DELAYED REACTION-DIFFUSION EQUATIONS WITH FREE
BOUNDARIES?

NINGKUI SUN!' AND JIAN FANG?

ABSTRACT. Incorporating free boundary into time-delayed reaction-diffusion equations yields a
compatible condition that guarantees the well-posedness of the initial value problem. With the
KPP type nonlinearity we then establish a vanishing-spreading dichotomy result. Further, when
the spreading happens, we show that the spreading speed and spreading profile are nonlinearly
determined by a delay-induced nonlocal semi-wave problem. It turns out that time delay slows
down the spreading speed.

1. Introduction

In the pioneer work of Kolmogorov, Petrovski and Piskunov [23], it was shown that

(1.1) U = Ugy + f(u), xR
with
(1.2) fECHR,R), f(0)=0=f(1), f(s)<f(0)s, s=>0,

admits traveling waves solutions of the form wu(t,x) = ¢(x — ct) satisfying ¢(—o0) = 1 and
¢(+00) = 0 if and only if ¢ > ¢¢ := 24/ f/(0). In 1970s’, Aronson and Weinberger [2, 3] proved
that the minimal wave speed ¢y is also the asymptotic speed of spread (spreading speed for
short) in the sense that

(1.3) lim sup wu(t,z) =0, lim inf w(t,x)=1

E=0 21> (cote)t =00 |z|<(co—e)t

for any small € > 0 provided that the initial function u(0,z) is compactly supported. These
works have stimulated volumes of studies for the propagation dynamics of various types of
evolution systems. Among others, of particular interest to the KPP equation (1.1)-(1.2) with

time delay or free boundary are two typical ones.
Schaaf [32] studied the following delayed reaction-diffusion equation

(1.4) ug(t, ) = uge(t, ) + f(ult,z),u(t — 7,x)), xR, t>0,

where 7 > 0 is the time delay. With the KPP condition on f(s) := f(s,s) and the quasi-
monotone condition daf > 0, it was shown that the minimal wave speed ¢y = ¢o(7) exists and
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it is determined by the system of two transcendental equations

(1.5 Flen =0, Zen =0
where
(1.6) Fe,\) = X2 4+ A+ 01 £(0,0) 4 92£(0,0)e .

The delay-induced spatial non-locality was brought to attention by So, Wu and Zou [34], where
they derived the following time-delayed reaction-diffusion model equation with nonlocal response
for the study of age-structured population

(1.7) Ut = Ugy — du + ’y/ bu(t — 1,2 —y))k(y)dy, ze€R, t>0,
R

where u represents the density of mature population, 7 > 0 is the maturation age, d is the death
rate, b is the birth rate function,  is the survival rate from newborn to being mature, and k
is the redistribution kernel during the maturation period. As such, introducing time delay into
diffusive equation usually gives rises to spatial non-locality due to the interaction of time lag
(for maturation) and diffusion of immature population. In the extreme case where the immature
population does not diffuse, the kernel k£ becomes the Dirac measure, and hence (1.7) reduces
to (1.4). We refer to the survey article [22] for the delay-induced nonlocal reaction-diffusion
problems. In [34], the authors obtained the minimal wave speed cy(7) that is determined by a
similar system to (1.5) provided that b is nondecreasing and f(s) := —ds + b(s) is of KPP type.
Wang, Li and Ruan [38] proved that c¢o(7) is decreasing in 7. Liang and Zhao [24] showed that
co(7) is also the spreading speed for the solutions satisfying the following initial condition

(1.8) u(6, z) is continuous and compactly supported in 6 € [—7,0] and = € R.

Similar to the classical KPP equation, the spreading speed cy(7) for delayed reaction-diffusion
equation is still linearly determined for both local and nonlocal problems thanks to the KPP
type condition.

We refer to [27] for more properties that are induced by time delay in reaction-diffusion
equations, including the well-posedness of initial value problems as well as the role of the
quasi-monotone condition on the comparison principle, and [16, 17] for the delay-induced weak
compactness of time-t solution maps when ¢ € (0,7] as well as its role in the study of wave
propagation.

Recently, Du and Lin [12] proposed a Stefan type free boundary to the KPP equation

Up = Uy + u(l — u), g(t) <z < h(t), t >0,

(1.9) ult,g(t)) =0, g'(t) = —pua(t,g(t)), ¢ >0,
u(t, h(t)) =0, W () = —pug(t, h(t), >0,

where the free boundaries * = ¢(t) and = = h(t) represent the spreading fronts, which are
determined jointly by the gradient at the fronts and the coefficient p in the Stefan condition. For
more background of proposing such free boundary conditions, we refer to [12, 9]. It was proved
in [12] that the unique global solution (u,g,h) has a spreading-vanishing dichotomy property
as t — oo: either (g(t),h(t)) — R and u — 1 (spreading case), or g(t) — goo, h(t) = hoo with
hoo — goo < m, and u — 0 (vanishing case). Moreover, it was also proved that when spreading
happens, there is a constant ky > 0 such that —g(¢) and h(t) behave like a straight line kot
for large time, where kg is called the asymptotic speed of spread (spreading speed for short).
Different from the classical KPP speed, ko is the unique value of ¢ such that the following



DELAYED REACTION-DIFFUSION EQUATIONS WITH FREE BOUNDARIES 3

nonlinear semi-line problem is solvable:

q" —cq' +q(1 —q) =0, z >0,
(1.10) q(0) =1, pg, (0) =c, q(z) >0, z<0,
q(z) =0, z <0,

where ¢/ (0) is the right derivative of ¢(z) at 0. In particular, as p increases to infinity, kg

increases to the classical KPP speed 24/f/(0). Later on, Du and Lou [13] obtained a rather
complete characterization on the asymptotic behavior of solutions for (1.9) with some general
nonlinear terms. For further related work on free boundary problems, we refer to [10, 11, 14]
and the references therein.

In this paper, we aim to explore how to incorporate time delay and free boundary into the
KPP equation (1.1)-(1.2) so that the problem is well-posed, and then study their joint influence
on the propagation dynamics.

Keeping a smooth flow for the organizations of the paper, we write down here the problem of
interest while leaving in the next section the derivation details, including the emergence of the
compatible condition (1.12) for the well-posedness of the initial value problem.

up(t, ) = gy (t, ) — du(t,z) + f(u(t — 1,2)), x € (g(t),h(t)), t >0,

P) u(t,g(t)) =0, ¢'(t) = —pux(t,g(t)), t>0,
u(t,h(t)) =0, () = —pug(t, h(t)), t>0,
u(f, ) = ¢(0,2), 9(0) <z < h(B), 0 € [—-T,0],

where d and T are two positive constants, the nonlinear function f satisfies

5) € C1*7([0,00)) for some 7 € (0,1), f(0) =0, f'(0)—d > 0;

(
(s) — ds = 0 has a unique positive constant root u*;
(

— =

H
) s) is monotonically increasing in s € [0, u*];

(s)

s

and the initial data (¢(0,z), g(0), h(0)) satisfies
¢(0, ) € CH2([=,0] x [g(6), h(9))),

(1.11) 0<¢(0,z) <u* for (0,z) € [—7,0] x (9(0),h(0)),
o0,2) =0 for 6 € [—7,0], x & (9(0),h(H))

—

is monotonically decreasing in s € [0, u*|

as well as the compatible condition
(1.12) [9(6), h(0)] C [9(0),h(0)]  for 6 € [-7,0].

Assumption (H) ensures the KPP structure as well as the comparison principle. Due to the
nature of delay differential equations, the initial value, including the initial domain, has to be
imposed over the history period [—7,0], as in (1.11). The interaction of time delay and free
boundary gives rise to the compatible condition (1.12) that is essential for the well-posedness
of the problem. If 7 = 0, then the compatible condition (1.12) becomes trivial and problem (P)
reduces to (1.9).

