)(sv 5)&

where the relevant constant depends only on the dimension d.

Proof. By translation, it suffices to prove this inequality for s = 0. Given ¢ € [0, 2], for any r such
that e <r < £ 2 let us denote the ball centered at (0,7) and tangent to the boundary of the cone
d+1
{(t,u) € RY
%. By the harmonlclty of 2 5 Pr( f) we have

0 1 0
5P 00 = = [ S

\/gd"rl a )
LA . O
T J 1)

Then by (1.10), we arrive at

0

S PO <

where c441 is the volume of the unit ball of R?*!. Integrating the above inequality, we get

2 \/5d+1

. car1r? 5

(3.11) /E \%Pr(f)(()”?rdr < (t)|2dtdudr.

u<r< L5y and 5 <u <1, the right hand side of (3.11) can be

Since (t,u) € B, implies 751

o f 51
majorized by

\/ngrl 2 ou ) .
o —drdtdu < C|s°(£)(0, =)|?
Cd+1 // | |/12L o drarat = |5(f)(72)|,
where C' is a constant depending only on d. Therefore, g°(f)(0,¢) < s°(f)(0, 5). B

Lemma 3.14. Let 1 < p < co. Then for any f € h;(Rd,M), we have

15 ()l + 1P * fllp S Nlg°()llp + [P fllp-

Proof. We first deal with the case when 1 < p < 2. Let g be a function in bmoj (R?, M) (¢ is the
conjugate index of p). Following a similar calculation as (2.3), we can easily check that

f( s)ds = 4t /Rd/ 85 8 P.(g)*(s)ededs
+ (T/d P f(s)(P1 *g(s))"ds + S?FT/W P f(s)(I(P1) *g(s))*ds)

L

The term II can be treated in the same way as in the proof of Lemma 3.10:
LS [P fllp - [[T(P 1)+ flp-

Applying Lemma 3.3, we have
ISP £l - lgllomo;.
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Concerning the term I, we have

2 < /Rd/ 8)2G°(f)(s,€)P 2ededs - T/Rd/ $)2G°(f)(s,€)? Pededs

A B

Following the argument for the estimate of A in the proof of Lemma 3.10, we deduce similarly that
A" SIGe()E- Now we deal with term B’. By Lemma 3.13, we have

/< 2.c E .
b T/Rd/ 85 s)[7s“(f )(872)€d€d8

Then we can apply almost the same argument as in the estimate of B. There is only one minor
difference: when & > 277 and s € Qpn,,;, we have s¢(f)(s, 5) < S°(f)(s,j + 1). We conclude that

B' 5 19l fmoc 15° (A5
Combining the estimates of I, A” and B’ with Theorem 3.11, we get

s (o + 1P fllp S NGy + 1P fllp S Ng“(Hllp + 1P+ fllp-
The case p = 2 is obvious. For p > 2, choose a positive g € L(%)/(N) with norm one such that,

12 = | [ [ 1gepen + 0P 55

9 dtde
T/]Rd //IN‘ |$Pa(f)(8 + t)|2€dflg(s)ds
o dtde
TAdA |§P€(f)(t)|2€d_l /%(tﬁ) g(s)ds

By the noncommutative Hardy-Littlewood maximal inequality (the one dimension R case is given
by [30, Theorem 3.3], the case R? is a simple corollary of (3.1) and Lemma 3.7), there exists a
positive a € Lz (N) such that [lal/(z), < 1 and

1
[B(t,27")| Jp(,2-+)

p
2

g(s)ds < a(t), VteRY Ve>0.

Therefore,
1
0 dtde
‘NIz = —P(f)(t)] / d
Il = [, [ noPSs [ ot
Lo
< ch/ / | ==P.(f)(t)|*ca(t)dtde
R4 Oe
< cd / | P.()(0)P<dtde]| ol
< cdllg®(H)lp-
Then the assertion for the case p > 2 is also proved. g

To proceed further, we introduce the definition of tent spaces. In the noncommutative setting,
these spaces were first defined and studied by Mei [31].

Definition 3.15. For any function defined on R x (0,1) = S with values in Li(M)-+M, whenever

it exists, we define
1

!
/|f s, € d+1)2,s€Rd.

TR, M) = {f : A(f) € L,(\)}

Te(Rd, M) = A°(f)llp- For p = oo, define the operator-valued column

For 1 <p < oo, we define

equipped with the norm || f|
TS, norm of f as

b

dsde\ 3
flze = sup | f(s.2)P
1 llre m(mT@”)'e>

M
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and the corresponding space is

TSR M) = {f : ||f]
Remark 3.16. By the same arguments used in the proof of Theorem 3.11, we can prove the
duality that T¢(R?, M)* = TSR M) for 1 < p < oo and %4—% = 1. For the case p = 1, it
suffices to replace %Ps(f)(s) and %Ps(g)(s) in the proof of Lemma 3.10 by f(s,e) and g(s,€)
respectively. A similar argument will give us the inclusion that 7< (R% M) C TF(RY, M)*. On

the other hand, since Loo(N; L§(T)) C TS (R%, M), we get the reverse inclusion. For 1 < p < oo,
the tent space T ;(Rd, M) we define above is a complemented subspace of the column tent space

defined in [30]. So by Remark 4.6 in [51], we obtain the duality that T5(R%, M)* = T5(R%, M).

TS, < OO}

Theorem 3.17. For 2 < q < oo, hg(]Rd,./\/l) = meC(Rd,M) with equivalent norms.

Proof. First, we show the inclusion hg(Rd,M) C bmo; (]Rd M). By Theorem 3.11, it suffices to
show that he(R%, M) C h¢(R%, M)*. Applying (2.3), for any f € h¢(R%, M) and g € h§(RY, M),

we have

0 dtde
o [Larr s == [ [ a0 s 0 S ds
+/RdP *g(s)(P*f(s))*derélﬂ/Rd I(P) x g(s)(P * f(s))*ds.

Then, by the Holder inequality,

0
I [ 96 @ds] < e+ 3P, (o I 5PN (wnar)
= H(P+I( ))*gllp'llP*fllq
< (lIs“(@)llp + 1P+ 1(P)) % gl )11 .

Now, we show that for any 1 < p < 2 and g € h&(R% M), we have [|[(P 4+ I(P)) * gll, < l1glne -
Since 2 < ¢ < oo, we have 1 < 4 < co. Applying the noncommutative Hardy-Littlewood maximal
inequality, we get

”bemo ~

2%
SIS = 1£1lq-

[N

+
an +2L [ oral
sEQCRY |Q|
This implies that Lq(N) C bmog (R d M) for any 2 < q < co. Then by Theorem 3.11, we get
he(R?, M) C Lp(N). Therefore we deduce that

(3.12) [P+ I(P))*gllp < llgllp < llgllng-
Thus,

[ ot ] < 151

We have proved h¢(R?, M) C bmoj (R4, M).

