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ABSTRACT. In this paper, we investigate the concentration inequalities, the exponen-
tial convergence in the Wasserstein metric Wy, and uniform-in-time propagation of
chaos for the mean-field weakly interacting particle system related to McKean-Vlasov
equation. By means of the known approximate componentwise reflection coupling and
with the help of some new cost function, we obtain explicit estimates for those three
problems, avoiding the technical conditions in the known results. Our results apply
when the confinement potential V' has many wells, the interaction potential W has
bounded second mixed derivative Vin which should be not big so that there is no
phase transition. Two examples are provided to illustrate the sharpness and usefulness
in mathematical physics of our results.
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1. INTRODUCTION

In this paper, we consider the following nonlinear McKean-Vlasov equation with
initial condition ug

Oy = V - [Vuy + wVV 4 4 (V. W @ )], (1.1)

where the unknown wu; is a time dependent probability density on R¢ (d > 1), V : R? —
R is a confinement potential and W : R? x R? — R is an interaction potential. Here
V and V - (applied to a vector field) denote the gradient operator and the divergence
operator respectively, while V,W stands for the gradient of W with respect to (w.r.t.
in short) the first variable, and

V.W ® u(x) = ) V. W (z,y)u(y)dy.
R
When W(z,y) = Wy(z —y) for some even potential Wy (as in granular media), V, W ®
u = VW u (the usual convolution).
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The probabilistic equivalent version of (1.1) is the following self-interacting stochastic
differential equation (SDE in short):

{ dX, = V2dB, — VV(X,)dt — V,W & p,(X,)dt,

1.2
Xo law uo(z)dz, (12)

where p; is the law of X;. The density u; of the law p; of X; with respect to (w.r.t.
in short) the Lebesgue measure dz at time ¢ is the solution of the McKean-Vlasov
equation (1.1) and wvice versa. The existence and uniqueness of the solution of the
SDE (1.2) and the McKean-Vlasov equation (1.1) have been extensively studied. The
reader is referred to [30, 17, 29, 34] and recent works [33, 7, 19] as well as the references
therein. For the convergence to equilibrium of solution p; as t — +o0, it is worth
mentioning that Carrillo, McCann and Villani [8] obtained the explicit exponential
convergence in entropy under various kinds of convexity conditions on the potentials
V and Wy, via their enlightening idea of interpreting the McKean-Vlasov equation
as the gradient descent flow of the free energy on the space of probability measures
equipped with the L?-Wasserstein metric. Eberle et al. [15] got the quantitative bounds
on the exponential convergence in some appropriate transport cost to equilibrium for
McKean-Vlasov equations by using Lyapunov condition and reflection coupling. Eberle
[14] showed the exponential contractivity for diffusion semigroups w.r.t. Kantorovich
distance by using componentwise reflection coupling methods and choosing appropriate
distance functions. The reader is referred also to Luo and Wang [25] for the exponential
convergence of diffusion semigroups w.r.t. the LP-Wasserstein distance for all p > 1.

The McKean-Vlasov equation (1.1) or (1.2) is the idealization of the following in-
teracting particle system of mean-field type when the number N of particles goes to
infinity:

AXPN = V2B - VV(XiNdt - S WG, XN,

N
. . L g IZIEN (1.3)
XN =Xl i=1,--- N,
where the initial values X{,---, X}’ are i.i.d. random variables with common law
po(dr) = ug(z)dz, and B} --- BN are N independent Brownian motions taking val-

ues in R% independent of Xi,1 < i < N. In fact this is the goal of the studies of
the so-called propagation of chaos: when the number N of particles goes to infinity,
the empirical measures + SO xin of the particle system (1.3) (or the law of a sin-

gle particle) converge weakly to the solution p, of the self-interacting diffusion (1.2).
This corresponds to the law of large number in probability, see the monograph [34] of
Sznitman for propagation of chaos.

The propagation of chaos for the mean-field interacting particle systems has been
widely studied during the last forty years. The early studies were concentrated on
the propagation of chaos in bounded time intervals, see [26, 34, 29] and the references
therein. The study on the propagation of chaos in the whole time interval R* is much
more difficult and recent. When the confinement potential V' is strictly convex and
the interaction potential W(x,y) = Wy(x — y) with Wy strictly convex, Malrieu [27]
showed the uniform in time propagation of chaos by applying the logarithmic Sobolev
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inequality. In the case that there is no confinement (i.e. V = 0) and the interaction
potential Wj is strictly convex, Benachour et al. [1, 2] proved propagation of chaos (but
not uniform in time) and polynomial convergence to equilibrium; Malrieu [28] obtained
the uniform in time propagation of chaos and exponential convergence to equilibrium
for the particle system viewed from the center, by using functional inequalities. When
Wy is degenerately convex and V' = 0, Cattiaux et al. [9] showed the uniform in time
propagation of chaos and exponential convergence to equilibrium by using synchronous
coupling.

An important and actively studied subject refining the propagation of chaos is the
concentration inequalities which are crucial for stochastic numerical computation of
solution p; or the equilibrium g, of the McKean-Vlasov equation. The concentration
inequalities describe quantitatively why the McKean-Vlasov equation is the idealization
of the particle system (1.3). For the previous works on the concentration inequalities in
the convex case we refer the reader to Malriau [28], Bolley-Guillin-Villani [9] and Bolley
[4] and the references therein. See Section 2 for more details. The reader is referred to
the two monographies of Ledoux [23, 24| for pedagogical and enlightening treatment of
concentration inequalities.

We now go to the case where V' and W are no longer convex. Without the convexity
of V and Wy, recently Durmus, Eberle, Guillin and Zimmer [13] use the componentwise
reflection coupling introduced in [14] to prove the exponential convergence in some
Wasserstein metric and uniform in time propagation of chaos for weakly interacting
mean-field particle system. For more results about propagation of chaos, we refer the
reader to [12, 20, 21, 22, 31, 32| and the references therein. In the actual non-convex
case, phase transition can occur if the interaction is strong, and finding explicit estimates
of the weakness of the interaction for the exponential convergence of the McKean-Vlasov
equation is an important question in mathematical physics.

The main purpose of this paper is to investigate the concentration inequalities, the
exponential convergence in L'-Wasserstein metric W, (refining the previous results in
[14, 13]), and as by-product the uniform-in-time propagation of chaos of the mean-field
weakly interacting particle system. Although we use the same approximate compo-
nentwise reflection coupling ([14, 13]), our next approach will be quite different from
theirs:

(1) our starting point is some explicit gradient estimate of the Poisson equation
—LMNG = g where L) is the generator of (1.3), which are crucial for the
concentration inequalities of the interacting particle system:;

(2) we will choose a different metric from the one used in [14, 13|, which allows
us to obtain some explicit and almost sharp estimate of the exponential rate
in the convergence of the interacting particles system to its equilibrium in the
Wi —metric, uniform in the number N of the particles.

(3) As a by-product, we obtain some explicit estimate on the propagation of chaos,
uniform in time.

The paper is organized as follows. In the next section, we will present our framework
and main results. The proofs of the results about gradient estimate of the Poisson
equation (in heat diffusion) and on the exponential convergence in Wasserstein metric
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are provided in Section 3 and Section 4. The proofs of concentration inequalities are
given in the last section.

2. MAIN RESUTLS
2.1. Framework: notations and conditions.

2.1.1. Conditions on the dissipativity rate of a single particle. First we introduce a
dissipative rate by(r) of the drift of one single particle in (1.3) at distance r > 0. The
function by(r) is a continuous function on (0, +00), such that

(# —y, = [VV(2) = VV(y)] = [VaW(z,2) = VoW (y, 2)]) < bo(r)|z -y (2.1)

for any z,y,z € R? with |z — y| = r. Throughout this paper we assume that by(r)

satisfies ;
,
lim sup olr)
r——400 T
i.e. the drift of one particle is dissipative at infinity.
We also assume that

<0, (2.2)

bt () —
rl_l)%lJr by (r) =0. (2.3)

Next we introduce an important reference function h which is different from the one
used in [14, 13]. For any function f € C*(0,+oc) and r > 0, let L,.; be the generator
defined by

Lrepf(r) :==4f"(r) + bo(r) f'(r). (2.4)
Let h : Rt — R™ be the function determined by: h(0) = 0 and

W(r) = }Lexp (—i /0 bo(s)ds) /;OO 5 - exp G /0 bo(u)du> ds. (2.5)

As I/ is Cl-smooth by the continuity of by, h is a well defined C? function, and it is a
solution (the smallest in fact) of the one-dimensional Poisson equation

Lreph(r) = 40" (r) + bo(r)h'(r) = —r, >0 (2.6)

with h(0) = 0. This function was used by the second named author [35] for functional
and isoperimetric inequalities on Riemmanian manifolds.