Theorem 1.1. (Well-posedness) For an initial data (¢(0,x),g(8), h(0)) satisfying (1.11) and
(1.12), there exists a unique triple (u,g,h) solving (P) with u € C%2([0,00) x [g(t), h(t)]) and
g, h € C1([0,00)).
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With the compatible condition (1.12) we can cast the problem into a fixed boundary problem
and then apply the Schauder fixed point theorem to establish the local existence of solutions.
The extension to all positive time is based on some a priori estimates!.

From the maximum principle and (H), it follows that when ¢t > 0 the solution u > 0 as
x € (g(t),h(t)), ug(t,g(t)) > 0 and uy(t,h(t)) < 0, and hence, ¢'(t) < 0 < h/(t) for all ¢t > 0.
Therefore, we can denote

Joo 1= tll)rgog(t) and  ho i= tlggo h(t).

Theorem 1.2. (Spreading-vanishing dichotomy) Let (u, g, h) be the solution of (P). Then the
following alternative holds:

Either

(i) Spreading: (goo, hoo) =R and

tlim u(t,x) = u* locally uniformly in R,
— 00

or
.o . . . N y y 3 ) —Lr
(ii) Vanishing: (goo, hoo) 8 a finite interval with length no bigger than NGO and

lim max wu(t,z)=0.
t—00 g(t)<z<h(t)

When spreading happens, we characterize the spreading speed and profile of the solutions.
The nonlinear and nonlocal semi-wave problem

q"—cqd —dg+ f(g(z —c1)) =0, 2> 0,
(1.13) q(o0) =u*, pg\ (0)=c¢, q(z) >0, 2<0,
q(z) =0, 2 <0

will play an important role. If 7 = 0 then (1.13) reduces to the local form (1.10), for which we
refer to [12, 4].

Theorem 1.3. Problem (1.13) admits a unique solution (c*,q.+) and ¢* = ¢*(7) is decreasing
in delay 7 > 0.

Due to the presence of time delay, the proof of Theorem 1.3 highly relies on the distribution
of complex solutions of the following transcendental equation
(1.14) A —ed—d+ f(0)e™ =0.
We refer to Lemma 3.2 and Proposition 3.3, which are independently of interest.

With the semi-wave established above, we can construct various super- and subsolutions to
estimate the spreading fronts h(t), g(t) and the spreading profile as t — oo.

Theorem 1.4. (Spreading profile) Let u be a solution satisfying Theorem 1.2(i). Then there
exist two constants Hy and G1 such that

: *41 : / %
tﬂ‘élo[h(t) — c*t] = Hy, tli)rgoh (t) =¥,
: *g1 : / o x
Ao+ =6, Bpgl)=-c,
and

(1.15) lim fJu(t, ) = ge ("t + Hi = )l oo o pcey)) = 05

t—o00

lwe sincerely thank Professor Avner Friedman for his valuable comments and suggestions on the proof of the
well-posedness.
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(116) tliglo ||u(t7 ) — qc* (C*t - Gl + ')HLOO([g(t),O]) = 07
where (c*, qex) is the unique solution of (1.13).

The rest of this paper is organized as follows. In Section 2 we derive the compatible condition
(1.12), with which we formulate problem (P) and then establish the well-posedness as well as
the comparison principle. Section 3 is devoted to the study of the semi-wave problem (1.13). In
section 4, we establish the spreading-vanishing dichotomy result. In Section 5, we characterize
the spreading speed and profile of spreading solutions of (P). Finally in section 6 we give two
typical examples arising from population biology.

2. The compatible condition, well-posedness and comparison principle

2.1. The compatible condition. To formulate problem (P), we start from the age-structured
population growth law

(2'1) Dt + Do = D(a)pxx - d(a)p,

where p = p(t, z;a) denotes the density of species of age a at time ¢ and location x, D(a) and
d(a) denote the diffusion rate and death rate of species of age a, respectively.
Next we consider the scenario that the species has the following biological characteristics.

(A1) The species can be classified into two stages by age: mature and immature. An individual
at time ¢t belongs to the mature class if and only if its age exceeds the maturation time
7 > 0. Within each stage, all individuals share the same behavior.

(A2) Immature population does not move in space.

Consequently, the total mature population u at time ¢ and location « can be represented by the
integral

(2.2) u(t,z) = /00 p(t, x;a)da.

We assume that the mature population u(¢,x) lives in the habitat [g(¢), h(t)], vanishes in the
boundary

(2.3) u(t,g(t)) = 0 = ut, h(t)), >0
and extend the habitat by obeying the Stefan type moving boundary conditions:
(2.4) W(t) = —pua(t, h(t)), ¢'(t) = —pua(t, g(t), t>0,

where 4 is a given positive constant. Note that the immature population does not contribute to
the extension of habitat due to their immobility, as assumed in (A2).
According to (Al) we may assume that

D(a):{l’ aiT, d(a):{d’ a

=T,
0, 0<ax<T, dr, 0<a<T,

where d and d; are two positive constants. Differentiating the both sides of the equation (2.2)

in time yields
o0
U = / peda
T

= / [_pa + Pzz — dp]da

(2.5) = Upy — du+ p(t,z;7) — p(t, x; 00).
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It is nature to assume that
(2.6) p(t,z;00) =0

since no individual lives forever. To obtain a closed form of the model, one then needs to express
p(t,x;7) by u in a certain way.

Indeed, p(t,z;7) denotes the newly matured population at time ¢, and it is the evolution
result of newborns at ¢ — 7. In other words, there is an evolution relation between the quantities
p(t,z;7) and p(t — 7, 2;0). Such a relation is obeyed by the growth law (2.1) for 0 < a < 7, and
hence it is the time-7 solution map of the following equation
o) { gs = —drq, TER, 0<s<T,

(0,z) =p(t —7,2;0), z€R.

Therefore, p(t,x;7) = q(7,2) = e~ ¥"p(t — 7,2,0). Further, the newborns p(t — 7, z;0) is given
by the birth b(u(t — 7, x)), where b is the birth rate function with b(0) = 0. Consequently,

(2.8) p(t,x;7) = e_d”b(u(t —T7,1)).

Combining (2.3)-(2.6) and (2.8), we are led to the following system:

(2.9)
ug(t, x) = Uge(t, 2) — du(t,z) + e~ U7b(u(t — 7,2)), t>0,2€ [g(t —7),h(t —7T)]
u(t,x) = (t,:r) — du(t, x), t>0,z€[g(t),h(t)]\ gt —7),h(t—T)]
u(t,g(t)) = u(t, h(t)), t>0
W(t) = —uuxu, ), o) = —pualtog(t), £,

For ¢ > 0, outside the habitat (g(t), h(t)) the mature population does not exist, that is,

(2.10) u(t,z) =0 for t>0, = & (g(t), h(t)).

Clearly, since the habitat is expanding for ¢ > 0, we have

(2.11) [g(t —7), h(t = 7)) C [g(t), h(D)], t=>T.

Hence, the first two equations in (2.9) can be written as the following single one

(2.12) ug(t, ) = Uge(t, ©) — du(t,z) + e UTb(u(t — 7,2)), t> 0,z € [g(t), h(t)]
provided that (2.11) holds for ¢ > 0. As such, in view of (2.11) we need an additional condition
(2.13) lg(t — 7). bt — )] € [g(6), h(D], ¢ € [0,7).

Note that [g(0),h(0)] C [g(t),h(t)] for t > 0. And as the coefficient y — +oo we have
[g(t), h(t)] — [g9(0,R(0))] uniformly for ¢ € [0,7]. Therefore, regardless of the influence of p,
(2.13) is strengthened to be

[9(0), h(0)] C [9(0), (0)]  for 6 € [-7,0],

which is the aforementioned compatible condition (1.12).
Setting f(s) := e~%7b(s) in (2.9), we obtain problem (P).
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2.2. Well-posedness. We employ the Schauder fixed point theorem to establish the local ex-
istence of solutions to (P), and prove the uniqueness, then extend the solutions to all time by
an estimate on the free boundary.