Let us turn to the reverse 1nclus1on bmog (R*, M) C h¢(R%, M). We need to make use of the
tent spaces in Definition 3.15. We claim that for g > 2, every f € bmog(Rd,M) induces a linear
functional on T (R, M) @, L, (N). Indeed, for any h = (h/, k") € T¢(R?, M) @, L,(N), we define

! )
li(h) =T B (s,e)=—P(f)*(s)deds
(3.13) ' /R/O 0
7 [ WP« 1) (6) +4m(TP) = ) (5)ds,

dtdr

2
SE )
/-/B(sr— )| d+1
—cC dtdr
A / — / 2 .
(W) (s5.¢) / /| INCICETE=

Set
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Then by the Cauchy-Schwarz inequality, we arrive at

1

(W) S /R/ / . agP()(t)PEj—fl)Zc(h')(s,a)P—ngds)5

. Db (P A W) (5,007 Pdeds)
( /Rd/o /B(&;) Oe 5dt ) ) )

+ }T/ W' (s)(Px f(s))"ds| + ‘T/ W' (s)(I(P) = f(s))*ds|.
Rd R4
Following a similar argument as in the proof of Lemma 3.10, we obtain that

s (WS (1B Iz + IR N, ) [ f lomog S Illrge, L, - I1f lbmog
which implies that [|€f < ¢q[|f||lbmog- So the claim is proved.
Next we show that || f[lne < Cyl/¢s||. By definition, we can regard T as a closed subspace of
L,(N;L5(T)) in the natural way. Then, ¢; extends to a linear functional on L,(N;L§(T")) @,
L,(N). Thus, there exists g = (¢, ") € Ly(N; L§(T")) ®¢ Lg(N) such that

||g||Lq (N;Lg(f))@qu(N) S ||€f||
and for any h = (h',h") € L,(N; L§(T)) @, L,(N),

gf(h)zrf / h’(s,e)g’*(s,t,s)%dsﬁ-T/ B (s)g" (5)ds
Rd T 5d+1 Rd

1
dsd
:7-/ / h’(sg)/ g'*(s,t,a)dtj—j—&—T/ B (s)g"*(s)ds.
R? J0O B(s,e) € R4

Comparing the equalities above with (3.13), we get

0 1
_P = !
5. P=(N(s) = /B o, T

and
Pxf+4nI(P)x f=g".
By Lemma 3.14, we have

g < ([ 12 (p)peas)

t dtd
/ gd+1 /B(o st 6)

191, (vgqty) + 1P * Flo

, TP Tlla

<Cd

Fllq

Now let us majorize the second term ||P * f||, by ||¢”|l4- Indeed, consider the function
G(s) = 27r/ e 2P (s)de.
0
We can easily check that G € Li(R?), |G|; < 1 and é({) = (1 +]¢])~!. This means that the
operator (1 + I)~! is a contractive Fourier multiplier on L,(\). Therefore,

[P fllg < I(P+1(P)) = fllg < 4rllg”llq-

Finally, we conclude that || fllne < [I€¢[] < [[fllbmo; and then he(R?, M) = bmog(R%, M) with
equivalent norms. O

Armed with the theorem above, we are able to extend the content of Theorem 3.8.
Theorem 3.18.
(1) The map F extends to a bounded map from Lo (N Lg(f)) Doo Loo(N) into bmo®(R?, M) and

IE ) omor SN, (ar,5(79) e Lo ()
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2) For 1 < p < oo, F extends to a bounded map from L,(N; LS ) @, L,(N) into he R4 M
P 2 p Lp p
and

||F(h)||h; SJ ||hHLp(N,LE(f))@pr(N)

Proof. (1) is already contained in Theorem 3.8. When p > 2, (2) follows from Theorem 3.8 and
Theorem 3.17. The case p = 2 is trivial. For the case 1 < p < 2, according to Theorem 3.11, we
have

[P0l S sww_[r [ Bms)F (s)ds]

[l flbmog <1

Then, by Theorem 3.17 and (3.12), for h = (W', h"") € L,(N; Lg(f)) @®p Lp(N), we have

sup {T/Rd F(h)(s)f*(s)ds‘

£ llbmog <1
/ 0 ) , P
S IfTIhlgpgl‘T/JRd [//fh (5,1,8) 5-Pe(f)" (s + t)dtde + b (s)([P + 4m I (P)] + [ )]d ‘

< ~
~ Hh”L»(ML;(F))@pLP(M'

The desired inequality is proved. O

The above theorem shows that, for any 1 < p < oo, h;(Rd, M) is a complemented subspace of
L,(N; L3 (f‘)) @®p Lp(N). Thus, we deduce the following duality theorem:

Theorem 3.19. We have h§(R?, M)* = h¢(R?, M) with equivalent norms for any 1 < p < cc.

4. INTERPOLATION

In this section we study the interpolation of local Hardy and bmo spaces by transferring the
problem to that of the operator-valued Hardy and BMO spaces defined in [30]. We begin with an
easy observation on the difference between bmo; and BMOg norms.

Lemma 4.1. For 2 < q < oo, we have

1
lgllbmos ~ (lallEmos + 17(P) = gll) -

Proof. Repeating the proof of Proposition 2.3 with || - [[o¢ replaced by || - |1, (Ae.), We have
lgllemos < l9llbmos - By Lemma 3.3, it is also evident that ||J(P)*gllq < [[g]lbmos. Then we obtain

1
(lgllfos + 17(P) # gll5) < llgllbmo-
On the other hand, by Corollary 3.12, we have

2

1 0

HgHbmog ,.S H SUP+ TAT ‘KPE(Q)(t)PEdtdE .
scocrt @l Jrq) O¢ %

lQl<1

Clearly, the first term on the right side can be estimated from above by ||g||[gmos (see [51, Theo-
rem 3.4]). Therefore,

+1I(P) *gllg-

1
lgllbmog < lgllenos + 17 (P) = gllq = (llgllno: + 17(P) = gllf) *-
Thus, the lemma is proved. O

Define F,(N) to be the space of all f € L,(M;RS) such that ||J(P) * f||, < co. From the above
lemma, we see that bmoj(R%, M) and BMOg(R?, M) &, Fy(N) have equivalent norms. By the

interpolation between BMOg (R?, M) and BMO®(R?, M) (see [30] for more details), we deduce the
following lemma:

Lemma 4.2. Let2<g<oo and 0 <8 < 1. Then
(bmof (R, M), bmo®(R%, M)), C bmol(RL, M) with o= ——.
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Proof. By Lemma 4.1, we see that
bmo¢ (R, M) = BMOS(RY, M) @&, Fy(N).
with equivalent norms. Define a map
Yy FyN) — Ly(N)

Thus, 7, defines an isometric embedding of F,(N') into L,(N). Then by the interpolation between
BMO; (R%, M) and BMO®(R%, M), we get

(bmog (R, M), bmo®(R?, M), = (BMOg(R?, M) @4 Fy(N), BMO*(R?, M) Boo Foo(N))
- (BMOZ(RCZ) M)7 BMOC(Rd7 M)).g EBQ (EI(N)a FOO(N))
C BMO$(R?, M) @&, Fy(N) = bmo (R, M),
which completes the proof. O

0

0

Theorem 4.3. Let 1 < p < oo. We have

(bmo®(RY, M), h{(R?, M)), = h(R?, M).

o =

Proof. Let 1 < p < 2 and 1% = 1}'%‘9 + 6. Since the map E in Definition 3.4 is an isometry from
he (R4, M) to Ly (N Lg(f)) ®p Lp(N), we have

(4.1) (b5 (R?, M), h{(R?, M)), C hS (R?, M).