2.1.2. Kantorovich-Wasserstein Wy-metric. For the configuration space (R?)Y instead
of the usual Euclidean metric, we will use the I'-metric (generalized Hamming metric)

N
dp(z,y) =Y o' =y, z=(a' - 2V), y=(" - y") e RY)Y.
=1

We consider the Kantorovich-Wasserstein distance w.r.t. dp metric on (R?)V i.e., for
any two probability measures u and v on (R4,

Wig, (1,v) = inf / / dus (2, y) P(dz, dy)
(Rd)NX(Rd)N

Pell(p,v)

where I1(u, v) is the set of all couplings of u, v, i.e. the set of all probability measures
on (RH)N x (RN whose marginal distributions of 2 and y are respectively p and v.
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Notice that for a C'-function g on (R%)", its Lipschitzian norm ||g||Lip,,) W.r-t. dp
coincides with max;<;<n ||Vig|lc Wwhere V; is the gradient w.r.t. x;. By Kantorovich-
Rubinstein duality relation,

Wa, (u,v) = sup ( / gdp — / ng)
9ECH (RN )imax; <icn [ Vigllao<1

When N =1, we write simply W, for Wy 4,. We write quite often (u = [udp.
We notice that for two probability measures p,v on (RN,

S Walp, ') < Wy (1, v) (2.7)

i=1
and the equality holds when p = @ p',v = @Y V' are product measures, where

u' (resp. v%) is the marginal distribution of x; of u (resp. v). In fact if X =

(Xt XN Y = (Y- YY) are two random vectors such that the law of (X,Y) is
an optimal coupling of (u,v) in Wi 4, , then for each 7, the law of (X*,Y") is a coupling
of (u',v"), so

Wa, (1, v) = Edp (X,Y) ZEW Y’|>ZW1M V)

When p, v are product measures, let (X* Y?) (or its joint law) be an optimal coupling
of (uf,v?) for Wy (u?, V') so that (X1, Y1), .-+ (XN Y¥) are independent. Then (X =
(X 1<ien, Y = (Y)1<ien) is a coupling of (u,v), so we get

N N
> W, v') =D EIXT Y| = Edp(X,Y) > Wy, (1, v)

i=1 i=1

i.e. the equality in (2.7) holds in the prodcut measures case. (This is well known.)

2.2. An explicit gradient estimate of the Poisson equation. Let {Pt(N)}tZO be the
transition semigroup of the mean-field interacting particle system (1.3), whose generator
is given by

N

E(N)f(xl,---,xN):Z<Aif—VV(x) f——ZVWx:p Vif).

i=1 JF#i

Its unique invariant probability measure is the mean-field Gibbs measure, given by

1 S
M (dxt .- N g LooodeN
p (dety - da) = exp ( g V(x N1 E W(z ,x])> dx dx™,

1<i<j<N

where Cy is the normalization constant.
We introduce the following key assumption on the interaction potential:

(H) : IVZ,Wlloo - 17l < 1
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where h is given by (2.5), [|1[|c := sup,q //(r), and VI, W = (%{;%W)lgi’jgd,
HVinHOO ‘= sup  sup ]Vin(x,y)zL
z,yER? zeR4 |z|=1

Notice that when the dissipativity at infinity condition (2.2) is satisfied, bo(r) can be
bounded from above by —ci7 4 ¢o (with ¢1, ¢y > 0), S0 || ||oo := sup,sq A (1) < +o0.

The assumption (H) is a (non-trivial) translation of Dobrushin-Zegarlinski’s unicue-
ness condition in the framework of mean field, and it implies that the mean field has
no phase transition (established by Guillin and us in [18]).

Notice that under the assumption (H) and (2.2), both the equations (1.2) and (1.3)
have unique strong solutions. On the space of continuous paths C([0, T, (R?)™) where
T € (0,+00], we consider the L'-metric

drajo,r)(71,72) 3:/0 dpn (11(t),72(t))dt. (2.8)

Given the starting point z € (R?)Y, let P, be the law of XV) = (Xt(N))tZO with
X(()N) = .

Theorem 2.1. Assume (2.2), (2.8) and (H). For any zo = (z},--- ,2)) € (RY)N and
vo= (v, ,yd) € (RYY, we have
+o0o

N N
Wan (P (o, ), PV (yo, )t < Woay, o (Pay, Py)
0

(2.9)

N
1 , .
< Al — b))
1= [V, Wllsol 1]l ZZI oo
In particular for any g € CH(RHN) with u™N)(g) = 0, the solution G of the Poisson
equation —LNG = g with p™)(G) = 0 satisfies

) < Cra ‘ < i<
IViGlloo < crip - max [[Vjglloe, 1 <0 < N, (2.10)
where #(0)
CLip = (2.11)
P 1= IV, W ool || so
and

B(0) = }L/Om 5 exp G /0 bo(u)du> ds.

Its proof will be given in the next section. We present two applications of the theorem
above, all of physical meaning. The first is an explicit integral (over time) estimate of
the nonlinear McKean-Vlasov equation (1.1).

Corollary 2.2. Under the same assumptions as in Theorem 2.1, for any two solutions
e, vy of the self-interacting diffusion (1.2) with the initial distributions g, vo with finite
second moment respectively, we have
> 17l
Wi (e, ve)dt <
0

Wl(MU,VO)- (212)
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In particular for the unique equilibrium g, of the McKean-Vlasov equation (see [18]),

17/ ]| oo
WA (g, proo)dt <
/ A I ||v WHOOthHoo

Proof. By (2.9) in Theorem 2.1 and the fact that
h(r) < h(0) + [|F]lo - 7 = IW'[loc - 7, ¥r 20

Wi (1o, too)-

we have
|| s

Wiy (Y, 0Y).  (2.13)

Notice that ,ug )= pSN Pt(N) and Vt(N) = PN Pt( ) are symmetric probability measures

on (RY)N and their marginal distributions z{"™, "™ of 2; converge weakly to u, 1

(respectively) by the finite time propagation of chaos. By using (2.7) we have

and then by the lower seml—contlnulty of W1 in the weak convergence topology,
Wi (e, vp) < lim inf Wl(uﬁl’N), t( ) < liminf —W1 (1 (N), I/t(N)>. (2.14)
N—o+oo N
Combining (2.13) and (2.14) together, we obtain by Fatou’s lemma,
/ Wi (g, vp)dt < hmmf—/ W14 ll /LEN) Vt(N))dt

N—+oo N

14l 1 N
lim inf — W SNy
S TR W e N N (o™ 107

17" oo

= W,
T, Wl o o)

where the last equality follows by (2.7). That completes the proof. [

Remark 2.3. Before the presentation of application of Theorem 2.1 to concentration
inequalities in the next paragraph, we speak quickly the consequence of the gradient
estimate to the spectral gap A; of the particle system (1.3) in L?(u™)) (i.e. the best
constant A; > 0 such that the Poincaré inequality below holds

N
M Var, v (F) < / V, F2du™)
1 p ( ) RO ZZ:;‘ |

for all bounded and C?-smooth functions F on (R%)Y). In fact the Poisson operator
—LM))=1 defined on some dense domain (the whole space in fact) of L2(u™)) = {F ¢
L2 (™M) ,u(N)(F) = 0} is self-adjoint. Then as in [35], we have

1

N I(=L™)  gzgueny < 1LY M zipan) < crip.
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Thus

L 1=V WleolAlloo
CLip hI(O)
This estimate is more explicit (and better in the Example 2.15 of the double-well V)

than the one in [13]|. The reader is referred to our joint work with A. Guillin [18] on the
spectral gap and the log-Sobolev inequality of Gibbs measure (without using coupling).

AL >

(2.15)

2.3. Concentration inequality for the time average of the U-statistics. We
present now another application of Theorem 2.1 in the concentration inequality about
the Gaussian concentration of the U-statistics.

For any 1 <m < N, let f,, : (RY)™ — R be a measurable and symmetric function.
The U-statistic of order m with kernel f,, is defined by

UN(fm)(xlv U 7‘TN) = L Z fm(xilf" 7mim)v V(xla U 7$N) € (Rd)N7

15| (i1, yim ) €I
(2.16)

where
I = {(i, - ,im) € N*|iy, -+ iy, are different |1 <iy,--- i, < N} (2.17)

and |I}}| denotes the number of elements in I3 (equal to N!/(N —m)!).
Next we introduce the following Gaussian integrability assumption of the initial dis-
tribution pg:

/ P o (dx) < +oo, for some Ag > 0 (2.18)
Rd

which is equivalent to say that there is some Gaussian concentration constant cg(po) > 0
such that

C
[ (o) < exp (“CL 112, ) (2.19)
R

for all Lipschitzian functions f on R? (w.r.t. the usual Euclidean distance).