Theorem 2.1. Suppose (H) holds. For any o € (0,1), there is a T > 0 such that problem (P)
admits a solution

(u, g, h) € CUF2IH([0, T] x [g(t), h(1)]) x CTF/2(10,T]) x CM+72([0, T)).

Proof. We divide the proof into two steps.

Step 1. We use a change of variable argument to transform problem (P) into a fixed boundary

problem with a more complicated equation which is used in [5, 12]. Denote I; = ¢(0) and

lo = h(0) for convenience, and set hg = 3(lo — l1). Let & (y) and &(y) be two nonnegative

functions in C3(R) such that

. . 6
§i(y) =1 if [y — l2|< ,51()—0 if |y — l2|> , &y )|<h*0f01"y€R;

6
L(y) =1 if ly — 4| < , La(y) =0 if [y — 4| > , 1€5(y ’<%f0fy€R-
Define y = y(t, ) through the 1dent1ty

r=y+&(y)(h(t) —12) + &(y)(g(t) — 1)  for t >0,
r=y for —7<t<0.

and set

w(t,y) = u(t,y + &i(y)(h(t) — 12) + &(y)(9(t) — 1)) = u(t,z) fort >0,
w(l,y) = ¢(0,y) for —7<0<O0.

Then the free boundary problem (P) becomes

Wy — A(gvha y)wyy +B(gah’y)wy = f(w(t - Tay)) - dw7 Yy € (l17l2)a t> Oa

(2.14) { w(t, i) =0, t>0,i=1,2,

w(f,y) = é(0,y), y € [l1,l2], 0 € [-7,0],
and
(2.15) g t) = —pwy(t,ly), h'(t)=—pwy(tls), t>0,

with f(w(t —7,y)) = f(u(t — 7,y)) and A(g, h,y) = [1 + & (y) (A1) —l2) + & () (g(t) — 11)] >
3
B(g, h.y) = [&1 () (h(t) = 12) + & (1) (9(t) — )] A(g, h,y) 2 — [C1(W)' () + &2(y)g' (D) Alg, 1 y)2.
Denote hi = —pu(uo)y(0,12), and hy = p(ug)y(0,11). For 0 < T <
define QT = [O,T] X [ll,lg],
ID?’ = {h S Cl([O,T]) : h(O) =g, h/(O) = hq, Hh/ - thC([O,T]) < 1}7
Df = {g € CY([0,T]): g(0) =11, ¢'(0) = —ha, ||¢' + hallcqory <1}
Clearly, D := D x DI is a bounded and closed convex set of C1([0,7]) x C([0,T7).
Noting that the restriction on T, it is easy to see that the transformation (t,y) — (¢, ) is

well defined. By a similar argument as in [37], applying standard LP theory and the Sobolev
embedding theorem, we can deduce that for any given (g,h) € D, problem (2.14) admits a

unique w(t,y;g,h) € W;’Q(QT) — CHTQ’H'O‘(QT), which satisfies

(2.16) Il 2y + Il g252 1m g, < O

D=

mln{m 7_} we
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where p > 1 and C} is a constant dependent on g(8), h(6), o, p and ||¢|c1.2((—r.0]x [g(6),h(0)])-
Defining h and § by h(t) = I — fg pay (s, l2)ds and g(t) = 11 — fg paby (s, 11)ds, respectively,
then we have

B (t) = —piiy(t, 12), 7(0) =1, B'(0) = — by (0,lp) = ha,
and thus 2’ € C% ([0, T]), which satisfies

(217) HB,HC%([O,T]) < /J’Cl =: (5.
Similarly § € C% ([0, T]), which satisfies
(218) ||§/HC%([O,T]) < :Ufcl == 02~

Step 2. For any given triple (g, h) € D, we define an operator F by

F(g,h) = (g, h).

Clearly, F is continuous in D, and (g, h) € D is a fixed point of F if and only if (w, g, h) solves
(2.14) and (2.15). We will show that if T > 0 is small enough, then F has a fixed point by using
the Schauder fixed point theorem.

Firstly, it follows from (2.17) and (2.18) that

1B = hlleqory < C2T2, 1§+ halleqor) < C2T2.

_2
Thus if we choose T' < min {m, T, Cy° }, then F maps D into itself. Consequently,
F has at least one fixed point by using the Schauder fixed point theorem, which implies that

(2.14) and (2.15) have at least one solution (w, g, h) defined in [0, T']. Moreover, by the Schauder
estimates, we have additional regularity for (w, g, h) as a solution of (2.14) and (2.15), namely,
(w,g, h) € CTH22E((0,T] x [Iy, la]) x CTF2((0,T]) x CHF/2((0,T7)

and for any given 0 < ¢ < T, there holds

Hw||01+°‘/2*2+a([s,T]><[l1,l2}) < 03,
where C5 is a constant dependent on ¢, ¢g(6), h(0),  and ||¢||c12. Thus we deduce a local
classical solution (u, g, h) of (P) by (w,g,h), and u € C1H/22+e((0,T] x [g(t), h(t)]) satisfies

HUHC1+a/2,2+a([E,T}x[g(t),h(t)]) < 03'

Step 3. We will prove the uniqueness of solutions of (P). Let (u;, g, hi), i = 1,2, be two
solutions of (P) and set
wi(t,y) == ui(t,y + & (y) (hi(t) — l2) + &2(y)(9:(t) — L))
Then it follows from (2.16), (2.17) and (2.18) that
< Cla Hh;

< C
,1+(¥(QT) = x V2,

il gy + il e et oan < Cor s o < Co
Set .
w(t,y) = wi(t,y) —wa(t,y), g(t) = g1(t) —ga(t), and h(t) := hi(t) — ha(t),

then we find that w(t,y) satisfies that

W — Ag(t,y)dyy + Bat,y)iy = f(t,y), y € (In,l), t € (0,T),
(219) m(tll = flb(ta l?) =0, te (OuT)v
( =0, yE[ll,ZQ], NS [_TaO]a
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where

F(ty) = (A1 = A2)(wi)yy — (B — Ba)(w)y + f(wi(t —7,9)) = f(wa(t —7,y)) — dw,
and A; and B; are the coefficients of problem (2.14) with (w;, gi, h;) instead of (w, g, h).
Recalling that T < 7, then f(wi(t — 7,vy)) — f(w2(t — 7,y)) = 0 for all (¢,y) € Qr, thus

ft,y) = (A1 — Ag)(w1)yy — (Br — Ba)(w1)y — dii.
Thanks to this, we can apply the LP estimates for parabolic equations to deduce that
(2.20) [@lly120, < Calllgller oy + 12l po.17))
with C4 depending on C and Cj. By a similar argument as in [37], we obtain that

Il g

g ragny S ClPlw2n)

for some positive constant C' independent of T7~'. Thus

(2.21) ||71)H01+Ta,1+a(QT) < CCx(llgller oy + Ihller o))

Since h/(0) = 1/ (0) — h4(0) = 0, then
thuc%([gvT]) = MHwac%ﬁ(QT) < ’UJ”,LBHCHTQJ'*‘O‘(QT)'
This, together with (2.21), implies that

IBllor oy < 2T 2 |K|| o5 < OsT%(

% (0.7]) gl oy + IRller o)),

where Cs = 2uCCy. Similarly, we have

13l o < CsT2 (1§l e o.m) + IRl o)
As a consequence, we deduce that

Igllor ol + IRller oy < 25T (1dller oy + IRl o)

Hence for

T :=mi { o Cy, (4C )*3}

= 1min [
PNT6( + hy Fho) T2 0 TS0
we have
gl qo,m Il + HhHCl ([0,77) (Hg”cl ([o,17) T+ Hthl (0,7]))-

This shows that § = 0 = h for 0 < ¢t < T, thus w = 0in [0,T] x [l1,l2]. Consequently, the
uniqueness of solution of (P) is established, which ends the proof of this theorem. O

In order to show that the local solution obtained in above theorem can be extended to all
t > 0, we need the following estimate.