By Theorem 3.19, hy is a reflexive Banach space. Then applying [2, Corollary 4.5.2], we know that

the dual of (h¢(R%, M), h§(R%, M)), is (bmof (R?, M), bmo®(R?, M)),. Therefore, if the inclusion
(4.1) is proper, we will get the proper inclusion

bmoZ(Rd, M) C (bmog(Rd, M), bmo“(R?, M)),,

which is in contradiction with Lemma 4.2. Thus, we have

(12) (B (R, M), b (RY, M), = b (R, M),
By duality and [2, Corollary 4.5.2] again, the above equality implies that for ¢’ = %5,
(4.3) (hg(R?, M), bmo®(R?, M)), = hS (R?, M).

For the case where 1 < pi,p> < oo, the interpolation of hy (R4, M) and hy, (R, M) is much
easier to handle. Indeed, by Theorem 3.18, we have, for any 1 < p < oo, h;(Rd,M) is a comple-
mented subspace of L, (N; L§(T)) @, L,(N) via the maps E and F in Definition 3.4. This implies
that, for any 1 < p1,p2 < oo,

(hgl (RdﬂM) hy (RdaM))g = h;C)(Rde)v

7 P2
with % = 1}3;19 + z%' Combining this equivalence with (4.2), (4.3), and applying Wolff’s interpolation
theorem (see [48]), we get the desired assertion. O

The following theorem is the mixed version of Theorem 4.3, which states that h;(R%, M) and
bmo(R%, M) are also good endpoints of L,(N).

Theorem 4.4. Let 1 < p < co. We have (X,Y), = L,(N) with equivalent norms, where
P

X =bmo(R4, M) or Lo(N), and Y = hy(R? M) or Li(N).

Proof. By the same argument as in the proof of Theorem 4.3, we have the inclusion

(bmoq(Rd,M)7bmo(Rd,M))9 C bmoy (R, M) ¢ = %,
which ensures by duality that

(hP(RdaM)ahl(Rde))g 2 hp’(RdaM) = Lp’(N)
for % = % + 6. Then by Proposition 6.18,

Ly(N) C (hp(R?, M), hy (R, M), = (Lp(N), by (R, M)) .
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Since hy (R%, M) C Ly (N), then
(hp(Rde)vhl(Rde)>9 C (LP(N)v LI(N))Q = Lp’ (N)
Combining the estimates above, we have
(hP(Rdv M), hl (Rda M))g = LP’ (N)

Again, using duality and Wolff’s interpolation theorem, we conclude the proof by the same trick
as in the proof of Theorem 4.3. g

We end this section by some real interpolation results.

Corollary 4.5. Let 1 < p < co. Then we have

(1) (bmoc(Rd,MLhi(Rd,M))%w = h&(R?, M) with equivalent norms.

(2) (X, Y)lp = L,(N) with equivalent norms, where X = bmo(R* M) or L(N), and Y =
hl(Rd,M) or Ll(N)

Proof. Both (1) and (2) follow from [2, Theorem 4.7.2]; we only prove (1). Let 1 < p; < p < p2 <
with § = 1;—’7 + L. By [2, Theorem 4.7.2], we write

(bmoc(Rd,M)ahf(Rde))l,p
(4.4) c(Rd ‘(R A ‘(R TR
— ((bmo (R, M), 15 (R, M), (bimor (R, M), B (R, M)) )

P2

Then the assertion (1) follows from Theorem 4.4 and the facts that (L, (N), Ly, (N))n =Ly (N)

and that h¢(R?, M) is a complemented subspace of L, (N; L§ (f)) &p Lp(N). O

5. CALDERON-ZYGMUND THEORY

We introduce the Calderén-Zygmund theory on operator-valued local Hardy spaces in this sec-
tion. It is closely related to the similar results of [14], [26], [33] and [53]. The results in the
following will be used in the next section to investigate various square functions that characterize
local Hardy spaces.

Let K be an L;(M) + M)-valued tempered distribution which coincides on R? \ {0} with a
locally integrable L (M) + M-valued function. We define the left singular integral operator K¢
associated to K by

K@) = [ Kls= 050,
and the right singular integral operator K" associated to K by

K'(P)(s) = | FK(s =t

Both K°(f) and K"(f) are well-defined for sufficiently nice functions f with values in L;(M)NM,
for instance, for f € S ® (L1(M) N M).

Let bmog(R%, M) denote the subspace of bmo®(R%, M) consisting of compactly supported func-
tions. The following lemma is an analogue of Lemma 2.1 in [51] for inhomogeneous spaces. Notice
that the usual Calderén-Zygmund operators (the operators satisfying the condition (1) and (3) in
the following lemma) are not necessarily bounded on h§(R%, M). Thus, we need to impose an extra
decay at infinity on the kernel K.

Lemma 5.1. Assume that

(1) the Fourier transform of K is bounded: supgcga K (€)]|pm < o0;
(2) K satisfies the size estimate at infinity: there exist Cy and p > 0 such that

C1
1Kl < i Ylal = 1

(3) K has the Lipschitz regqularity: there exist Cy and v > 0 such that

"

K (s —1) = K(s)m < sz’

Vs| > 2|t
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Then K¢ is bounded on h$(R*, M) for 1 < p < oo and from bmog(R%, M) to bmo®(R%, M).
A similar statement also holds for K" and the corresponding row spaces.

Proof. First suppose that K¢ maps constant functions to zero. This amounts to requiring that
K¢(1ga) = 0. Let Q@ C R? be a cube with |Q| < 1. Since the assumption of Lemma 2.1 in [51] are
included in the ones of this lemma, we get

1 X 1
(i [ o) = Ke(olde)*
QI Jo
Now let us focus on the cubes with side length 1. Let @ be a cube with |Q] = 1 and QNJ = 2Q) be

the cube concentric with @@ and with side length 2. Decompose f as f = f1 + fo, where f; = ]l@f
and fy = Lga\gf. Then K¢(f) = K°(f1) + K°(f2). We have

H|Q1|/Q|K6(f)2dSHM < H|22/Q|K0(fl)|2d5HM+H|22/Q|Kc(f2)|2d8HM

The first term is easy to estimate. By assumption (1) and (1.10),
o [ eral, < | & [ iRoR©R],,

o L B©P|

=g Lok,

< S H@/Qlf(S)IQdSHM

To estimate the second term, using assumption (2) and (1.10) again, we have

“ S fllBmoe S 1 f [bmoe-

IN

A

IK(f2)(s) —‘/ K(s—t)fa(t dt‘ —’ Rd\QK(s—t dt‘
< [ KGOl [ G = OIRIEG - 050
RINQ RANQ
S [ IKG = Dl 0P
RAUNQ

1 2
g/Rd\Qs—tWJf(t) dt.

Set @m = QNQ + 2m for every m € Z%. Then R?\ @ = Um;éoém. Continuing the estimate of
|K¢(f2)(s)|?, for any s € Q, we have

L A T OIS
m7£0 ‘nL
~ Z |m|d+p / @) Pdt < | f lbmos-
m##0

Combining the previous estimates, we deduce that K¢ is bounded from bmo§(R¢, M) to bmo®(R%, M).
Now we illustrate that the additional requirement K¢(1ga) = 0 is not needed. First, a similar

argument as above ensures that for every compactly supported f € Loo(N), | K(f)lbmos < |1f |loo-

Then we follow the argument of [10, Proposition I1.5.15] to extend K¢ on the whole Lo (N), as

KA()) =i (K 1))~ [ Koswa, Vs R,

where B; is the ball centered at the origin with radius j. Let us show that the sequence on the
right hand side converges pointwise in the norm || - || o and uniformly on any compact set Q C R?,
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To this end, we denote by g; the j-th term of this sequence. Let [ be the first natural number such
that [ > 2sup,cq |s|. Then for s € Q and j > I, we have

5 =)+ [ (=)= K(-0) )
I<|t|<j

By assumption (3), the integral on the right hand side is bounded by a bounded multiple of || f||oo,

uniformly on s € Q. This ensures the convergence of g;, so K°(f) is a well-defined function.