Remark 2.4. The equivalence between the Gaussian integrability (2.18) and the Gauss-
ian concentration inequality (2.19) was established by H. Djellout, A. Guillin and the
second named author [10], and (2.19) is the famous characterization of Bobkov-Gétze
[3] of the transport-entropy inequality. By the tensorization of the transport-entropy
inequality for product measure, (2.19) implies that for any N > 1,

2)—u®N N
/(Rd)N 9@ =109 quEN () < exp (ECG(MO)HgH%iP(dll)) (2.20)

for all Lipschitzian functions g on (R?)N.

Theorem 2.5. Assume the conditions in Theorem 2.1 and the Gaussian integrability
(2.18) of the initial distribution pg. Let f,, € C*((R))™ R) be symmetric and 1-Lipschitz
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w.r.t. the dp-metric on (RH™, i.e. max; |V;flloo < 1. Then for any \,T > 0, we have

T T
E exp (% [/ Un(fr) (XN, ,XfV’N)dt—/ Efn (XN, ,X{”’N)dt])
0 0

2.21
exp | ———
=P\ TanT T ))
where cr;, is the same as given in (2.11). In particular we have for any § > 0
Lt LN N LN N
PAT [ UMDY XN - 1 [ XYt >
o o (2.22)

A= V2 Wl W)
= o (‘2m2<hf<o>>2<1 o)D) 0 ) |

The explicit concentration inequality (2.22) is sharp when V' is quadratic and W (x,y) =
Kxy (the Gaussian case), shown in Example 2.14. Its proof will given in §5 after a more
general result, Proposition 5.1.

2.4. Exponential convergence of the particle system in the W 4, -metric.

Theorem 2.6. Assume (2.2) and (H). Suppose that there exists a constant M € R
such that

bo(r) < rM,¥r >0 (2.23)
(this condition is stronger than (2.3)), then for any € > 0 such that

LIV Wl e — (M + (V2 W ]|oc)

K. : > 0, 2.24
17| + € 22

we have for any xg,yo € (Rd)N
Wdll (Pt(N) (.Z'o, ')7 Pt(N) (y07 )) S AseiKatdll (.ﬁEo, yo)’ vt 2 O’ (225)

where
h(r) +er

A, = su . su ) 2.26
T>Io) h(r) +er r>lé)) r (2:20)

Its proof is given in Section 3.

Remark 2.7. An easy estimate of A, is A, < % (since h(0) = 0). Note that
when M + [|[V2, W]l > 0, the exponential rate K. increases (then better and better)
as ¢ decreases to 0, but A, may explode once if inf,>qh'(r) = 0 (that is the case if
V(x) = a2t — 2% for example).

Remark 2.8. Notice that (2.23) is equivalent to say that

VV(z) + V2, W(z,y) > —MI, z,y € R
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i.e. the Bakry-Emery’s curvature for one particle’s motion is bounded from below by

the constant —M. When x := —M — ||VZ W]l > 0, we see that the Hessian of the
Hamiltonian
a 1
Hizl oo V) = i i g
(' a) = 3 V) + 5= 2 WEa)
i=1 1<i<j<N

is bounded from below by I (this estimate of the lower bound of the Bakry-Emery
curvature is sharp if V2, W is constant and definitely nonnegative). Notice that when
M < 0, we can take by(r) = Mr, so h/(r) = —1/M. Then x > 0 if and only if (H) is
satisfied. The advantage of our condition (H) (w.r.t. the positive curvature condition)
is: it does not depend on the curvature but on the dissipativity at infinity, it holds even
if V' has many wells (non-convex) once if the interaction is weak enough so that there
is no phase transition.
If kK > 0, we have by Bakry-Emery’s curvature characterization

Wi(PMN (), BV (y, ) < e "Ha — g

in the Euclidean metric on (RY)"Y. On the other hand as above by(r) = Mr, h(r) =
—r/M, we see that K. — —M — |[|V3,W|| = K as € = +o0, and A, = 1, so (2.25)
yields

Wi (P (2, ), PNy, ) < e "du(, y), (2.27)

a curious but not at all surprising phenomenon (it can be obtained by the synchronous
coupling as indicated by a referee).

Theorem 2.6 above will give us an explicit exponential convergence in W; of the
nonlinear McKean-Vlasov equation (1.1). For the exponential convergence in entropy
of the nonlinear McKean-Vlasov equation (1.1) under the condition (H), see Guillin
and the authors [18].

Corollary 2.9. Under the same assumptions as in Theorem 2.6, for any € > 0 so that
K. > 0 (i.e. (2.24)), we have for the solutions p,v, of the self-interacting diffusion
(1.2) with the initial distributions g, vy which have finite second moments respectively,

Wi (e, vy) < Ace™ 5 W (o, o), Yt >0, (2.28)
where K. and A are given by (2.24) and (2.26) respectively.

Proof. The proof of this corollary is similar to that of Corollary 2.2, and we utilize the
same notations as in the Corollary 2.2. First by Theorem 2.6, we have for any ¢t > 0

W (5P g NPEY) < Ace MW, (06 57,
Dividing the inequality above by N, we obtain by (2.14) and propagation of chaos,
Kty .o L
Wi(ae 12) < Ace™ = liminf =Wy g, (5™, v5™)

= A.e” W (110, o)
the desired result. O
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2.5. Concentration inequality for the empirical mean uniform in time. We
go into more details in this subject, spoken already in the Introduction. Under the
conditions that V' is uniformly convex and W is convex, Malrieu [27] established log-
arithmic Sobolev inequality and then used its connection with optimal transport and
concentration of measure to get the following non-asymptotic bounds on the deviation
of the empirical mean of an observable f from p,(f),

I fllip<l vN

where A and \ are positive constants depending on the particle system.

As pointed out in [6], this approach can lead to nice bounds but it is limited to a
finite number of observables. Bolley-Guillin-Villani [6, Theorem 2.9] obtained for any
t >0 fixed and 9 > 0

IP’{ sup |—Zf (XN = ()] > 5} < C(1+t52)e KON (2.30)

[ fllzip<1

A 2
sup P{|—Zf (XM) ;Lt(f)|>—+(5}§2€)\N6,t>O, d>0 (229

for all N big enough (quantlﬁable), where K (t) depending on t is some explicitly com-
putable constant. Furthermore, Bolley [4] got quantitative concentration inequalities
on the sample path space with uniform norm, on a given time interval [0, 7], which
implies (2.30) by projection at time t € [0, 7.

Theorem 2.10. Assume the conditions in Theorem 2.6 and the Gaussian integrability
(2.18) of the initial distribution uy. Then for any Lipschitzian observable f : R — R
with || f|lLiy =1, N > 2, and for any 6 > 0,

1 & NEK_.5?
R 0Ny N 1,N < _ e
{N ;_1 FX7) Eu? fX77) > 5} > eXp < A2[L + QCG(MO)KEQ_QKET]>
(2.31)

where € > 0 is any small constant such that K. > 0 (see (2.24)), A. is the constant
given by (2.26).

As the absolute value of the bias |E#(()X)Nf(X;w7N) — pr(f)| < A/VN by Remark 4.4,

our result above generalizes Malrieu’s result (2.29) to the case that V' may have many
wells. It will be proved in Section 5.

2.6. Propagation of chaos in large time. We have the following uniform in time
propagation of chaos.

Theorem 2.11. Assume (2.2), (2.23) and (H). Suppose that there exist some positive
constants cq, co, c3 such that
(x,VV(2)) > c1|z)? — c2, Vo € R (2.32)
and
(2, V2 W (x,y)2) > —cs|z|*,Va,y, 2 € R (2.33)

Assume

c1 — C3 — ||Vin||oo > 0. (234)
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Then for any € > 0 such that K. >0, and € € (0,¢1 — c3 — [|V2,Wls), the following
estimates of propagation of chaos hold for the mean-field interacting particle system
(1.3) with any initial probability measure py having finite second moment:

(a) (path-type propagation of chaos) for any T > 0, 1 < k < N, denote P,(-) =
f(Rd)N P.(-)dv(z) the law of (Xt(N))tzo w?'th the initial distribution v, ]P’l[,l’k}’NhQﬂ the
joint law of paths of the k particles ((XZ’N)te[07T],1 <1 < k) in time interval [0,T],
and Q,, the law of the self-interacting diffusion (Xi)i>o with the initial distribution
to- We have

1 lk]N max{ms(po), ¢(e)} HvinHolo/Hoo
— 2.
w7 Vst @ loms Qullon) < == o= g . 2
where
L 1
2 d+ ey + 52|V, W(0,0)2 2
_ 2d A — 4 ’ . 236
ma(po) </Rd\fc! uo(x)) X0 (01_63_ V2, W —¢ (239

(b) (Uniform in time propagation of chaos) Assume moreover for all time t > 0
and any 1 <k < N:

k
VN - 1K.
[1,k],N

where iy = updx is the solution of the McKean-Viasov equation (1.1), and p; """ is
the joint law of the k particles (X' 1 < i < k) in the mean-field system (1.3) of
interacting particles (XZ’N)1<Z<N wzth X .1 <i < N idid. oflaw pg (independent
of (B )1<i<nis0), and the constants K., AE, ma (o) and ¢(e) are given in (2.24),
(2.26) and (2.36) respectively.