Lemma 2.2. Suppose (H) holds. Let (u,g,h) be a solution to (P) defined for t € [0,Tp) for
some Ty € (0,00). Then there exists Cy depending on u* but independent of Ty such that

—g'(t),h (t) € (0,Co] fort € (0,Tp).

Proof. Since the initial value of (P) satisfies (1.11), it then follows from the comparison principle
that u(t,z) < u* for (t,x) € [0,Tp) x [g(t), h(t)]. Let us construct the auxiliary function

u(t,x) = u*[2M (h(t) — ) — M?*(h(t) — 2)?], te€[-7.Ty), z € [h(t) — M~ h(t)]

where

d 2 4
M :‘max{ﬁ’ )=o) B 285, 1900 e o on -
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Direct calculations show that, for (¢,z) € (0,Ty) x (h(t) — M~1, h(t)),

Uy — Tge + di — f(u(t — 7,2)) = 2M>*u* — f(u*) = 2M>*u* — du* > 0,
where the monotonicity of f(v) in v is used. On the other hand, for t € (0,Tp),

a(t, h(t)) = 0= u(t,h(t)), a(t,h(t) = M) =u*>u(t,h(t) - M),
For any fixed 0 € [—7,0], u(0,h(0)) = #(6,h(0)) = 0. This, together with the choice of M,
implies that ¢(0,x) < u(0,z) for (0, ) € [-7,0] x [h(0) — ML, h(0)].

As a consequence, we can apply the comparison principle to deduce that u(t,xz) < u(t, x) for
(t,x) € (0,Tp) x [g(t), h(t)]. It would then follow that
H(t) = — st h(t)) < —pita(t, (1)) = 2uMu” = Co.

The proof for —¢'(t) < Cp is analogous, which ends the proof of this lemma. O

Based on the above estimates, we are now ready to prove that the solution of problem (P) is
actually a global solution. We have the following result.

Lemma 2.3. Assume that (H) holds. Then every positive solution (u,g,h) of problem (P)
exists and is unique for all t € (0,00).

Proof. Let [0, T)qz) be the maximal time interval in which the solution exists. In view of
Theorem 2.1, it remains to show that T),,; = co. We proceed by a contradiction argument
and assume that 7,4, < co. Thanks to the choice of the initial data, the comparison principle
implies that u(t,z) < u* for (t,x) € (0, Timaz) X [g(t), h(¢)]. This, combining with Lemma 2.2,
yields that there is a constant Cj independent on T;,,, such that

—g'(t), 1 (t) € (0,Cp] for t € (0, Tnaz)-

Let us now fix € € (0,Tynqaz). Similar to the proof of Theorem 2.1, by standard LP estimate,
the Sobolev embedding theorem and the Hoélder estimates for parabolic equation, we can find
01 >0 depending only on e, Tmaz, u*, ho, ||¢Hcl,2([_7_,0]X[g(g),h(g)]) and C() such that

[ullcr+arzeta(e Tl xlg@)n0) < C1-
This implies that (u,g,h) exists on [0, Tyez]. Choosing t, € (0, Tinae) With ¢,  Thas, and
regarding (u(t, —6,x),h), g(t, —0),h(t, —8)) for 6 € [0, 7] as the initial function, it then follows
from the proof of Theorem 2.1 that there exists sy > 0 depending on Cj, C; and u* independent
of n such that problem (P) has a unique solution (u, g, h) in [tn,t, + so]. This yields that the
solution (u, g, h) of (P) can be extended uniquely to [0, ¢, + so). Hence t,, + so > Tinae when n
is large. But this contradicts the assumption, which ends the proof of this lemma. ([l

Proof of Theorem 1.1: Combining Theorem 2.1 and Lemma 2.3, we complete the proof. [
Remark 2.4. From Lemmas 2.2 and 2.3, it follows that there exists Cy > 0 such that
—g'(t), W' (t) € (0,Cp] for all t > 0.

2.3. Comparison Principle. In this subsection, we establish the comparison principle, which
will be used in the rest of this paper. Let us start with the following result.

Lemma 2.5. Suppose that (H) holds, T € (0,00), g, h € C*([-7,T]), uw € C(Dy) N C*(Dr)
satisfies u < u* in Dy with Dy = {(t,r) € R?: —7 <t < T, g(t) < x < h(t)}, and

U = Ugy — du+ f(u(t —7,2)), 0<t<T, g(t) <z <h(t),
u =0, E'(t) S — Wy, 0<t<T, z=4(t),
=0, N(t)>—pi., 0<t<T, z=h(t).
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If [9(60), h(9)] € [g(6), h(0)] for 0 € [~7,0] and u(0,x) € C2([~,0] x [g(0), h(0)]) satisfies
6(0,2) <T(B,x) <u' in [~7,0] x [g(6), h(O)],
then the solution (u,g,h) of problem (P) satisfies
g(t) = g(t), h(t) <h(t) in(0,T],
u(t,z) <u(t,x)  for (t,x) € (0,T] x (g(t), h(t))-
Proof. We integrate the ideas of [12, Lemma 5.7] and [27, Corollary 5] to deal with free boundary
and time delay.

Firstly, for small € > 0, let (ue, ge, he) denote the unique solution of (P) with g(6) and h(0)
replaced by ¢e(0) := g(0)(1 — €) and he(0) := h(0)(1 — €) for § € [—7,0], respectively, with
p replaced by pe = p(l — €), and with ¢(#,x) replaced by some ¢.(0,2) € CH2([-7,0] x
[9¢(6), he(0)]), satisfying

0< de(0,2) < d(0,x), ¢e(0,9:(0)) = pe(0,he(0)) =0 for 6 € [—7,0], x € [gc(0), he(0)],
and for any fixed 6 € [—7,0] as € — 0,

¢c(0,2) = ¢(0,x)
in the C2([g(0), h(9))) norm.

We claim that he(t) < h(t), g(t) > g(t) and wu.(t,z) < u(t,z) for all t € [0,7] and = €
[ge(t), he(t)]. Obviously, this is true for all small ¢ > 0. Now, let us use an indirect argument
and suppose that the claim does not hold, then there exists a first t* € (0,7 such that

ue(t,x) <u(t,z) for te[0,t%), z € g(t),h(t)],

ge(t) > g(t) and he(t) < h(t) for t€[0,t%),
and there is some z* € [ge(t*), he(t*)] such that

uc(t*, %) = u(t*, z*).
Later, let us compare u. and @ over the region
Q= {(t,x) €R?*: 0 <t <t*, ge(t) <z < he(t)}.
An direct computation shows that for (¢,z) € (-,
(T —ue)t — (U — Ue) gy + d(T —ue) = f(u(t —1,2)) — f(ue(t —1,2)) =0,

it then follows from the strong maximum principle that
(2.22) ue(t,x) <u(t,r) in Q.

Thus either x* = h(t*) or x* = g.(t*). Without loss of generality we may assume that z* =
he(t*), which means that

(™, he(t*)) = ue(t™, he(t™)) = 0.
This, together with (2.22), implies that T, (t*, he(t*)) < (ue)z(t*, he(t*)), from which we obtain,
in view of (ue)z(t*, he(t*)) < 0 and p < p that

(2.23) () = —pe(ue)a(t* he(t")) < —pitis (8, he(£7)) = B (7).

=/

As he(t) < h(t) for t € [0,t*) and h(t*) = h(t*), then hL(t*) > h (t*), which contradicts (2.23).
This proves our claim.