Now we have to estimate the bmo®-norm of K¢(f). Taking any cube @ C R%, by the uniform

convergence of g; on @ in M, we have

I 116) = ol g = im | 195(0) = (obald)? o

I @) L =m ]l as)

Hence, by the fact that g; and K¢(f1p,) differ by a constant, we obtain

() lfbmor = Lim [[g;[omoe < lim sup [K(f L, )llbmor + [1Floc S 11/ lloc-
J

Similarly,

Therefore, K¢ defined above extends to a bounded operator from L., (A) to bmo®(R¢, M). In
particular, K¢(1ga) determines a function in bmo®(R?%, M). Then for f and @ as above, we have

Ke(f) = K*(f2) + K(f2) + K*(Lpa) f5, 50
K () lbmos < [IK(f1)[[bmoe + [1K(f2)l[bmoe + [ (Tga)[bmo [[f51la
S 1 llbmoe + 151l < 11 [[bmos -
Thus we have proved the bmo®-boundedness of K¢ in the general case.

By duality, the boundedness of K¢ on h$(R%, M) is equivalent to that of its adjoint map (K¢)*
on bmo§ (R4, M). Tt is easy to see that (K€)* is also a singular integral operator:

(5% (0) = [ R(s = al)at
where K (s) = K*(—s). Obviously, K also satisfies the same assumption as K, so (K©)* is bounded
on bmo§(R? M). Thus we get the boundedness of K¢ on h§(R% M). Then, by the interpolation
between h§(R%, M) and bmo®(R?, M) in Theorem 4.3, we get the boundedness of K¢ on h¢(R%, M)
for 1 < p < co. The assertion is proved. O

Remark 5.2. Under the assumption of the above lemma, K¢(1ga) is a constant, so it is the zero
element in BMO®(R%, M).

A special case of Lemma 5.1 concerns the Hilbert-valued kernel K. Let H be a Hilbert space and
k:R? — H be a H-valued kernel. We view the Hilbert space as the column matrices in B(H) with
respect to a fixed orthonormal basis. Put K(s) = k(s) ® 1y € B(H)®M. For nice functions f :
R? — Li(M)+M, K¢(f) takes values in the column subspace of Li(B(H)®M)+ Lo (B(H)@M).
Consequently,

KN, sz = 1K, wv;me)-
Since k(s) ® 1p¢ commutes with M, K¢(f) = K"(f) for f € La(N). Let us denote this common
operator by k¢. Here the superscript ¢ refers to the previous convention that H is identified with
the column matrices in B(H). Thus, Lemma 5.1 implies the following

Corollary 5.3. Assume that

(1) supgepa k()| < oo;

(@) [k(s)llar S ks Vsl > 1, for some p > 0;

(3) k(s =) = k()| S 1o VIs| > 2lt], for some 5 > 0.
Then the operator k¢ is bounded

(1) from bmo§ (R, M) to bmo®(R?, B(H)®M), where o = ¢, a = 1 or we leave out ;
(2) and from he(RY, M) to h§(RY, B(H)®M) for 1 <p < co.
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Proof. Since K°(f) = K"(f) on the subspace L,(N) C L,(B(H)®@N), (1) follows immediately
from Lemma 5.1. Denote the column subspace of bmo®(R?, B(H)®M) (resp. hg(Rd, B(H)®M))
by bmo®(R%, H®@M) (resp. h(R?, H@M)). Consider the adjoint operator of k¢ which is de-
noted by (k)*. It admits the convolution kernel K (s) = k(s) ® 1, where k(s) = k(—s)* (so it is a
row matrix). Applying Lemma 5.1 to (k¢)*, we get that (k)* is bounded from bmo®(R?, H*®.M)
to bmo®(R%, M). Then k¢ is bounded from h§(R% M) to h§(R?, H°®M), and thus bounded
from h§(R?, M) into h§(R?, B(H)®M). Interpolating this with the boundedness of k¢ from
bmo§ (R, M) to bmo®(R?, B(H)@M ), we deduce the desired assertion in (2).

U

Remark 5.4. Let 1 < p < 2. Since Loo(N) C bmo®(R% M), we get h§(RY, M) C Ly(N). By
Theorem 4.3 and the fact that h§(R?, M) = Ly(N), we have hf (R, M) C L (./\/) Then Corollary
5.3 ensures that

Ik )|z mrey S IKECS)
for any f € h;(Rd,M).

he (R, B(HNEM) S 1 Ihg @, 10)

6. GENERAL CHARACTERIZATIONS

Applying the operator-valued Calderén-Zygmund theory developed in the last section, we will
show that the Poisson kernel in the square functions which are used to define hg(Rd,M) can
be replaced by any reasonable test function. As an application, we are able to compare the
operator-valued local Hardy spaces hf,(IRd7 M) defined in this paper with the operator-valued Hardy

spaces HS(R?, M) in [30]. We will use multi-index notation. For m = (my,---,mg) € N§ and
s=(s1,",84) € R weset s = s <o-sy . Let m|p = mi+---4+mg and D™ = 365"7115172
1 d

6.1. General characterizations. Let ® be a complex-valued infinitely differentiable function
defined on R\ {0}. Recall that I' = {(t,¢) € RE: |t] < e < 1} and ®.(s) = e~4®(£). For any
f € Li(M;RG) + Loo(M;RG), we define the local versions of the conic and radial square functions
of f associated to ® by

5% / |, * f(s+1)]? d+1)7S€Rd7

g5 (1)(s) = (/ o5 FPE) s e

The function ® that we use to characterize the operator-valued local Hardy spaces satisfies the

following conditions:

(1) Every D™® with 0 < |m|; < d makes f — shHmef and f — gHmef Calderén-Zygmund
singular integral operators in Corollary 5.3;

(2) There exist functions ¥, and ¢ such that

~

S 1 =d
(6.1) SR+ [ BTET =1, veeR?
(3) The above ¥ and 1) make dpg = |, * g(s)|?%4= and ¢ * g satisfy:

mac{[| sup oo [ a3 190l 5 Dol for > 2
SEQC]R”’|Q‘
lQl<1

(4) The above ¢ makes f +— ¢« f a Calderén-Zygmund singular integral operator in Corollary 5.3.

Fix the four functions ®, ¥, ¢, as above. The following is one of our main results in this
section, which states that the functions ®, ¢ satisfying the above four conditions give a general
characterization for h¢(R%, M).

Theorem 6.1. Let 1 < p < co and ¢, ® be as above. For any f € Li(M;RG) + Loo(M;RS),
f e (R, M) if and only if s§(f) € Ly(N) and ¢ f € Ly(N) if and only if g5(f) € Ly(N) and
¢ [ € Ly(N). If this is the case, then

(6.2) I1fllng ~ e (Hllp + N6 * fllp = llge (H)llp + 116 fllp



30 R. Xia and X. Xiong

with the relevant constants depending only on d,p, and the pairs (P, V) and (¢, ).
One implication of the above theorem is an easy consequence of conditions (1) and (4) that

(6.3) 156 (Nllp + 165 fllp S 11 llng

P

(6.4) 193 (N)llp + [1& 5 fllp S 11flIng-

In order to prove the converse inequalities, we need the following lemma, which can be seen as a
generalization of Lemma 3.10.