Wiy (N Ry < = v oo max{ms(o), é(€)}  (2.37)

Remark 2.12. The time-uniform propagation of chaos is much more difficult than the
bounded time propagation of chaos, accomplished in the 80-90’s of the last century.
The physical reason is that the time-uniform propagation of chaos fails in the regime of
phase transition. That is why we impose the condition (H), which excludes the phase
transition.

The reader is referred to [5, 9, 12, 13, 22] and the references therein for recent studies
and progresses on this subject. The main new point here is that our estimate (2.37) is
explicit and relatively neat.

Remark 2.13. All the results presented in this paper can be extended to more general
case:

dXt = \/idBt + b(Xt, ,ut)dt

where i, is the law of X3, if b satisfies some dissipative condition in z (uniformly in p)
and a Lipchitz condition in g with sufficiently small Lipschitz constant. For the sake
of clarity, we deal only with the case of b(Xy, ) = —VV(X;) — V. W & pe(X;) in this

paper.
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2.7. Examples. We first present the Gaussian model for which the constants in The-
orem 2.1 and Theorem 2.6 become exact, showing their sharpness.

Example 2.14. (Gaussian model) Let d =1, and

o W((L‘,y) = _ﬁKIy

where B > 0 is the inverse temperature, K > 0.
For this model, by some simple calculations we have

bo(r) = —pr, ¥r > 0.
and
R(r)= 8", vr>0.
It is obvious that conditions (2.2) and (2.3) hold, and the assumption (H) holds once if
K <1. (2.38)

But this condition is equivalent to say that the matrix A = (a;j)1<; j<n is positively
definite, where

—BK .
aip = B, aij = mal # J.
A must be the inverse of the covariance matrix of the Gaussian measure ). In other
words (H) is equivalent to well defining the equilibrium probability measure p™).
Note that [|V2,W|ls = 8K, so we have cp;, = ﬁ under (2.38). Moreover (2.23)
is satisfied with M = —§.
e Sharpness of Theorem 2.1. The gradient estimate (2.10) in Theorem 2.1 tells us:
if —LWNG = g, then

1
IViGlloo < Zm—m max||Vig]loo.

~ Bl -K)
Let us show that it becomes equality for g(z',--- , ™) = 32N 2. In fact
ﬁ(N)g(agl7 o2y = _Zﬁxl + Z N1 ZﬁKQ:J =—5(1—-K)g.
i i i

In other words G = ﬁ g for which the gradient estimate above becomes equality.

As the gradient estimate (2.10) comes from (2.9), the process level Wy 4 , estimate (2.9)
is sharp too.

e Sharpness of Theorem 2.6. As ¢ — 400 in (2.24), we have by Theorem 2.6
Wl,dl1 (Pt(N) (an ')7 Pt(N) <y07 )) S e_ﬁ(l_K)tdll (:L‘()) yO)
This is equivalent to say that
max HViPt(N)gHOO < e P max | Vgl so-
But it becomes equality for g = 32N 2 : in fact as LN g = —5(1 — K)g,
N _B(1—
Pt( )g — B0 K)tg'
Hence the exponential convergence result (2.25) in Theorem 2.6 is sharp.
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Of course for this Gaussian model all results in Theorems 2.1 and 2.6 can be derived
easily by using the synchronous coupling, or from the commutativity relation

th(N)g _ B_Atf)t(N)Vg
which is one of the origins of the Bakry-Emery curvature.
Next we consider a typical physical model to illustrate our results.

Example 2.15. (Double-Well confinement potential and quadratic interac-
tion in granular media) Let d > 1,

V(z) = B(|z|"/4 = |zl*/2), W(2,y) = BE |z —y[*

where 8 > 0 is the inverse temperature, K € R. This model has the double-well
confinement potential and quadratic interaction potential Wy(z) = K|z|>. Here and
hereafter |z| denotes the Euclidean norm of z, (-,-) the Euclidean inner product.

First of all, for this model we have

bo(r) = pr(1 —2K —r*/4), ¥r > 0 (2.39)

and so conditions (2.2) and (2.3) are satisfied. Indeed, set r = |z —y|, 0 =
x # y, then

T—y
= for any
T —y
= zlz|* —yly|* ) =(o, (y + ro)|y + ro|* — y|y|?)
|z — 9

=2r{(0,y)* + 3r* (o, y) + rly|* + r*
>3r (o, y)2 + 372 (o,y) + r3

TS

>
!

with equality if and only if x = o, y = —5o. Therefore we obtain

= (= Bla? = 2) = Bl — ) + 26K (a — 2) ~ 20Ky~ 2))

7"2
>Br <Z—1+2K> .

Then the best by(r) is given by (2.39).
Next we estimate ||h/||~. By (2.5) and some calculations, we have for any r > 0

B (r) = iexp (6’34@«4 _8(1 - 2K)7"2)) [+w 5 exp (6’34@(1 _9K)s: — 54)) ds
_ iexp (1% (T—; _2(1— 2K))2> /:o exp (—%(u _2(1— 2K))2> du.
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When K > 1, we have %—2(1—2]() > 0 and so

1 2 ? 1
R'(r) < - exp LNl —2(1 - 2K) : ﬁexp —ﬁ(u—Q(l—ZK))z
4 16 \ 2 V 3 16
(2.40)
_ VT
VB
When K <  and § > 2(1 — 2K), the above bound (2.40) holds as well.
When K < and % < 2(1 — 2K), we have by (2.6)
40" (r) = —r — Br(l — 2K — r*/4)h/ (r) <0,
and hence
1 (BL-2K)P) [ 8
< K(0) = - —_— ——(u—2(1-2K))*|d
) <100) = yesp (PEE2E) [ e (<8201 - 202
(1 -2K)
ﬁ exp <ﬁ ) : (2.41)
= VB
Combining (2.40) and (2.41), we obtain
VE oxp (S22 i< ]
Hh’\|oo<a:={ﬁe}{p< ! ) e > (2.42)
\/_B, if K 5
Since ||V2,W||o = 2|K|8, assumption (H) holds once if
26| K|a < 1. (2.43)

and then the conclusion of Theorem 2.1 holds under (2.43), and then all its consequences
in §2.2 and 2.3. For instance

su-26?
VAP 1 VB(1 - 2|K|Ba)
cL’Lp = ) )\1 Z >
\/_ 1-— 2|K|60( CLip \/_eXp( B(1— 2K) )
Furthermore, note that (2.23) holds with M = (1 — 2K), and then
M +[|V2,W|o = B(L+4K") > 0.
Thus the conclusion of Theorem 2.6 holds with
l—a—ef(14+4K7)
a+e

where ¢ > 0 is small such that 1 —«a —ef(1 +4K~) > 0, and by Remark 2.7,

(2.44)

K. =

SUP,> B (r)+e cate
infrzo n (7“) +e g

For the result of propagation of chaos in Theorem 2.11, we can take ¢35 = 0 when
K >0, and ¢ = —2Kf when K < 0. To ensure that conditions (2.32) and (2.34) are

A <
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satisfied, one can take ¢; = 2|K|B+¢€/, ¢ = 2(1+2|K|+ %')2 in the case of K > 0 and
cp=—4Kp +¢€, ¢co = %(1 — 4K + %)2 in the case of K < 0, for any & > 0.

3. PROOF OF THEOREM 2.1 AND THEOREM 2.6

3.1. Coupling. We first introduce the approximate componentwise reflection coupling
by following [13] and [14]. Given § > 0, let As,7s : Rt — [0,1] be two Lipschitz
continuous functions such that

Ns(r)? +m5(r)? =1, Vr e RT (3.1)
and
1, ifr>¢
A = ’ - 3.2
o(r) {o, it r < 6/2. (32)

Then a coupling of two solutions of the mean-field interacting particle system (1.3)
with initial values zg, yo € (R?)Y is given by a strong solution of the system

AXP = VBN ZINABY + (| Zi)ABE) — TV (X))

1 A .
- D, VWY X,

N-1 &~
J3#L1<G<N
aY;"™ = V2N (|Zi) RidB} + 75(|1 Z;])dB}') — VV (YN )dt

1 ) .
— > VWY YY),

N-1 &~
Jii#,1<j<N

(3.3)

1 <i < N.Here Z! := XN —Y;"N and R! := I,—2¢!(e!)”, where I, is the d-dimensional
unit matrix and ei(e!)? is the orthogonal projection onto the unit vector ¢! := Z¢/| Z}|
if |Z/] # 0, B! = (B} )1<i<y and B? = (B")1<;<y are two given independent standard
Brownian motions taking values in (R%)Y.