Finally, thanks to the unique solution of (P) depending continuously on the parameters in
(P), as € — 0, (ue, ge, he) converges to (u, g, h), the unique of solution of (P). The desired result
then follows by letting € — 0 in the inequalities u. < @, g > g and he < h. The proof of this
lemma is complete. 0
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By slightly modifying the proof of Lemma 2.5, we obtain a variant of Lemma 2.5.

Lemma 2.6. Suppose that (H) holds, T € (0,0), g, h € C*([-7,T)), u € C(Dr) N CY3(Dr)
satisfies u < u* in Dy with Dy = {(t,z) € R? : —7 <t < T, g(t) <z < h(t)}, and

U 2 Upe — du+ f(u(t —7,2)), 0<t<T, g(t) <z <h(t),
T > u, 0<t<T, z=9(t),
=0, N(t)>—pi,, 0<t<T, z=h(t),

with
g(t) = g(t) in [0,T], h(O) <h(B), ¢0,z)<ud z) forc[-7,0] and z € [g(0), h(0)],
where (u, g, h) is a solution to (P). Then
h(t) < h(t) in (0,T], wu(x,t) <u(z,t) for (t,x) € (0,T] x (g(t), h(t)).

Remark 2.7. The function @, or the triple (@,g,h), in Lemmas 2.5 and 2.6 is often called a
supersolution to (P). A subsolution can be defined analogously by reversing all the inequalities.
There is a symmetric version of Lemma 2.6, where the conditions on the left and right boundaries
are interchanged. We also have corresponding comparison results for lower solutions in each case.

3. Delay-induced nonlocal semi-wave problem

This section is devoted to proving the existence and uniqueness of a semi-wave ¢(z) of (1.13),
which will be used to construct some suitable sub- and supersolutions to study the asymptotic
profiles of spreading solutions of (P).

Consider the following nonlocal elliptic problem

{ q" —cqd —dg+ f(q(z —cr)) =0, z>0,

(8.1) q(z) =0, 2 <0,

where ¢ > 0 is a constant.

If 2z is understood as the time variable, then we may regard problem (3.1) as a time-delayed
dynamical system in the phase space C([—c7,0],R?). When cr = 0, the phase space reduces
to R? and it follows from the phase plane analysis that (3.1) admits a unique positive solution
qo(z), which is increasing in z and ¢o(z) — u* as z — co. When c¢r > 0, the phase space is of
infinite dimension and the positivity and boundedness of the unique solution are not clear.

Proposition 3.1. Suppose (H) holds. For any given constant ¢ > 0, problem (3.1) has a maz-
imal nonnegative solution q.. Moreover, either q.(z) =0 or q.(z) > 0 in (0,00). Furthermore,
if gc > 0, then it is the unique positive solution of (3.1), ¢.(z) > 0 in (0,00) and q.(z) — u* as
z — 00, in addition, for any given constant ¢; < ¢, one has q.(z) < gc,(2) for z € (0,00), and
7c(0) < 4., (0)-
Proof. We divide the proof into four steps.

Step 1. Problem (3.1) always has a maximal nonnegative solution g and it satisfies

g<u* forze|0,00).

Clearly, 0 is always a nonnegative solution of (3.1). For any [ > 0, let us consider the following
problem:

(3.2) {w”—cw’—dw—l—f(w(z—CT)):O, 0<z<l,

w(l) =u*, w(z)=0, z<0.
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It is well known problem (3.2) admits a unique solution w'(z) > 0 for z € (0,1]. Applying the
maximal principle, we can deduce that w!(z) < u* for z € [0,1]. Moreover, it is easy to check
that w!(z) is decreasing in [ > 0 and increasing in z € [0,1] and

w'(z) = W(z) asl— oo,

where W (z) is a nonnegative solution of problem (3.1) and it satisfies W (z) < u* for z € [0, 00).
In what follows, we want to prove that W is the maximal nonnegative solution of (3.1). Let
g be an arbitrary nonnegative solution of (3.1), then ¢(z) < u* for z € [0,00). If ¢ = 0, then
g < W. Suppose now ¢ >,# 0, then ¢ > 0 in (0, 00). Let us show ¢(z) < W(z) for z € [0, 00).
Firstly, for any fixed [ > 0 we can find M > 0 large such that Mw'(z) > q(z) for z € [0,1].
We claim that the above inequality holds for M = 1. On the contrary, define

My :=inf{M >0: Muw'(z) > q(z) forze€[0,]},
then My > 1 and Mow'(z) >,%# q(z) for z € [0,]]. Thanks to the monotonicity of w!(z) in
z € [0,1], then there is 2y € (0,1) such that Mow!(z9) = u* and Myw'(2) < u* for z € [0, z). It is

easy to check that ¢(z) < u*. Then the strong maximal principle yields that My (w!)'(0) > ¢/ (0)
and Mow!(z) > q(z) for z € (0, z9]. Thus we can find a constant 0 < ¢ < 1 such that

(3.3) My = My(1+e) 1 >1, Muwl(z)>q(z) for z € (0, 2],
and for Z = min{er, [ — 2},
Miw!(zo + 2) > u*.

So there is 21 € (0, 2] such that Myw!(z + 21) = u* and Myw'(zo + 2) > u* for z € (21,1 — ).

Later, we want to prove that Mjw!(z) > q(z) for all z € (20,!]. In order to prove this result,
combining the definition of z;, we only need to prove Myw'(z) > ¢(z) for all z € (29, 29 + 21].
Since Mjw'(z) > q(z) for z = 29 + 21 and z = zp, and for z € (20, 20 + 21),
(lel — q)" — c(lel — q)’ — d(lel — q)
Jals — er)) = My f(w(z — er))

< falz - o) = F(Mywl(z — er)) <0,

where the monotonicity of f(v) in v € [0,v*] and the fact where Mjw!(z — ¢r) > q(z — ¢r) for
2 < 29 + 71 are used. Then applying the comparison principle, we have Mjw'(z) > ¢(z) for all
2 € [20, 20 + 21]. This, together with the definition of z; and (3.3), yields that Mjw'(z) > q(2)
for all z € (0,1], which contradicts the definition of My. Thus we have proved that w!(z) > q(2)

for z € [0,1].
Finally, letting I — oo, we deduce that

W(z) 2 q(z) for z € [0,00),

as we wanted. Thus Step 1 is proved.

Step 2. For any ¢ > 0, if ¢ is a positive solution of (3.1), then ¢/ (0) > 0, ¢'(z) > 0 for
z € (0,00), and ¢(z) — u* as z — oc.

Since ¢ > 0 for z > 0, then the Hopf lemma can be used to deduce ¢/, (0) > 0, it follows that
¢ (z) > 0 for all small z > 0. Setting

v i=sup{y >0: q(2y—2) > q(z) for 2 €10,7), ¢ (2) >0 for z € (0,7]}.
In the following, we shall show 7* = co. Suppose by way of contradiction that v* € (0, 00), then
227" —2) > q(z), and ¢(x) >0 for z € [0,
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Define G(z) = q(2v* — z) for z € [v*,27*], then
q"—cq —di+ f(G(z —eT)) = —2cqe, £=2v"—z€[0,77].
Let us set
Q(z:7") = Q(2) = d(2) —a(z) = q(§) —a(2y" = ).
Then @ < 0 for z € [y*,2v*] and it satisfies
{ Q" —cQ —dQ = f(g(= — cr)) = f(a(= — 7)) — 20q¢ <O, 7" <2 <27,
Q) =0, Q27")=—q(2y") <0.
The strong maximal principle and the Hopf lemma imply that
Q) <0, z€(v,2y], Q) <0.
It follows the continuity that for all small € > 0,
QY +&7" +¢) <0, Q(z7"+¢) <0 forze (v +e,29" + 2,

which implies that ¢(2v*+2e —¢&) > ¢(€) for £ € [0,7* 4+ ¢). Moreover, since Q' (7v* +¢&;7*+¢) =
—2¢'(v* + ¢), it then follows that ¢/(y* 4+ &) > 0. But these facts contradict the definition of v*.
Thus the monotonicity of positive solutions of (3.1) is established.