Lemma 6.2. Let 1 < p < 2, q be its conjugate index and ®, ¢ be the functions satisfying the above
assumption. For f € h$(R%, M) N Ly(N) and g € bmog (R, M),

!T/Rd F(s)g™(s)ds| < (156 (H)llp + 16 fllp)lgllbmo; -

Proof. The proof of this Lemma is very similar to that of Lemma 3.10, we will just point out the
necessary modifications to avoid duplication. We need two auxiliary square functions associated
with ®. For s € R4, ¢ € [0,1], we define

(6.5) 58 / /B(s . |<I>T*f(t)|2ilﬁ:)%,

(6.6) e = ( [ y e FoPEE)

By assumption (2) of ®, we have

T (s *(s)ds

_T/Rd/é*f (. + g(s)) BE 4 /qb* )t g(s))"d

*// / 5 ‘I’s*f<t>sa><f><s,s>%‘2s3><f><s €) T (W + g(1)" @d

+7/ b F(5)( % g(s))"d

S T

Then by the Cauchy-Schwarz inequality,

1
d
|I|257/Rd/ (/B( )|<I>5*f(t)|2€dil)s (f)(s,e)P%deds

d
// / 0o g (1)) 86 () (s, )% Pdeds
f 4. B.

Replacing €4~ P (f) and E%Ps(g) in the proof of Lemma 3.10 by ®. * f and U, * g respectively
and applylng Lemma 6.7 and assumption (3) of ¥ and 1, we get the estimates for the terms A
and B that

AL sa(HNf and B < llglfmee 6 (I

The term II is easy to deal with. By the Holder inequality, Lemma 6.7 and assumption (3) again,
we get

/qs* YW % () ds| < 165 Fllpll * gllg S 116 % Flpllgllomos-

Combining the estimates for A, B and II, we finally get the desired inequality. d
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We also need the radial version of Lemma 6.2. To this end, we need to majorize the radial
square function by the conic one. When we consider the Poisson kernel, this result follows from
the harmonicity of the Poisson integral (see Lemma 3.13). However, in the general case, the
harmonicity is no longer available. To overcome this difficulty, a more sophisticated inequality
has been developped in [51] to compare non-local radial and conic functions. Observe that the
result given in [51, Lemma 4.3] is a pointwise one, which also works for the local version of square
functions if we consider integration over the interval 0 < € < 1. The following lemma is an obvious
consequence of [51, Lemma 4.3].

Lemma 6.3. Let f € L1(M;RG) + Loo(M;RG). Then
95N S D shmalf)(s)?, Vs € R

Im|1<d
Lemma 6.4. Let 1 <p < 2. For f € h{(R%, M) N Ly(N) and g € bmo (R, M),

1—2

r [ 1) ds] £ g (0l + 16 1) £y gl

Proof. This proof is similar to that of Lemma 6.2 and we keep the notation there. Let f €
hg(Rd, M) with compact support (relative to the variable of R?). We assume that f is sufficiently
nice so that all calculations below are legitimate. Now we need the radial version of s5(f)(s,¢),

9o (f)(s,e) = (/ |®,. *f(s)|2¥)%

for s € R? and 0 < € < 1. By approximation, we can assume that g$(f)(s, ¢) is invertible for every
(s,e) € S. By (6.1), (1.12) and the Fubini theorem, we have

[ s

<T//\q>*f Pg <><s8p2deds //W o), P
+\/¢* ) # g(s))*d

A'B +11'.

def

II' is treated exactly in the same way as before,
2—
IS [lg = FIG I * glly < llo* FIRHS e Ngllbmos -

A’ is also estimated similarly as in Lemma 6.2, we have A" < [|gg (f)I[5-
To estimate B’, we notice that the proof of [51, Lemma 1.3] also gives

95(N(5,6° 5 Y shmalf)(s,9)°,
Im|1<d

where $5,m4(f)(s,€) is defined by (6.5) with D™® instead of ®. Then by the above inequality,
Lemma 6.7 and inequality (6.3) with D" ® instead of ®, we obtain

deds
(W * g(s)sHma (f)(s,2)*~
|m|¥<d /Rd/ o

S D 191Emeg I5Hma (I

|m|1<d

2—
S 19 Bmos 1/ 1 -

Therefore,
2
IT/ F(s)g*(s)ds> S (lgs ()llp + Il * fllp)pl\fllh;”llgl\ﬁmo;,
which completes the proof. O
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Proof of Theorem 6.1. From Lemmas 6.2, 6.4 and Theorem 3.11, we conclude that if 1 < p < 2,
we have

1fllng < 5@ (Hllp + 1[0+ Fllp,
1fllng < Mg (Hllp + 16 * £llp-

For the case 2 < p < oo, by Theorem 3.19, we can choose g € hg(]Rd,./\/l) (with ¢ the conjugate
index of p) with norm one such that

hcw/f ds—r/Rd/‘D*f (W% g(s Sdsw/qﬁ* (0 + g(s))"d

Then by the Holder inequality and (6.4) (applied to g, ¥ and ¢),

I/

[ fllng < llge (Nlpllgw (9)llg + ¢ fllpllie * gllg
S (lge (Dl + ¢ fllp)lgllng = llga (Hllp + 16+ fllp-
Similarly, we have
£ lIng < Ml5% (Fllp + 116 flp-
Therefore, combined with (6.4) and (6.3), we have proved the assertion. O

The rest part of this subsection is devoted to explaining how Theorem 6.1 generalizes the char-
acterization of h¢(R%, M).

Firstly and most naturally, we show how Theorem 6.1 covers the original definition of h¢(R?, M).
Let us take ® = —27I(P) and ¢ = P for example. A simple calculation shows that we can choose
U = —87I(P) and ¢ = 47I(P) + P to fulfil (6.1). By the inverse Fourier transform formula, we
have

2 D(P)e(t) = ~2m [ (e leele>lag
—ep [ @Rl g = e P (1))
So we return back to the original definition of h¢ (Rd, M). Theorem 6.1 implies that
£y = llsa(H)llp + 1o fllp = llge (Fllp + 16+ fllp-
In particular, we have the following equivalent norm of h (R, M):
Corollary 6.5. Let 1 < p < oo. Then for any f € h]ﬁ(Rd,M), we have

£ llng = 1lg°(H)llp + [P * flp-

Secondly, consider ® to be a Schwartz function on RY satisfying:

(6.7) {fl) is of vanishing mean;

® is nondegenerate in the sense of (1.5).

Set . (s) = s_d@(g) for € > 0. In the sequel, we will show that every Schwartz function satisfying
(6.7) fulfils the four conditions in the beginning of this subsection. So they all can be used to
characterize h,(R%, M).