We will denote X\ = (XN X0, v = ;"N YY) and ZMN =
Xt(N) — Y( ). To see that (X(N) Y( )) is a coupling process, it is enough to notice that

t
Bii= [ nzhant + [ m(zas
0 0 (3.4)

t t
Bi:= / As(1Z ) RidBY + / r5(1Z1)dB% 1 < i < N,
0 0

are standard Brownian motions on (R?)Y. That follows by Lévy’s characterization of
Brownian motions, because their brackets in matrix form are

A(B}, B} = (1 Zi))d(B", BY), + w3 Z:))d(B>', BY),
+Xs(1Z)ms(1Z:) (a(BY, B*7), + d(BY, B*'),)
= 57,JIddt
The same for BZ. (That is already well detailed in [13] or [14]).
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Remark 3.1. (1) The coupling (3.3) behaves as a reflection coupling when the distance
between the two particles XZ’N and Yti’N are larger than 6. When the particles are
very close (with distance less than %5), they are driven by the same Brownian
motion, i.e., it is a synchronous coupling. And when the distance is between %(5 and
0, it is a mixture of reflection coupling and synchronous coupling. The aim is to
make \s and 74 globally Lipschitz continuous, so that the coupling SDE has a unique
strong solution, given the independent Brownian motions Bt1 a Bf "1 <i<N.

(2) If one adopts the componentwise reflection coupling (i.e. the limit coupling when
§ — 0), since XoN | YN will separate after the time that they meet (ie. XV =
}/;i’N), the local times will appear when Itd’s formula is applied for \XZ’N — Y;1N|
This makes the control of SN |X;™ — ¥;""| difficult to deal with. That is the
reason why A. Eberle [14] introduced the synchronous coupling when | X} — YV
is small (we guess).

3.2. Proof of Theorem 2.1.

Proof of Theorem 2.1. 1). Proof of (2.9). The first inequality in (2.9) is trivial, and
next we prove the second inequality. By doing subtraction of the equations in (3.3), we
have

dZ} = 2V20(|Z]))ed By — [VV(X;™) = YV (Y )]dt

1 N o N
w7 2 VWG X - v Y e (3.5)
Jig#L1<j<N

i i i
Zy =24 — Yo,

where the processes B} = [)(e2)7dB},1 <i < N, are one-dimensional standard Brow-
nian motions such that (B?, B7), = 0 for i # j.

Let ri = |Z{|,1 < i < N. Though |- | is not C? at 0, but since Z; is of bounded
variation and continuous when it is close to 0 (because of the synchronous coupling
when X}, Y, are close), we can apply Itd’s formula (see [13, Lemma 7]) to obtain

dri = 10i0)2V2)s(r})dB] — 14,00 (e), VV(XY) = VV (YY) dt

i1 i j i j
—lppolen 7 D VWYX = VW (N Yt
Jii#41<j<N
d
- i\N,k i, N,k (v N 0N,y (i — i i
+ Lgizoy D [y ()71 = (XN = YN (XN = Y (D) 0 () (Ta — RY)Rdt,
k=1
, A A A (3.6)
where X"M* and ;"% denote the k-th coordinate of X" and Y;*" respectively, 1 <
k < d. Notice that the last term in the right hand side of the above equation equals to
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0 by an easy calculation. Hence we get

i i\ gt i 1 i, , i i,
dri = Lppoy2V20(r)dB; = Lpppoylen g DL [VaWVXN X0 = VoW (X", v )t

N=1 wiien
“ Loy (@ VYY) =WV + 5 DL VWY - VW ¥t
Jii#i,1<G<N

o 1 . )
< L0 2V2)s(r))dB] + ﬁnviywnoo > rldt + Lygsgbo(r)dt,
Jii#L1<j<N
(3.7)
where we use the definition (2.1) of by in the last inequality. Here d§;, < dn, means that
n; — & is a non-decreasing process.
Let Ly, be the generator defined by for any function f € C?(0,+o00) and r > 0,

Ly, f(r) := ANS () f"(r) + bo(r) f'(r). (3.8)

Note that Ly, equals £,y when \s = 1.
Applying It6’s formula to the function h(r?) and using (3.7) and the fact that A'(r) >
0, we get for any t >0 and i =1,--- | N,

dh(r)) < 2V2Xs(r) R (r))dB: + B ()b (ri)dt + 4R Xs ()2 dt

1 ; .
+ ﬁ”v:%yWHooh/(rt) > rlat
J:i#L1<G<N
i i\ 7B i 1 i j
= V25 (P W (r))dB! + Ly, h(r)dt + mHVinHwh’(n) > rat.
J:gFLISGSN
(3.9)
Notice that by the definition of L), and the Poisson equation (2.6),

Loyh(r) = Loeph(r) + 405 — DR (1) = —r + (1 = 25)(r + bo(r)W (7). (3.10)

Then

N
i 1 ; j
-3 (Lx(sh(rt) + mllvinHooh’(n) > Tf)

i=1 Jii#L1<j<N
N N
> (1= 92, Wl ) 307 = ST (1= X))+ Bulri) I (1)
=1 =1

which is bounded from below by —N (6 + sup,¢ (s by (7)[|7[|s) according to the condi-
tions (H) and (2.3). By integrating from 0 to 7" and taking expectation in the previous
inequality (3.9) for dh(r?) and using Fatou’s lemma, we have for any T' > 0,
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E/ {(1 — IV, WllaollB o) D i = D (1= As(rD))(rf + bo(?"i)h’(fi))} dt

i=1 i=1
N
< 2 Ml -

Letting P,|,7) be the law of (Xt(N))te[O,T}a we obtain by assumption (H) and (3.11)

(3.11)

T
Wy dripg T]( $0|[0,T}’]P>yo|[0,T]) < IE:/ dll (X Y / Z Tzdt
=1

> (o i +ZE / (1= 2s(r) ><rz'+ba<rz>h'<ri>>dt}

1=1
(3.12)
By the definition of A; and the assumption liné bg (r) = 0, the second term in the right
r—

= ;
% W”olo oo

hand side of the inequality above converges to 0, a.s., as d | 0 by dominated convergence,
because b (ri)W (ri) < ||W||oo SUp,~q bg (r) < +0c by condition (2.2). Hence

1
W P, o1, P < h( 3.13
1»dL1[0YT]( 0|[01T} yo‘[&ﬂ) 1— ||V WHolo,“oo Zl |Z‘0 yOD ( )

Let @, be an optimization coupling of (P, |0.1], Py, |j0,)) for Wi Aitiom (Pao l10,n]> Pyol[0,n])-
Then {Qnljor1;n > T} is tight for any finite time 7" (because thelr marginal distribu-
tions are respectively P, (0,77 and Py |jo,71), hence one can find a probability measure
Q on C(R*, (RY)N)? such that Q|1 — Qljo,r] weakly for all T > 0. Thus

Wit Bros B) SE? [ o ((0) 70(0)

0

_ lim E© / i (1(8), 7a(8))

T—+o0

T
< lim lim EQ”/ dp (71(t), 72(t))dt
0

T—o00 T<n—+oco

< llm W1 dLlon]( :co|[0,n]aPyo|[07n])'

The converse inequality is evident. Therefore we have
Wy N (PIOJ IP)yo) - hIn Wy i1(0,n) ( xo |[07n]7 Py0|[07n})'

From this and (3.13) we obtain (2.9).
2). Proof of (2.10). Note that for any Lipschitzian function g w.r.t the d;i-metric

on (RHYN g is pM-integrable because [ S, |2*|dp™(z) < 4+00. So we can assume
1N (g) = 0 without loss of generality. In that case as M(N)(Pt(N)g) = uM(g) =0, we
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have

+o0o +o0
/0 Py () dt = / PMg() - / PN gy)du™ () dt

400

N N

< lollan) | Wa (B (@,), P (y, ) dtdp™ ()
RHN Jo

91| Lipay) /
< l h(| du™ (y)
1L —[IV2, WP oo Jway~ Z

< +00,

then the unique solution of the Poisson equation —£LMG = g with ™) (G) = 0 is given
by G(z) = 0+OO PMg(z)dt,Vx € (RY)N

For each 1 <i < N, letting #° # z' and 7 € (RY)" so that (7)! = 27 for j # i and
(7)! = &%, we have

VG(a)] < limsup LS = G

Ti—at |xl l
+oo N
< lim sup / —p! )g(fi‘)|dt
Fi—at l’ - le
< lim sup ﬁHgHLW ) Wdl(Pt(N)(xa')aPt(N)(‘%"))dt (314)
Tzt 0
1 D]z’ - 3)
< / ”g”Ll dp) lim ——————=
L= V2, W[t floe 7 50 b — ]
h’(O)
= 19/l Zip(a,)
L= V2, W [ [W]loc 7
where the fourth inequality follows from (3.13). O

3.3. Proof of Theorem 2.6.

Proof of Theorem 2.6. Here we also adopt the coupling (3.3) . Let h be defined as in
(2.5). Define for any ¢ > 0,

he(r) := h(r) +er,¥r >0, (3.15)

and

N
H; = eltet Z hE(Ti),
i=1
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where ri = | X"V —Y"N|1 <i < N, as in the proof of Theorem 2.1. By using Ito’s
formula and (3.7), we get for any ¢ > 0,