Next, let us consider the asymptotic behavior of positive solution ¢ of (3.1). Thanks to the
monotonicity of ¢, there exists a positive constant a such that lim,_, ¢(z) = a. We claim that
a = u*. In fact, for any sequence {z,} with z, — co as n — oo, define ¢,(2) = ¢(z + z,,). Then
qn solves the same equation as ¢ but over (—z,,00). Since ¢, < u*, it then follows that there is
a subsequence of {¢,} (still denoted by {g¢,}) such that

(3.4)

gn — ¢ locally in C*(R) as n — oo,

and ¢ is a solution of
V' —cv' —dv+ f(v(z—er)) =0, z€R.
On the other hand, it follows from lim, ,~, ¢(2) = a that § = a, which implies that a = u*,
as we wanted. Thus this completes the proof of Step 2.

Step 3. We show that problem (3.1) has at most one positive solution.
Suppose problem (3.1) has two positive solutions ¢; and gq, then 0 < ¢; < uv* in (0, 00), and
qi(z) — u* as z — oo for i = 1, 2. Define

k= 1nf{2§2 2> 0}.

From Step 2 we have (¢;)’, (0) > 0, i = 1,2. Then by L’Hopital’s rule we obtain lim, o Z;g >0,

which together with lim, Z;—Ejg = 1 implies that £* € (0,1]. Next we show k* = 1. Indeed,
assume for the sake of contraction that k* € (0,1). Define
w(z) = q1(2) — k" q2(2).
Then w(z) > 0 for z > 0, w(0) =0, w(4+o00) = (1 — k*)u* > 0 and
w” —cw' —dw = —f(q1(z — 7)) + k" f(q2(z — c7)) <0,
where the sub-linearity and monotonicity of f(z),z € (0,u*) are used. By Hopf’s lemma, we see

that 0 < w'(0) = (¢1)/.(0) —k*(g2)’(0), which implies that lim, g;gg > k*. Thus, in view of the
definition of k*, we have an zg € (0, 400) such that w(zp) = 0. By the elliptic strong maximum
principle, we infer that w(z) = 0 for z > 0, a contradiction to w(+o0c0) > 0. Therefore, k* = 1,
and hence, ¢1(z) > g2(z). Changing the role of ¢; and g2 and repeating the above arguments,

we obtain ¢2(z) = ¢1(z). The uniqueness is proved.
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Step 4. Let us consider the monotonicity of positive solutions in c.

Assume that ¢, is a positive solution of (3.1). Choose ¢; < ¢ and let ¢., be the maximal
nonnegative solution of (3.1) with ¢ = ¢;. Since u* is a supersolution of (3.1), and by Step 2 we
know that ¢. is a subsolution of (3.1) with ¢ = ¢, in view of the uniqueness of positive solution
of this problem, then we see that

Ge, (2) = qo(2) for z € [0, 00).
It thus follows from the maximum principle and the Hopf lemma that
Gey (2) > ge(2) for z € (0,00), and g, (0) > ¢c(0).
The proof of this proposition is complete now. O

Next we give a necessary and sufficient condition for the existence of a positive solution of
(3.1). For this purpose, we need the following property on the distribution of complex solutions
to a transcendental equation.

Lemma 3.2. Let ¢ > 0 and 7 > 0. Define
(3.5) A\, 7) =22 =X —d+ f(0)e .
Then there exists co(T) € (0,24/f'(0) — d) such that the following statements hold:

(i) Ac(A\,7) =0 has a positive solution if and only if ¢ = co(T);
(ii) Ac(\,7) =0 has a complex solution in the domain

Y
(3.6) 0= {)\ €C: Reh>0,Im\ € (o, E>}
provided that ¢ € (0,co(T)).

Before the proof, we note that if 7 = 0 then A.(\,7) = 0 reduces to a polynomial equation
of order 2. It admits at least one positive solution if and only if ¢ > 2,/f/(0) — d and exactly a

pair of complex eigenvalues in 2 when ¢ € (0,2+/f'(0) — d).

Proof. (i) Note that A.(\,7) is convex in A, decreasing in ¢ > 0 when A > 0, Ag(A,7) > 0 and
A, (A, 7) = 0 is negative for some A > 0 when c is sufficiently large. Therefore, such c¢o(7) exists.

(ii) We employ a continuation method with 7 being the parameter. From the proof of [31,
Theorem 2.1], we can infer that the solutions of A.(\,7) = 0 is continuous in 7 > 0. We
write A = a(7) 4+ if(7), where «(7) and (7) are continuous in 7 > 0. Separating the real and
imaginary parts of A.(\,7) = 0 yields

{Fl(a,B,T) =a? - B2 —ca—d+ f(0)e " coscrB =0
(3.7) Lo
Fy(a,B8,7) :=2af —cf — f'(0)e “sinerS = 0.

We proceed with four steps.
Step 1. If 7 is small enough, then there is a solution in Q. Indeed, At 7 = 0, (3.7) admits a

( VPO -] ) Note that

solution (a, 8) =

WFi 95F 20— ¢  —2
(3.8) R L NI e e A
O Fo (95F2 203 2+ ¢

It then follows from the implicit function theorem that for small 7, A.(A, 7) admits a complex

V1e2=(f"(0)—d)?|

solution near § + 1 5
Step 2. For any 7 > 0, A.(\, 7) admits no solution with § = 0 or f = = when ¢r > 0. It

CT
s

follows from statement (i) that there is no solution with § = 0 when ¢ < ¢o(7). If 8 equals =,

, and hence, in the open domain €.
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then from the second equation of (3.7) we can infer that o = §. Substituting a = § and 8 = =

into the first equation of (3.7), we obtain 0 = —3¢? — (g)2 —d — f'(0)e=7/2, a contradiction.

Step 3. If a solution «(7) + iB(7) touches pure imaginary axis at some 7 = 7% > 0, then
o/(7*) > 0. We use the implicit function theorem. By direct computations, we have

daFy OF
det R I
OQFQ agFg

et et f'(0)coserB =20 —crf'(0) siner
B ¢ 26+ crf'(0)siner  —c—erf'(0) coserf
= [~c—crf'(0)coscrB)? + 28 + crf'(0) sin cr 5]
=z 0

where the equality holds if and only if —c¢ — ¢7f/(0)coser8 = 0 and 28 + erf'(0) siner = 0.
Taking these two relations into (3.7) with a = 0, we obtain

B _d-1-g
(3.9) 28

—C,B + o = 0,
which is not solvable for 5. Therefore,

OuFy 0sF
det G )
8OCF2 86F2

0-F1 o sincr 3
(&Fg) fr=r = =eb1(0) <coscr[3)

Consequently, by the implicit function theorem we have

-1
O/(T*) ’ _ aaFl 85F1 ‘ 8TF1 ’
) OuFy 95Fy)  \o,F)

from which we compute to have

On the other hand,

(28% +2dB% + ?)c

OaF1 OgF:
det G [—
(9aF2 agFQ

(3.10) o () = > 0.

Step 4. Completion of the proof. In Steps 2 and 3, we have verified that the perturbed
solution at Step 1 can not escape ) continuously as 7 increases from 0 to co. Therefore, it
always stays in ). O

Based on the above results, we are ready to give the following necessary and sufficient condition
for (3.1) to have a positive solution.

Proposition 3.3. Suppose (H) holds. Problem (3.1) has a positive solution q € C?([0,00)) if
and only if c € [0,¢o(7)), where co(T) is given in Lemma 3.2.