It is a well-known elementary fact (ef. e.g. [44, p. 186]) that there exists a Schwartz function ¥
of vanishing mean such that

(6.8) /Ooo OFE0E =1, ve B\ {0

Lemma 6.6. fol &J(E)\/I\I(E)% is an infinitely differentiable function on R? if we define its value
at the origin as 0.
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Proof. To prove the assertion, it suffices to show that fol ZI;( )\Il(s )dE is infinitely differentiable at
the origin. Given ¢ € (0,1], we expand ®(e-) in the Taylor series at the origin

= Y DB EMIQ S R,

[v[1 <N |"/\1:N+1

with the remainder of integral form equal to
(N + 1)€N+1
Ry(e€) = —
Since &)(O) = 0, the above Taylor series implies that

~ [l gy
B = Y DR Y B

/1(1 — )N DD (h=t)db
0

1<y <N [v[1=N+1
Similarly, we have
~ ~ |B|1€5
€
V)= Y, DO+ Y R0
1<IBli<N [Bl1=N+1

where RIB is the integral form remainder of 0. Thus, both @(s{) and \Tl(sf) contain only powers

of € with order at least 1. Therefore, the integral fol 6(5{)@(55)% (and the integrals of arbitrary
order derivatives of &;(Ef) and @(55)) converge uniformly for & € R? close to the origin. We then
obtain that fol @(65)@(55)% is infinitely differentiable at the origin £ = 0. O

It follows immediately from Lemma 6.6 that [ ZI\>( )\I/(s )d‘E is a Schwartz function if we define
its value at the origin by 1. Then we can find two other functions ¢, ¥ such that (;5, w € HY(R%),
¢(0) > 0,%(0) > 0 and

o~

(6.9) HE0E) + /O BT T =1, veer”

Indeed, for 3 > 0 large enough, the function (1 + |- |? )_ﬁ belongs to HY (R?). On the other hand,
if € S(RY), the function (1 + |- |?)?F is still in H(R?). Thus we obtain (6.1).

Now let show that conditions (1) and (4) hold for ®, ¢ satisfying (6.7). First, we deal with
the case 1 < p < 2. Let H = Ly((0,1), %) Define the kernel k : R? — H by k(s) = ®.(s) with
®.(s) : e — D.(s). Then we can check that

A 1
b [@(e)lla < oo, [[Pe(s)llm S 5[ vs e R\ {0}
S

and that

[V®.(s) Vs e R\ {0}.

1
Thus, k satisfies the assumption of Corollary 5.3. By Remark 5.4, we have, for any 1 < p <2,
@ fllz,vime) = 198 (H)llp S 1 lIng -

The treatment of s§ is similar. In this case, we take the Hilbert space H = LQ(F, djjﬁ) On the

other hand, ¢ € Hg (RY) implies ¢ € L1(R?), then [[¢ * fllo, vy S Ifll,on S [ fllng- Thus,
combining the above estimates, we obtain

g (Hllp + ¢ fllp < 1 flng
186 (Nllp +ll¢* fllp S 11 llng-

Then, a simple duality argument using (6.1) and Theorem 3.19 gives the above inequalities for the
case p > 2. Moreover, it is obvious that if we replace ® by D™®, the above two inequalities still
hold for any 1 < p < co.

In the end, it remains to check the condition (3) for ¥, ¢ obtained in (6.8) and (6.9). This can
be done by showing a Carleson measure characterization of bmog by general test functions. The
proof of the following lemma has the same pattern with that of Lemma 2.5, so is left to the reader.
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Lemma 6.7. Let 2 < ¢ < 0o, g € bmol (R, M) and du, = |V, x g(s)[>2%E. Then dpug is an
M-valued q-Carleson measure on the strip R x (0,1). Furthermore, let 1 be any function on RY
such that

. d
(6.10) Y € HY(RY)  with o > o8

We have
masc{| st o [ g, 106+ 6} 5 ol

sEQC
|QI<1

Remark 6.8. It is worthwhile to note that, if ¥ and 4 are determined by (6.8) and (6.9), the
opposite of the above lemma is also true. This can be deduced by a similar argument as that of
Corollary 3.12; we omit the details.

By the discussion above, we deduce the following corollary from Theorem 6.1.

Corollary 6.9. Let ® be the Schwartz function on R? satisfying (6.7) and ¢ be the function given
by (6.9). Then for any 1 < p < oo, we have

(6.11) [ £llne = Ise(F)llp + 116 fllp = lge ()l + ¢ £l
with the relevant constants depending only on d,p, ® and ¢.

6.2. Discrete characterizations. In this subsection, we give a discrete characterization for operator-
valued local Hardy spaces. To this end, we need some modifications of the four conditions in the
beginning of last subsection. The square functions s (f) and g5 (f) can be discretized as follows:

55N = (19, 16)2)

Jj=1

506 = (2 [ L ropar)’

Jj=1
Here ®; is the inverse Fourier transform of ®(277-). This time, to get a resolvent of the unit on
R9, we need to assume that &, ¥, ¢, ¢ satisfy

(6.12) Zcb (2796) B(2-7€) + (O)P(€) =1, VEeR™

In brief, the complex—valued infinitely differentiable function ® considered in this subsection satis-
fies:
(1) Every D™® with 0 < |m|; < d makes f +— sfj’g@f and f — gD,nq)f Calderén-Zygmund
singular integral operators in Corollary 5.3;
(2) There exist functions ¥, and ¢ that fulfil (6.12);
(3) The above ¥ and v rpake du]’? =251 [T % f(8)]?ds x d§y—;(g) (with d5—;(¢) the unit Dirac
mass at the point 277) and ¢ x f satisfy:
1
ma { | sup * / AR |3 0% Tl } S 1 lomog for g > 2
s€QCR? |Q| 2
Q<1
(4) The above ¢ makes f — ¢* f a Calderén-Zygmund singular integral operator in Corollary 5.3.

Remark 6.10. Any Schwartz function that has vanishing mean and is nondegenerate in the sense
of (1.5) satisfies all the four conditions above.

The following discrete version of Theorem 6.1 will play a crucial role in the study of operator-
valued Triebel-Lizorkin spaces on R? in our forthcoming paper [49]. Now we fix the pairs (®, ¥)
and (¢, 1)) satisfying the above four conditions.

Theorem 6.11. Let 1 < p < co. Then for any f € L1(M;RG) + Loo(M;RS), f € h;(Rd,M) if
and only if s57 (f) € Ly(N) and ¢+ f € L,(N) if and only if g3 (f) € Ly(N) and d* f € L,(N).
Moreover,

1£lls = llsg” (Fllp + 116 Fllp = llgg” (Hllp + 116 £l
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with the relevant constants depending only on d,p, and the pairs (P, V) and (¢, ).

The following paragraphs are devoted to the proof of Theorem 6.11 which is similar to that
of Theorem 6.1. We will just indicate the necessary modifications. We first prove the discrete
counterparts of Lemmas 6.2 and 6.4.

Lemma 6.12. Let 1 < p < 2 and q be the conjugate index of p. For any f € hg(Rd,M) N Ly (N)
and g € bmog(Rd,M),

v [ 1519 @)as| £ (1557l + 119 1) lglhmo; -

Proof. First, note that by (6.12), we have
[ f(s)g* dS—T/ Zq)  f(s) ()% g(s d8+T/ ¢ f(s)(¥=g(s)) ds
Rd
j>1

The second term on the right hand side of the above formula is exactly the same as the corre-
sponding term II in the proof of Lemma 6.2. Now we need the discrete versions of s§ and 5§: For
j>1,s€RY let

[+ f(t)dt)"

S%D Z 2dk: /

1<k<J 8,27k =27771)

[« f(1)2dt )"

§$D Z 2dk /

1<k<j B(s,27+1)

Denote s;D(f)(s j) and §fI>D(f) (s, 7) simply by s(s, j) and 5(s, 7), respectively. By approximation,
we may assume that s(s, j) and 3(s,j) are invertible for every s € R? and j > 1. By the Cauchy-
Schwarz inequality,

o[ 6wy a() s

j>1

2
= 77/ szﬂ/ @j*f(t)(\l/j*g(t))*dtds‘
B(s,2-3-1)
57'/ s(s,7)P~2 2dj/ O« f(t)|?dt)ds
IOMEY) (2 [ 1B T )
~\2—p [ odj 2
T s(s, 2 / W, xg(t)|”dt)ds
/Z( (e [ esPa)

)

A B.