N N
dH; < 2v2e" Y " N\s(r})dB; + K Hidt + ey "(Lyh(r]) + ebo(r}))dt
i=1 =1
N

i 1 j
LS W) ) Y mHVnyWHOOr,{dt (3.16)

i=1 i

N
= 2v2e"" Y " \s(r})dB; + Djdt
i=1
where

N
. . , 1 A
Df = KHi + ety (Lah(r) +ebo(ri) + >, (W) +e) eI V3, W |aor?.
i=1 i#5,1<i,j<N
(3.17)

Calculating as in the proof of Theorem 2.1, we have

Df < Mty 1= As(rf)?]lrd + bo(rp R (r7)]

=1

N
eSO ICR(r]) — (1= (| ]|oe + ) [V2, W Lo + ebo(r})}
=1

< MY L= As(r)?Nlrg + bo(r) B ()]

i=1

N
+ ey (I lloo +€) +eM = [L = (IIF|los + &) [IV2, W lloc]} 1,
i=1
(3.18)
where we use the assumption by(r) < Mr,Vr > 0.
By taking
o _ L IVa Wikl Wl — (M + [V, W o)
) 1A ]loo + &

the second term in the right hand side of the inequality above vanishes. Then by taking
expectation in (3.16) and using (3.18), we get for any ¢ > 0,

, (3.19)

t
0

N N
B S helrl) < 3 helle = i) + B [ L= A+ B DI (s
=1 =1

(3.20)
Note that the second term in the right hand side of the above inequality converges
to 0 as § | 0 by dominated convergence (see the reason presented just after (3.12)).
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Therefore we obtain
N
WLdll <Pt(N)(I07 ')7Pt(N)(y07 )) < (1$1_I>I(1)E 7”2
i=1
N

)
< —— limE he
SUD 5) T oy i E ) he(r)

=1

N
r — K.t i i
< sup We ;hs(|$o—yo’)

r>0 h
N
T h(r) +er ., i i
< su - su e ¢ E xTH —
T>I(? h( ) +eéer 7“>Ig r | 0 y0|

=1
where the third inequality above follows by (3.20). That is the desired result (2.25). O
4. UNIFORM-IN-TIME PROPAGATION OF CHAOS: PROOF OF THEOREM 2.11

We begin with a uniform in time control of the second moment, which is more or less
known, see e.g. Cattiaux et al. [9].

Lemma 4.1. Suppose that there exist some positive constants cy, co,c3 such that

(x,VV(z)) > c1|z|* — ¢, Vo € R (4.1)
and
(z, VizW( Y)2) > —c3|z]A, Vo, y, 2 € RY. (4.2)
Assume
cp —C3 — HVinHOO > 0. (43)

Let Xy be a solution of (1.2) with E|X,|* < oo, then for any e € (0,¢1—c3—[|V2, W),
supB(|X,[?)* < max{ma(po). (2)}, (4.4)
24

where mo (o) and ¢(e) are given in (2.36).
Proof. By Itd’s formula, we have
A1 X, > = —2(X,, VV(Xy))dt — 2(X,, VoW @ gy (X))t + 2d - dt + 2v/2(X;, dBy)
Notice that for any z € R?, we have

1
d
(x, V. W & pp(z) — V,W & 1(0)) = <x,/ EVQCW ® py(sr)ds)
0

=t [ 5 [ VW

/ /R z, Vi, W (s, y)x)p(dy)ds

—03|$|

where the last inequality follows from (4.2).
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On the other hand,

VW @ i (0))] < |[V,W(0,0)] + /Rd VW (0,y) — VoW (0,0)](dy) (4.6)

< [VaW(0,0)] + [ V3, Wl E| X
Therefore we have
dI X < 2 (el Xo? + ([ Vo, W [loo X [ELX | + [V IV(0,0)]1 ) dt
+ 2(—c1| Xe |2 + ¢ + d)dt + 2v/2(X;, dBy)
< —2(c1 — c3 — )| Xy Pdt + 2|| V2, W ||o| X [E| X, |dt
+2(d+co + 41—€|VIW(O, 0)|?)dt + 2v2(X;, dB;)

where 0 < & < ¢; — ¢3 — ||[V2,W/||w. By the previous stochastic differential inequality,
t
1
||+ / [2(cr = e5 = ) Xl” = 20V, W oo X [B[ X [ds — 26(d + ¢ + [V V(0,0)]%)
0

is a local supermartingale, then a supermartingale by Fatou’s lemma. Then for any
T > 0, we have

T T
E|Xo|* > E[X7[* +2(c1 — ¢ — g)/ E|X,[*ds — 2||v§,yW||oo/ (E|X.])*ds
0 0

1
—2T(d + ¢y + 4—€\va(0, 0)]?)
T
1
> 9e) — 5 — e — ||Vin||oo)/ B X.[ds — 2T(d+ ¢ + VW (0,0)),
0

which implies E [, | X,[2ds < +oc. In other words [, 2v/2(X,,dB,) is a L*martingale.
By taking expectation in (4.1) we obtain by (4.5) and (4.6),

d
E1E|Xt|2 < 201 B X + 2[csE| Xy |* + ||v§yW||OO(IE|)Q|)2 + | VW (0,0)|E|X,[] + 2(d + c3)

1
< =2(e1 = e3 = [IVe,Wlleo = )EIXi* +2(d + ¢z + [V V(0,0))
(4.7)
where 0 < & < ¢; — ¢3 — |[V2,W/|lo. By Gronwall’s lemma we get for any ¢ > 0
d+co+ |V, W(0, 0)12)
e —c3— Ve, W]l —¢

E|X, 2 < ¢~2e-an V3, Wit (1E:|Xo|2 -

d+co+ |V, W(0,0)
a—c— Vi, Wle—¢

d+co+ |V, W(0,0)?
cr—c3— ||V2, W]l — 5}

the desired result. O

< max {E|X0|2,
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Following the proof above we have the much stronger uniform Gaussian integrability
for X, which should be of independent interest.

Lemma 4.2. Assume (4.1), (4.2) and (4.3). Let X; be a solution of (1.2) with
E exp (>\0|X0|2) < 00, for some \g > 0.
If
) 1
0 < A < min{\; 5(01 —c3— V2, W|le — &)}
for some € > 0, then
sup E exp(A| X;]?) < +oo.
>0
Proof. By Itd’s formula, we have by the estimates leading to (4.7) in the proof of Lemma
41,
dexp(A|X,[)
X exp(A[X:[) ([Zd — 2X;, VV(X,) + VoW ® pe( X))t + 2V2(X, dBt>>
+ 402 X |? exp(N| X, |*)dt
1
S)\ 6Xp(>\|Xt|2) |:—2(Cl — C3 — ||Vin||oo — & — 2)\)|th2 + 2(d + co + 4—€|va(0, O)D:| dt
+ Aexp(A|Xi[*)2v2(X,, dBy)

where £ > 0, A > 0 verify ¢; —c3 — || V2, W|o —e—2A > 0. Taking L > 0 large sufficient
so that

1
cs:=2(c; —c3 — HVinHOO —e—2\) L% —2(d+cy + 4—€\V$W(O, 0)]) > 0,
and noting that
—az® +b < —(al® —b) + aL21‘x|§L, Va > 0,Vr € R,

we obtain by following the same argument as in Lemma 4.1

d
%E exp(A| X, [%) < —AesEexp(A[Xe[?) + 2(c1 — 3 — [|[V2, W [loo — & — 20) L2,

Therefore by Gronwall’s lemma

sup E exp(A|X;]?) < +oo.

t>0

g

Next we present the proof of Theorem 2.11, which is quite close to those of Theorems
2.1 and 2.6 .
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Proof of Theorem 2.11. Let As and 7s be defined as in Section 3.1. Consider the follow-
ing coupling between the independent copies X},1 < i < N of the nonlinear diffusion
process (1.2) and the mean-field interacting particle system (1.3):

dX] = V2N(1Z)dB " + ms(1Zi)dB ] = VYV (X)dt = VoW @ py(X])t,

AXN = VA ZDRIAB, + ms(| Z)dBY) = VV (XNt
1
N -1

(4.8)
> VWY, XNt

jij#i1<G<N

Here Z! := X; — X" and Ri := I, — 2eie”, where I, is the d-dimensional unit matrix
and eie’” is the orthogonal projection onto the unit vector ei := Zi/|Z¢| if | Zi| # 0. B}
and Bf “ 1 <4 < N, are independent standard Brownian motions in R?. We assume
that X} and XZ’N, 1 <4 < N have the same starting points Xi,1<i<N,iid. of
law 9. The independence of X;,1 < i < N comes from the fact that the Brownian
motions { [} As(|Z)dBY + [o 75(|Z)dB%%, 1 < i < N} are independent because their
inter-brackets are zero.
By doing subtraction of the equations in (4.8), we have

dZi = 2V2Xs(| Z!|)eldBE — [VV (X)) — VV(X)™M)dt — VW @ py(XP)dt

1 iN vj,N
+ T > v, XNt

J:jF#L1<g<N

where the processes B} = [)(¢2)7dB,1 <i < N, are one-dimensional standard Brow-
nian motions such that (B?, B7), = 0 for i # j.