Proof. Firstly, let us show that problem (3.1) has a positive solution when ¢ € [0, co(7)). We
employ the super- and subsolution method. The case where c¢r = 0 is trivial and the proof is
omitted. Fix ¢ € (0,¢9(7)). By Lemma 3.2 we can infer that there exists v > 0 such that

(3.11) AcN) =22 —ed—d+ (1 —7)f(0)e " =0
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has a solution A = o + i in €.
Claim. The function

(3.12)
0, elsewhere,

o(z) = {56 cospr, frec (5,%)

is a subsolution provided that § is small enough.
Indeed, for Bz € (37“, 57), we have
Lv)(z) == v"(zx) = c/(z) — dv(z) + f(u(z —c7))
= v(z)[e® =B —ca—d—[2a8 — cBtan Bz] + f(v(z — cT))

= )t Y (0)e™ T cos(B(x — c7)) + f(u(x — c7))

= —(1 =) f(0)8e*@ ) cos Bz — 1) + f(v(z — 7).
Choose ¢ > 0 sufficiently small such that
flu(@ —er)) = 1 =) f(0)u(z - cr),

with which we obtain

Lv)(z) = (1 — ) f (0)[v(z — er) — 6@ cos Bz — e7)], Pz € <327T, 5;) :
Clearly, if B(z —c7) € (28, 5F), then v(z —c7) = 5e®(@=¢7) cos B(x — c7), and hence, L[v](z) > 0.
If B(z —c7) & (35, 2F), then v(z — c7) = 0, and hence,

Llv)(z) > —(1 =) f'(0)5e™* ) cos f(x — eT)

with B(x — ¢7) € (37” — Ber, 57” — Ber) \ (37”, 57”) Since fSer < 7 (as proved in Lemma 3.2),

we obtain cos B(x — ¢7) < 0 when B(x —c7) € (37“ — fBer, 57“ — Ber) \ (37”, 57”) To summarize,
Lv)(z) = 0 for Bz € (3, 2F) and L[v)(z) = 0 for Bz & [2F, 2F]. The claim is proved.

Having such a subsolution, we can infer that (3.1) admits a solution.

Next we show that (3.1) does not admit a positive solution when ¢ > ¢o(7). We employ
a sliding argument. Assume for the sake of contradiction that there is a solution ¢(z). Since
¢ > co(T), Ac(\,7) = 0 admits a positive solution \;. Define w(z) = le*? — ¢(2),1 > 0. Since
q(0) = 0 and g(+00) = u*, we may choose [ such that w(z) > 0 for z > 0 and w(z) vanishes at
some z € (0,+00). Note that f(u) < f/(0)u. It then follows that

(3.13) w"(2) —cw'(2) —dw(z) = —f' (0)w(z —cr) + [f(q(z — 7)) — £ (0)g(z —cT)] <0, 2 =0.

By the elliptic strong maximum principle, we obtain w(z) = 0 for z > 0, a contradiction. The
nonexistence is proved. O

Based on the above results, we obtain the solvability of (1.13).

Theorem 3.4. For any given T > 0, let co(T) be given in Lemma 3.2. For each u > 0, there
exists a unique c* = c;(7) € (0,co(7)) such that (ge~)' (0) = %, where qe+(z) is the unique

solution of (3.1) with ¢ replaced by c¢*. Moreover, c,

1(T) is increasing in p with

Mli_)rglo ¢, (1) = co(7).
Proof. From Propositions 3.1 and 3.3, it is known that for each ¢ € [0, ¢y(7)), problem (3.1)
admits a unique solution ¢.(z) > 0 for z > 0, and for any 0 < ¢1 < ¢2 < ¢o(7), Gey (2) > ge, (2) in
(0,00). Define

(3.14) P(0;5¢,7) := (gc)'4(0).



18 N. SUN AND J. FANG

Then P(0;¢,7) > 0 for all ¢ € [0,¢9(7)) and it decreases continuously in ¢ € [0,¢o(7)). Let
¢n T co(7). For each ¢, problem (3.1) admits a unique solution ¢, (z). Clearly, q., converges to
some ¢* and (q,)" converges to (¢*) locally uniformly in z € [0, 400), and ¢* solves (3.1) with
¢ = ¢o(7). By the nonexistence established in Proposition 3.3 we obtain ¢* = 0. In particular,

(3.15) CTICifﬁI(lT)(%)/*(O) =(¢");(0) =0.

We now consider the continuous function

n(e;7) =nu(e;T) == P(0;¢,7) — % for ¢ € [0,co(7)).

By the above discussion we know that 7n(c; 7) is strictly decreasing in ¢ € [0, ¢o(7)). Moreover,

n(0;7) = P(0;0,7) > 0 and limgy ) n(c;7) = —co(7)/p < 0. Thus there exists a unique
c* = c},(7) € (0,¢co(7)) such that n(c*;7) = 0, which means that
C*
(4e)} (0) = —.
ct )4+ Iu]

Next, let us view (c;,c:/ u) as the unique intersection point of the decreasing curve y =
P(0;¢,7) with the increasing line y = ¢/ in the cy-plane, then it is clear that cj,() increases
to ¢o(7) as p increases to oo. The proof is complete. O

Remark 3.5. In [13], the authors consider the case where 7 = 0. They obtained that for each

p > 0, there exists a unique ¢* = ¢ (0) € (0,¢o(0)) such that (g.-)" (0) = %, where .+ (z) is the

unique of (3.1) with 7 =0 and ¢ = ¢*, and ¢o(0) = 21/ f/(0) — d. Moreover, cj,(0) is increasing
in g with
DS
;}L\n;o ¢, (0) = ¢o(0).
In the rest of this part, we study the monotonicity of CZ(T) in 7. In what follows, for any
given 7 > 0, the unique positive solution of (3.1) with ¢ € [0, co(7)) may be denoted by g.(z; 7).
Now we give the proof of Theorem 1.3.

Proof of Theorem 1.3: The existence, nonexistence and uniqueness of solutions for (1.13)
follow from Theorem 3.4. Next we show the monotonicity of the unique speed in 7.

For 7 > 0 and p > 0, let CZ(T) be the unique speed given in Theorem 3.4 and Remark 3.5
for 7 > 0 and 7 = 0, respectively. By Propositions 3.1 and 3.3, we see that for 7 > 0 and
¢ € (0,c0(7)), problem (3.1) admits a unique positive solution g.(z;7). Moreover, g.(z;7) is
increasing in z > 0 and decreasing in ¢ € (0, co(7)). Let P(0;¢,7) be defined as in (3.14).

Claim. For 0 < 7 <72, P(0;¢,71) > P(0;¢,72) when ¢ € (0,co(72)).

We postpone the proof of the claim and reach the conclusion in a few lines. Note that CZ(T) is
the unique positive solution of P(0; ¢, T)—ﬁ = 0. In view of the equality lim () P(0; ¢, 72) = 0,
we have ¢, (12) € (0,¢co(72)). If ¢;,(71) = co(72), then we are done. Otherwise, cj,(11) € (0, co(72)),

o
which, together with the claim, implies that

¢, (1)
i
This further implies that cj,(71) > ¢}, (72), due to the monotonicity of P(0;c,72) — L ince€

= P(0;¢),(11), 1) > P(0;¢),(11), 72)-

(0,c0(72)). Thus, cj,(7) is decreasing in 7 > 0.
Proof of the claim. Since cy(7) is decreasing in 7 > 0, we see that P(0;¢,71) is well-defined
when ¢ € (0,c9(72)). By the monotonicity of g.(z;72) in z > 0, we have q.(z — c1o;72) <
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qc(z—c71;12). This, together with the monotonicity of f(v) in v, implies that f(q.(z—cm2;72)) <
f(ge(z — cmy;12)). Consequently,

Q2 (z;7m2) — cql(z;72) — dge(z;12) + fqe(z — cm1;m2)) >0, 2> 0.