The term A is less easy to estimate than the corresponding term A in the proof of Lemma 6.2. To
deal with it we simply set 5; = 3(s, j) and 5 = 3(s, +00) < s%P(f)(s). Then

—T/ ZSPQS—SJ 1)ds
7j>1
< 252 - ds
'r/RdZ 5 sj 1)
= T/d Z(Ej 7§j_1)d8+7—/d2§§72§j_1(§j 7§j_1)d3,
R - R X
J J

where 59 = 0. Since 1 < p < 2, ?;_1 < sP~1 we have

75, —5_1)ds < sPds < ||s¢P(f)]|IP.
/Z (5= 5ds S [ s < ISP
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On the other hand,
p=2— (= = . l=p poo_ _l-p_p-1. Pl
T/d E 5! sj_1(sj—s]_1)ds—r/d E $235, 75,15 25 2 (55 —5;-1)5 2 ds,
RO RO

since 5; > 5;_1 for any j > 1, we have §%§§72§j_1§177p < 1. Thus, by the Holder inequality,

_p—2_ _ _ _p—1 _ _p—1 _ ,D
T/Rd;&? Sjl(sg'—sjl)dsgf/w;s (5, — 5;1)5"2 ds:T/Rdspdsg 1sSP ().

Combining the preceding inequalities, we get the desired estimate of A:
D
A <2lsg” (Nl

The estimate of the term B is, however, almost identical to that of B in the proof of Lemma
6.2. There are only two minor differences. The first one concerns the square function S¢(f)(s, )
in (3.8): it is now replaced by

s = (3 2% [

1<k<j (em,j,27

1
@5« f()2dt)" il 5 € Q.
o)

Then we have s(s,j) < S°(f)(s,). The second difference is about the Carleson characterization
of bmog; we now use its discrete analogue, namely, duf . Apart from these two differences, the
remainder of the argument is identical to that in the proof of Lemma 6.2. g

Lemma 6.13. Let 1 < p <2 and f € h§(R?, M) N Ly(N), g € bmog(R*, M). Then

5 -2

< (1657 ()l + 165 711, 171 g loms

7 [ Fs)g" (s)ds
R4
Proof. We use the truncated version of gfI;D( f):
1
C, . 2
95" (Nsd) = (X 1oe F)2)
k<j
The proof of [51, Lemma 4.3] is easily adapted to the present setting to ensure
95" (NG9S Y spral)s.0)°.
Im[1<d
Then
2 *
‘7’ f(s)g*(s)ds‘ <TU.1I + ‘7-/¢>>k f(s)(w *g(s)) ds|,
Rd

where
U [ ST 0 s ¢ 1(5) s,
R -
J
=7 [ 3P ()5 I gl s,
RO
Both terms I’ and II' are estimated exactly as before, so we have

I' < 2)gg (Al and ' S| f

2—p 2
hg ”g”bmog :
This gives the announced assertion. O

Armed with the previous two lemmas and the Calderén-Zygmund theory in section 5, we can
prove Theorem 6.11 in the same way as Theorem 6.1. Details are left to the reader.

We also include a discrete Carleson measure characterization of bmog by general test functions.
Much as the characterization in Lemma 6.7 and Remark 6.8, it is a byproduct of the proof of
Theorem 6.11.
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Corollary 6.14. Let 2 < g < 00, 1 and ¥ be given in (6.12). Assume further

- d
Y € HJ(RY)  with o>

Then for every g € bmoy, we have

[N

llmog ~ 1= ol + | sup* |Q‘/ >l egas]].

€QCRr?

v — logz(1(Q))
6.3. The relation between h,(R? M) and H,(R% M). Due to the noncommutativity, for any
1 < p < oo and p # 2, the column operator-valued local Hardy space hg(Rd, M) and the column
operator-valued Hardy space Hj, (R%, M) are not equivalent. On the other hand, if we consider the
mixture spaces h,(R%, M) and H,(R?, M), then we will have the same situation as in the classical
case.

Since [|[P* fll, S I fllp < [[fllseg for any 1 < p <2, we deduce the inclusion

(6.13) HE(RY, M) Che(RT, M) for 1<p<2.
Then by the duality obtained in Theorem 3.19, we have
(6.14) he (R, M) € HE(RT, M) for 2 <p < oo.

However, we can see from the following proposition that we do not have the inverse inclusion of
(6.13) nor (6.14).

Proposition 6.15. Let ¢ be a function on R? such that (/#5(0) >0 and ¢ € HZ(RY) with o > 4.
Let 2 < p < oo. If for any f € HE(RY, M),

(6.15) 16 fllp < 11f [l
then we must have ¢(0) = 0.

Proof. We prove the assertion by contradiction. Suppose that there exists ¢ such that qAS(O) > 0,
¢ € HZ(R?) and (6.15) holds for any f € HS(R? M). Since both HE(RY, M) and L,(N) are
homogeneous spaces, we have, for any € > 0,
_d _d
¢ f(e)llp = [1(de = f)(e)llp =" ?llpe + fll, and [[f(e)llng =€ 7 [ flla-
This implies that
(6.16) [0 fllp S I1f [l

for any € > 0 with the relevant constant independent of . Now we consider a function f € L,(N)
which takes values in S/tl and such that supp f is compact i.e. there exists a positive real number
N such that supp f C {¢ e R?: |¢] < N}. Since ¢( ) > 0, we can find €g > 0 and ¢ > 0 such that
b(e0€) > ¢ whenever || < N. Thus, in this case, ||¢c * f|, > c||f]l,- Then by (6.16), we have

1 llp S 0N
which leads to a contradiction when p > 2. Therefore, (E(O) =0. O
By the definition of the hj-norm and the duality in Theorem 3.19, we get the following result:
Corollary 6.16. Let 1 <p < oo and p # 2. h;(Rd,M) and H;(Rd,/\/l) are not equivalent.

Although h¢(R%, M) and HS(R?, M) do not coincide when p # 2, for those functions whose
Fourier transforms vanish at the origin, their hf-norms and H;-norms are still equivalent.
Theorem 6.17. Let ¢ € S such that [, ¢(s)ds = 1.