Let ri = |Z¢|,1 <i < N. By applying Itd’s formula, we have

dri = 1{r§¢o}2\/§)\6(ri)d3f — Lpizoy(er, VV(X]) — vV (X)) dt

; _p 1 i, .
- 1{r%¢0}<6t,vzW®Nt(Xt) - m Z VLUW(Xt N7Xg N)>dt

A I<GEN
- 1{@;&0}@: VV(X}) — VV(XPY))dt

i i 1 Vi Y
— 1{r§¢0}<6tvvwW®Mt(Xt) — m Z vmW(XtaXt]»dt
Jii#L1<j<N
4 ]— i Vg %) ')
~ gyl g > [VaWV(X)XY) = VW (X, XPY)))at
Jig#41<j<N

~lppoyleh s L (VWXL XEY) = VLW (Y, X))t

JiF#LI<G<N

Remark that the sum of the first and the fourth drift terms above is < bo(r})dt, the
third drift term above is < |V, W/« > jin<j<n Tidt, and the second drift term
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is bounded by Iidt, where
1

I o= |V W @ e (X{) — N1

S VLWL D). (4.9)

jiiFi1<G<N

Therefore we obtain

i i\ 7R i 1 j i
drt < 2v2Xs(r)dBi + bo(ri)dt + muviywuw > rldt+rde.  (4.10)
JijALI<JSN
Recall that for any € > 0, ho(r) = h(r)+er,Vr > 0. By using (4.10) and It&’s formula
again, we get

dhe(ry) < 2V2Xs(r)RL(r})d By + AN} (r R (ry)dt + bo(r) L (ry)dt

1 . , L
+ m“viywﬂoohla(?"i) > rldt+ () Ldt
JAII<G<N
= 2V2Ns(r)RL(r})d By + [ANF(r)) R (r{) + bo(r{) ' (r})]dt + ebo(r{)dt
1

+N—l

IV2, WP (1) +2) > rldt + (W(r]) + )]}t
JiFLI<GSN
< V2N (PO RL(r)d B + [1 — N2(rD)][ri + bo(ri) (r))]dt — (1 — eM)ridt
1

+N—1

Ve Wloo(lW oo + ) > rddt + (I [loo + )}t
Jij#L,1<j<N
(4.11)
where the last inequality follows from (3.8), (3.10) and (2.23).
Taking expectation in the inequality above and using the fact that r{,1 < i < N
have the same law, and setting
Ce = 1= [|V3,WlclIW]loo — (M + [|V3,W|ls0),

we have

dBh (r}) < E[1 — Xs(r})?|[rt + b5 (rHN (r)]dt + (||[W || + €)EItdE — c.Bridt  (4.12)

Proof of part (a). Choose ¢ =0, ¢g = 1 — ||V2, W||x||h||oo. For any 1 < k < N, by
(4.12) we have

k T
1 1,k],N 1 ’ i
Wt P o, Qo) < 7B [ St = [ Bl
=1

1 T 1 T
< [l / EIL}dbdt + —E / (L= Xs(rylrd + 0§ ()M ().
0 0 0 0

Letting 6 — 0+, the last term tends to zero. Hence
1
k

h/ o T
Wi, (]P)Eékz]vw|[0ﬂ=@§f 1)) < H Cll / EI} dt. (4.13)
0
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Next we estimate E]tl, which is the only new point w.r.t. the proofs in Theorems 2.1
and 2.6. Note that X/ 2 < j < N are independent copies of X}, and

E[V.W(X}, X])|X!] = V.W @ (X)),
Thus by using Cauchy-Schwartz inequality, we get

El} < (E {IE

_ (Eﬁ / VW (X} y) — VW % ut(th)IQdut(y)>

[NIES

_ 1 Sl oyl s
VW ® (X)) — > VIW(XE,X,?)IQIXEI })

2<<N

N

(4.14)
< IVl ([ o= )P <dac>)é
AL A VANE
1 1
< —— || V2, W]l sup(E| X [*)z.
Plugging (4.14) into (4.13), we get
T V2, W o[l [l :
L plLAN Sk p(E|X,[?)z.
L 1dL10T]( ue |[0T Q |0T]) \/71 Hv W”oo”hHoo t>0( ’ t| )
Then by using Lemma 4.1, we obtain the desired result (2.35).
Proof of part (b). For any € > 0, by (4.12) we have
, r
dEh.(r}) < E[1-Xs(r})?] [rt1+b3r(rtl)h’(ri)]dt—l—(Hh’Hoo—l—e)E[gdt—cEgr;g mﬂ@hs(r%)dt
(4.15)

Plugging (4.14) into (4.15), we obtain by Gronwall’s inequality that for any € > 0 so

that 8 = ¢, - inf,~¢ 7——— h THH >0 (ie. K. >0),
1

t
Xl XlN </ —B(t—s)
x D<M =
t
+ / e MUIR[L = As(ry)?][ry + g (o)1 (ry)]ds.
0

(|17 ||oo + €)EI}ds

(4.16)

t
1 1
< [ e ———(||W]| o + )| V2, W |oo sup(E| X, |*) 2 ds
< [ eI+ )T W s (B

t
+ / e PR — As(rD?)[rt + b¢ (rHR (r))]ds.
0
By letting 6 — 0+, the last term tends to zero. We obtain thus

E| X! — X}"N|) < sup — - Eh(|X} — X))

r>0 h (7“)

r
< sup

1
>0 he(r) BVN —1

1
(1"l + )IV2, W Il Stgg(Elthz)Z’-
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As the joint law of (X7, 1 <i < k) is uP", we get for any 1 < k < N,

k
Wi (", g )<hr§18upEZ|Xz XM=k lim sup E| X;' — X
0
<k -su Wl + ) IV2 W ]| sup(E|X[?)2
T>13 h( )+€rﬁm(” H )H Ty H tzl(]j( | t|)
k 1
V2 yWlloo sup(E[X 5z,
s VW s sup B
(4.17)
which completes the proof by using Lemma 4.1. O

The proof above yields

Proposition 4.3. Under the conditions of Theorem 2.11, we have

N
1 .
i <N;5x:% Z%) = VAW s BDE (418)

where (X})i>0,1 > 1 are independent copies of the solution (X¢t)e>0 of the McKean-Viasov
equation (1.2), and XN, 1 <i < N are defined as in (1.3).

Proof. Notice that

1 & 1 & 1 & 1 &
i,N Vil 1
Wy (ﬁ;éXZ’N’N;5XZ> SE[N;|Xt _XtH_ENiertu

where r{,1 < ¢ < N are the same as defined in the proof of Theorem 2.11. And by
(4.17), we have

lim sup ]E— ri = limsup Er; <
6—0 Z ! 6—0 ! \/ K

Therefore we obtain (4.18). O

HV WHoosup(E|Xt\2)%.
>0

Remark 4.4. A consequence of Proposition 4.3 is on the bias of + SV XY from
we(f): if f is Lipschitzian on R?,

1 & . 1Y : 1, o
biasi(f) = Bz D FXGN) = ()l = B 3 X =B > F(XD)]
=1 1 N 1 N =1 =1
< [ fllzipEWL (N ;f&;‘vm N ;5)?3)

< Ml A
SN 1K

It is expected that the bias is of order O(1/N), which remains an open question.

“|IV2, W oo sUp(E|X,[?) 2.
t>0
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5. QUANTITATIVE CONCENTRATION INEQUALITIES: PROOFS OF THEOREMS 2.5
AND 2.10

This section is devoted to the concentration inequalities of the mean-field interaction
particle system (1.3) for more general observable (than those in Theorems 2.5 and 2.10).
This kind of concentration estimate are useful to numerical simulations and mean-field
limit.

5.1. Concentration for time average.

Proposition 5.1. Assume (H), (2.2) and (2.3). Given any T € (0, +oc], let F' be any
drrjo,r)-Lipschitzian continuous function on C([0,T], (RH)N), given by

T T
F(¥um) = (/0 g (X[t - /0 gn(XfN))dt) :

where G € C*(R"), g; € C?*((RHN R), 1 <i < n. Then for any convex function © on
R and any starting point XéN) =z € (RYY, we have

N N
B (F(X09) — B F(X00)) < B (VNTIFllbipia,s, perin ), (5:1)
where & is some standard real Gaussian random variable of law N(0,1), and
h'(0)

CLip — .
T IV W el s
Proof. Let {F:}i>0 be the filtration generated by the process (Xt(N))tZO and

N
M, =E(F(Xgp)IF), 0<t<T.