(1) If1<p<2and f €hgy(R, M), then f — ¢ f € Hg(RT, M) and ||f — ¢ * fllye SN Flle -
(2) If2<p<oocand f € ’H;(Rd,/\/l), then f —¢x f € hg(]Rd,M) and [|f — ¢ * fllue SN Fllse-
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Proof. (1) Let f € h;(Rd, M) and ® be a nondegenerate Schwartz function with vanishing mean.
By the general characterization of H(R?, M) in Lemma 1.1, 1f = &5 f ll30g e, m) = |GG (f = f)lp-
Let us split |G (f — ¢ = f)]|, into two parts:

1G5 = 6% Dy
<H/\<I>*f o N E)E

/\@*f o PE):

In order to estimate the first term in the last equality, we notice that ¢ x f € h;(Rd, M), thus we
have f — ¢ f € hg(Rd,M)‘ Then by Theorem 6.1, this term can be majorized from above by
11l -

P

To deal with the second term, we express it as a Calderén-Zygmund operator with Hilbert-valued
kernel. Let H = Ly((1,+00), %) and define the kernel k : RY — H by k(s) = ®.(s) — ®. * ¢(s)
(®.(s) being the function € — ®.(s)). Now we prove that k satisfies the hypotheses of Corollary
5.3. The condition (1) of that corollary is easy to verify. So we only check the conditions (2) and
(3) there. By the fact that [, ¢(s)ds = 1 and the mean value theorem, we have

|(®. — Do+ p)(s I—‘/ (s —1)] qi)(t)dt’

s— 0t
<L 't'emoz%&w ol

Then we split the last integral into two parts:
i 1
(@ — . *qﬁ)(s)HH < (/1 (/t<§ [t] a5 sup ’V(I)(
+(/oo(/ |t|%+1 sup |V<I>(s
1 [¢)>1l €77 o<o<a

f 1

2d€

R (WA )%p

de
)

1
2

R [ R

Gt)’ (1) |dt)2d€)

9t)| 16(t) ‘dt)2d€)§

If |¢| < Bl we have |s — 6t| > %, thus |V<I>(S_T9t)| < £ for any 0 < § < 1. Then

Is \C‘“

1 1 1
() 59 s
e |s|™" *

When |t| > ‘ , since ¢ € S, we have f‘t|>\s| [t]|p(t)] dt <

1 de,1 1 1
< e - <
N(/l 52d+25) ~

The estimates of I and II imply

I = e+ Yl S
In a similar way, we obtain
V(2. @)l %
Thus, it follows from Corollary 5.3 that H [(®e — D * @) % f|? de)% ) is also majorized from

above by |1/l
(2) The case p > 2 can be deduced from the duality between hf and hf (Theorem 3.19) and that
between H; and Hg (¢ being the conjugate index of p). There exists g € hg(Rd,M) with norm
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one such that

If— ¢*f||hg = ‘T/ (f - ¢*f)(s)g*(s)ds‘

= |7 [ 16" = a7 s)as

< fllgllg = @ % gllae S N Fllasllgling = 11 f Il
which completes the proof. O

From the interpolation result of mixture local hardy spaces in Proposition 4.4, we can deduce
the equivalence between mixture local Hardy spaces and L,-spaces.

Proposition 6.18. For any 1 < p < oo, h,(R4 M) = H,(RY, M) = L,(N) with equivalent
norms.

Proof. Tt is known that H,(R?, M) = L,(N') with equivalent norms. One can see [30, Corollary
5.4] for more details. One the other hand, since Lo, (N) C bmo®(R?% M), by duality, we get
h$ (R4, M) C Ly (N). Combining (2.2) and the interpolation result in Theorem 4.3, we deduce that
he (R4, M) C Ly(N) for any 1 < p < 2 and L,(N) C h§(R%, M) for any 2 < p < oo. Similarly,
we also have h(R?, M) C L,(N) for any 1 < p < 2 and L,(N) C hj(R%, M) for any 2 < p < c.
Combined with (6.13) and (6.14), we get

(6.17) Hy(RY M) C hy(RY, M) C Ly(N) for 1<p<2,
and
(6.18) L,(N) C hy(R*, M) C Hy(RE M) for 2 < p < oo

Then (6.17), (6.18) and [30, Corollary 5.4] imply that
h, (R4, M) = H,(RT, M) = L,(N) for 1<p< oo,
which completes the proof. O

7. THE ATOMIC DECOMPOSITION

In this section, we give the atomic decomposition of hi‘(IRd7 M). The atomic decomposition of
H$ (R, M) studied in [30] and the characterizations obtained in the last section will be the main
tools for us.

Definition 7.1. Let Q be a cube in R? with |Q| < 1. If |Q| = 1, an h§-atom associated with Q is
a function a € L1(M; L§(R?)) such that

e suppa C Q;

o 7(Jyla(s)Pds)® < Q|72
If |Q| < 1, we assume additionally:

o [pals)ds =0.

Let hf’at(Rd, M) be the space of all f admitting a representation of the form

f= Z Ajag,
=1

where the a;’s are h{-atoms and \; € C such that Z;’;l |Aj| < co. The above series converges in

Nl

the sense of distribution. We equip hiat(Rd, M) with the following norm:
Hf”hiat = inf{i A : f = i)\jaj; a;’s are h{ -atoms, A\; € C}.
j=1 j=1
Similarly, we define the row version hf ,(R% M). Then we set
hyae(RY, M) = h 4 (RY, M) + b, (RT, M).
Theorem 7.2. We have h§ , (R?, M) = h§(R?, M) with equivalent norms.
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Proof. First, we show the inclusion h{ , (R?, M) C h§(R% M). To this end, it suffices to prove
that for any atom a in Definition 7.1, we have

(7.1) la
Recall that the atomic decomposition of H§(R?, M) has been considered in [30]. An H¢-atom is a
function b € Ly (M; L5(R?)) such that, for some cube Q,

e suppb C Q;

o [ob(s)ds =0; 1

o 7, Ib(s)ds)* < QI .
If a is supported in @ with |[Q < 1, then a is also an H{-atom, so [lallne S [lallz: < 1. Now

assume that the supporting cube @ of «a is of side length one. We use the discrete characterization
obtained in Theorem 6.11, i.e.

ne S 1.

o0
lallng ~ || 1@ % al?) ||, + [l¢ * allr.

Apart from the assumption on ® and ¢ in Theorem 6.1, we may take ® and ¢ satisfying
supp ®, supp¢ C B; = {s € R?: |s| < 1}.
Then
supp¢ *xa C 3Q and supp®.*xa C 3Q forany 0<e<]l1.
By the Cauchy-Schwarz inequality we have

|¢*a||1§/w(/@|¢<t_s>|2ds%. ([ lats)Pas)* ar < 1.

Similarly,
Z|<1> «al?) :T/ O (@ *a(s)|?)2ds
j=1 3Q j=1
o0 1
<7T / D, % a(s)|?ds)”
( QZ: ; )

Therefore, h§ , (R?, M) C h§(RY, M).

Now we turn to proving the reverse inclusion. Observe that H$-atoms are also h§-atoms. Then by
the atomic decomposition of H§(R?, M) and the duality between H$(R% M) and BMO®(R?, M),
every continuous functional £ on h ,, (R%, M) corresponds to a function g € BMO®(R%, M). More-
over, since for any cube @ with side length one, Li(M;L5(Q)) C hiat(]Rd,/\/l)7 ¢ induces a
continuous functional on Li(M; L5(Q)) with norm less than or equal to ”e”(hi,m)*' Thus, the
function g satisfies the condition that

(7.2) g e BMOC(Rd,M) and sup l9loll oo o L5Q) < 21| (he hg )"

QCR?
Q=1

Consequently, g € bmo®(R?, M) and
0f)=r y f(s)g*(s)ds, V f € hf  (RT, M).

Thus, h§ (R?, M)* C bmo®(R%, M). On the other hand, by the previous result, we have
bmo®(R%, M) C h§ ,,(R?, M)*. Thus, h{ ,,(R*, M)* = bmo®(R?, M) with equivalent norms. Since
fa®ELM) C hc(Rd M) densely, we deduce that h§ (R, M) = h§(R? M) with equivalent

norms. O
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