Then by the martingale representation theorem, we have
N o
N N i i
F(Xjp) = EF(Xj)) = My — Mo = Z/O BidB, (5.2)
i=1

where 3{,1 < i < N are adapted processes w.r.t. JF;, and B{,1 < i < N are N
independent standard Brownian motions on R

Let AF = [/ gr(X™)ds, 1 <k <n, and 4, = (A}, , A"). Note that
M, = (A, X))

where

T T
¢(a,z) =E <G (a1 —|—/ gl(XLEN))dS, c L ap +/ gN(XLEN))dS> |Xt(N) _ x) 7
t t

for a = (a1, -+ ,a,) € R",x € (RY)N. Since p is C? (for V,W are C?), we can apply
[t0’s formula to obtain that
B} = Ou (A, X)),
For any x = (z%,---,2%,--- ,2V) € (RY)Y, denote y = (z%,--- , 4% -+ ,2) which
only differs from z at the i-th coordinate. Let (X))o, (¥;"")is0 be an optimal

coupling of P, P, for WLdLl[O,T] (P, P,) (this optimal coupling exists because dp1[ 1) is
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lower semi-continuous from (C'(RT, (R%)™))2 to [0, 4+00]). Then for any 0 < ¢ < T and
i1=1,---,N, we have

02,6(a, 2)| < lim sup 122 %) = 2a:9)]

yi—at | - yZ’

T—t T—t
_ limsup ;WE[G((I + / g(XMds)] — E[G(a + / g(YMds)]|
- 0 0

yioai |[E

|F Lip(d o0
< lim sup ME/ di (X Y ) g
x'l (3 0

Yo’ | -y |
Wl,d 1 (Pma Py)
= [1Fl| ip(d,0.0) hr{lj;p W

where the last inequality follows by Theorem 2.1.
Since YN | [V BidB} = ¢,, where (&) is a real valued Brownian motion w.r.t. some
new filtration (F;) and 70 = [} S°N [8i]%dt < [Pl Ll[O,T])c%ipNT =: OCNT is a

stopping time w.r.t. (.7:}), we obtain

E. (F(X(9) ~ EF(X(Y)) (Z / 6ZdB> = Ep(&ry)

— Ep (E(éonrl 7)) (5.4)
<E¢(&enr)  (by Jensen’s inequality)
= B (VNTUFl pipta, s crins )

the desired result. U

Next we give the proof of Theorem 2.5.
Proof of Theorem 2.5. For any given \,T > 0, let

N 1 [ N
PO = 7 | O ()
Since f,, is 1-Lipschitzian w.r.t. the dp-metric on (R?)™, by an easy calculation we

have
m

HF“Lip(dLloT = NT NT'
Let g(z) = E,F, Vo € (RY)Y. For any fixed initial value z € (R?)", by applying

Proposition 5.1 with ¢(2) = e, we get

Beow (37 [ U)Xt - o))

5.5
<E mA _ m*Ncl,, 29
SIS eXp mclﬂ,pfl = €xp INT .
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By the proof of Proposition 5.1,

MmcCrip
||9||Lip(d11) < CLZ'PHFHdLl[o,T] < NT

By the condition (2.19) and its consequence (2.20), the product measure u§” satisfies

_,®N 1
/(Rd)N eMI™Ho (g))d%@N < exp <§NCG(M0))\2H9||2L¢p(dl1)>

(5.6)
< exp ;Cg(/ub())/\2m26%- .
- 2NT? P
Hence for the i.i.d. initial values Xol’N, e ,XéV’N with the common law g, noting that
1 /7
By | Unlhn) (Xt = (o)
0
we have
Lt (V) e (V)
Eexp (A T Un(fm)(X;7)dt — ET Un(fm)(X;)dt
0 0
1 /7
= [ Befow (A [ o = gto)] )] A g
d\N T
(R ) 0 (5 7)

m2)\20%- oN
< _ tw AMg(@)=pg ™ (9)) &N
eXp < QN,_Z > /(\]Rd)N ¢ :LLO (x)

m2)\20%. CG(MO)
< bWy 4 =N
—eXp< OINT ( T ))

where the second inequality follows from (5.5), and the last inequality is a consequence
of (5.6). This gives us (2.21). Finally (2.22) follows from (2.21), by the standard
procedure of Chebyshev’s inequality and optimization over A > 0. O

Remark 5.2. The time-particle average ﬁ fOT F(X7™M)dt is used to approximate fioo (f)
where i, is the unique equilibrium state of the McKean-Vlasov equation (proved in
[18] under (H)). For applying Theorem 2.5, it remains to bound the bias

1 (TE
iN
B w7 | > SOt = )
1 (7 1 /T
<[Bgng | PO = mehat+ 7 [ ) = (e

0
1 T N 1 T
— t7 - d ip W ty ood
<7 [N = Ol + 1 i [ WG )t

1 T
< || fllzip SUPWl(utI’N,mH—/ Wi (pee, proo ) dt
£>0 T Jo

A B
<l (T + 7)
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where in the last inequality, the first term comes from the uniform in time propagation
of chaos (2.37) in Theorem 2.11, and the second follows by (2.12) in Corollary 2.2. We
believe that the bias should be of order O(1/N + 1/T'), but we do not know how to

prove it.
5.2. Uniform in time concentration inequality.

Proposition 5.3. Assume (H), (2.2) and (2.23). Let XM = (XN XN v >
0, then for any Lipschitzian function F' on (RY)N | we have for any lower bounded convex
function ¢ on R,

N
ORE (F(X}m) - EIF(X}N))> < Eg (aAE ﬁg) Ve e RYN, VT >0 (5.8)

where § is some standard real Gaussian random variable of law N'(0,1), a := || F|| ipa,) =
maxi<i<n ||ViF|loo, Ac and K. are given in Theorem 2.6.

In particular for any initial distribution py satisfying the Gaussian integrability as-
sumption on R, we have for any §,T > 0

K.
P {F XY E ox F(XW 5} < _ : .
&N ( T ) uN ( T ) > =~ exp NozzAg [1 + QCg(uo)ng_szT]

(5.9)

Proof. Without loss of generality we may assume that & = max;<;<y ||ViF||c = 1.
By approximation we may assume that I is C%-smooth with bounded derivatives
of the first and the second order. For any initial position z € (RH)N let M, =

EI(F(X:(FN))]E), 0 <t <T. Then by applying Itd’s formula to u(t,z) = Pr_F(x), we
have

N T
F(XY) = EF(X3)) = My — My =y / V:Pr_ F(X")dBi, (5.10)
i=1 70

Note that by Theorem 2.6, for any € > 0 such that K. > 0, we have
W P(N) . P(N) . < A *thd v Rd N 5 11
dll( t (Q?, )7 t (ya )) > At ll(x>y>7 x,y € ( ) ) ( : )

which implies that
\ViPp_F| < Ace 5T 1 < <N, (5.12)

where A, and K. are the same as given in Theorem 2.6.
Since M, = &,, where (&) is a real valued Brownian motion w.r.t. some new filtration

(F;) and

t N 2
A
_ _ , (N)Y |2 e .
Tt—<M>t—/0 ;:1 \VZPt_sF(XS )] ds§—2 EN—. CN
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is a stopping time w.r.t. (F;), we obtain

B, (FOXGY) ~ EF (X)) = Bp (Mr — My) = Ep(6ry)

<Ep(cn)  (by Jensen’s inequality) (5.13)
N
=Ep | Ay =—
' ( K. 51)
the desired result (5.8).
Letting g(z) := E,F(X\"), vz € (RY)Y. By (5.12) we have
gl zip(a) = max [[Vigllo < Ace™ <" (5.14)

1<i<N

Applying (5.8) to ¢(z) = ™ (A € R), we get
E,on exp (A[F(X;M) - Eug@NF(X;N’)]))

— /(Rd)N E, exp ()\[F(X;N)) _ ExF(X}N))D - exp ()\[g(:v) . M?N(g)]) d,u%w(x)

< /(Rd)NIEeXp (AAE QZIVQ&) cexp (Alg(z) — g™ (9)]) dug™ (z)

NA2)? A?
<o (M2 exp (5 Nectp ol )

NXN2AZ T 1
SeXp< 5 [QK +Cc(uo)6_2K€TD

where the third and the last inequality follows from the Gaussian concentration condi-

tion on the initial distribution o (see (2.20) in Remark 2.4) and (5.14) respectively.
Finally the concentration inequality (5.9) is derived from the above inequality by the

standard procedure of Chebyshev’s inequality and optimization over . [

Proof of Theorem 2.10. Let F(z) = £ 3N f(a?) for x = (', ,2V) € (RHN. We
have

1 1
@ = ||F||Lip(a,) = NHfHLz'p =¥
Then the desired concentration inequality (2.31) follows by (5.9). O
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