Consider the initial value problem

V=V — Uy —dv+ f(v(t,z —cm)), t>0, 2>0
(3.16) v(t,z) =0, t>0, 2<0

v(0,2) = qc(z; 12)
By the maximum principle we know that v(¢, z) is nondecreasing in ¢ > 0 and its limit v*(z) as
t — oo satisfies (3.1) with 7 = 71. By the uniqueness established in Proposition 3.1, we obtain
v*(2) = qc(z;71). Therefore,
(3.17) qe(z;12) = v(0,2) < v(t, z) < v(400,2) =v*(2) = q.(2;71).

The claim is proved. O

4. Long time behavior of the solutions

In this section we study the asymptotic behavior of solutions of (P). Firstly, we give some
sufficient conditions for vanishing and spreading. Next, based on these results, we prove the
spreading-vanishing dichotomy result of (P). Let us start this section with the following equiv-
alent conditions for vanishing.

Lemma 4.1. Assume that (H) holds. Let (u,g,h) be a solution of (P). Then the following
three assertions are equivalent:

(1) hoo OT goo is finite; (ii) hoo—goo < 7// f'(0) — d; (iii) lim {lu(?, )| Lo (fg().nw)) = 0-

Proof. “(i)= (ii)”. Without loss of generality we assume ho, < —oo and prove (ii) by contra-
diction. Assume that hoo — goo > 7/+/f'(0) — d, then there exists ¢; > 1 such that

v
h(t1) —g(t1) > 70 —d
Let us consider the following auxiliary problem:
Uy = VUgp — dv + f(v(t — 7, 7)), t>t1, @€ (g(t1),£(1)),
Wy ) PEEO) =0 €0 = @), > n
v(t,g(t1)) =0, t>t1,
&(t1) = h(ty), v(s,z)=u(s,x), s € [ty — 1, t1], = € [g(s), h(s)].

It is easy to check that v is a subsolution of (P), then £(t) < h(t) and &(oc0) < oo by our
assumption. Using a similar argument as in [11, Lemma 3.3] by straightening the free boundary
one can show that
[v(t, ) = V)lle2gen) ey — 0, ast — oo,
where V' (x) is the unique positive solution of the problem
VI —dV+ f(V)=0 for z€(g(t1),£(c0)), Vi(g(tr)) =V (£(c0)) = 0.
Thus,
T [€(1) + uV(E(00)] = — lim plus(1,€(8)) — V' (€(00))] = 0.
This implies that &'(t) > € for all large ¢ and some € > 0, which contradicts the fact that
&(00) < 0.
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“(ii)=-(iii)”. It follows from the assumption and [40, Proposition 2.9] that the unique positive
solution of the following problem
V= Vgp —dv+ f(v(t —T1,2)), t>0, T € [goo, hoo),
(4.2) v(t, goo) = V(t, hoo) =0, t>0,
v(0,z) =0, 0 € [—7,0], © € [goo, hoo)s
with v(0,z) > ¢(0,x) in [—7,0] x [g(0), h(0)], satisfies v — 0 uniformly for z € [goo, hoo) as
t — oo. Then the conclusion (iii) follows easily from the comparison principle.

“(iii)=-(ii)”: Suppose by way of contraction argument that for some small € > 0 there exists
to > 1 such that h(t) —g(t) > ﬁ + 3¢ for all t >ty — 7. It is well known that the following

V I'(0)
{ —ze +dp — f(0)p = Mg, 0<az <l
©(0) = ¢(l1) =0,
with I3 := 7/4/f'(0) —d + €, has a negative principal eigenvalue, denoted by A;, whose cor-

responding positive eigenfunction, denoted by ¢, can be chosen positive and normalized by
llollpe = 1. Set

eigenvalue problem

w(t,z) := ep(x) for z € [0,1],
with € > 0 small such that
flep) = f(0)ep + %)qegp in [0,1].
It is easy to compute that for x € [0,1;],
W — Waz + dw — f(w(t —7,2)) = ep[f'(0) + M| — fep) < 0.
Moreover one can see that
0 <w(z)=€ep(x) <ulta+s,z+g(ta+s)+e), xe€l0,l], se[-T,0]
provided that e is sufficiently small. Then we can apply the comparison principle to deduce
u(t +to, x4+ g(te) +¢) > w(x) >0, (t,x)€[0,00) x (0,11),
contradicting (iii).
“(ii)=-(i)”. When (ii) holds, (i) is obvious.
This proves the lemma. 0

The above lemma tells us that vanishing must happen as long as g or he is finite.
Next, we give a sufficient condition for vanishing, which indicates that if the initial domain
and initial function are both small, then the species dies out eventually in the environment.

Lemma 4.2. Assume that (H) holds. Let (u, g, h) be a solution of (P). Then vanishing happens
provided that h(0) — g(0) < W and |[@|| oo (=70 x[g(6),h(6))) 1 sufficient small.

Proof. Set

then hg < 7/(24/f(0) — d), so there exists a small € > 0 such that

™

- 0+ eri

—(f(0)+e)e" +d>e.
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For such e, we can find a small positive constant § such that

Tud < e2h3, f) < (f'(0) +¢e)v for v e |0,d].

Define
k(t) = ho(l e %efst), w(t,z) == e~ cos (%) t>0, € [—k(t), k)],
k(0) = ko := ho (1 + %), w(f, x) = wo(z) := § cos (#ﬁ_@), 0 € [-1,0], x € [—ko, ko].

and extend w(t,x) by 0 for ¢t € [—7,00), x € (—o0, —k(t)] U [k(t), 00).
A direct calculation shows that for ¢t > 0, x € (—k(t), k(1))

W — Wey + dw — f(w(t — 7,7))

B w2 , w(t —7,x2) 7k (t) X

- [4/@@)‘”‘1_(“0)*5) R0 an(%(t))]w
7'('2 w —T,2

> [_€+4k2(t)+d_(f/(0)+€)Z(t,g;) )} :

where we have used k'(t) > 0, k(t) > 0 for ¢ > 0 and ytany > 0 for y € (-7, ).
When t > 7 and x € (—k(t), k(t)), it is easy to check that

2

A = —e—l-ﬁ(t)—kd—(f’(O)—i-e)

71'2

2 _ -
PTEIEsp

w(t —T,)
w(t, x)

+d—(f'(0) +¢)e” >0,
where the fact that cos (%) < cos (%) for (t,z) € [1,00) x [—k(t),k(t)] and the mono-

tonicity of k(t) in t € [0,00) are used. While, if ¢t € [0,7) and = € (—k(t),k(t)), it is easy to
compute that

= G / w(t —7.7)
A= _HWM_(“OHE) w(t,x)
> et - (f0) +5)66tms‘<ho<2+€>)

cos (225))

Thus we have
Wy — Wep +dw — f(w(t —71,2)) 20 in (0,00) x (—k(t), k(t)).
On the other hand,
2
1y E o —st>LiU5 —et [0
Fl) == 250 2 2@

As a consequence, (w(t,x),—k(t),k(t)) will be a supersolution of (P) if w(f,z) > ¢(0,zx) in
[—7,0] x [9(0), h(0)]. Indeed, choose o := J cos 57, which depends only on y, ho, d and f. Then
when ||| oo (—r.0)x[g(0),h(0))) < 01 We have ¢(0,2) < o1 < w(f,z) in [-7,0] x [g(0), h(0)], since
ho < k(0) = ho(1 + §). It follows from the comparison principle that

h(t) < k(t) < ho(1+€), ho < 0.

e >~y (t, k() = pw (t, (1)),
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This, together with the previous lemma, implies that vanishing happens. The proof of the lemma
is complete. O

Remark 4.3. When 7 = 0, the proof of Lemma 4.2 reduces to that of [13, Theorem 3.2(i)].
We now present a sufficient condition for spreading, which reads as follows.

Lemma 4.4. Assume that (H) holds. If h(0) > 7/ [0 , then spreading happens

for every positive solution (u, g, h) of (P).

Proof. Since ¢'(t) < 0 < h/(t) for t > 0, we have h(t) ) > 7/+/f'(0) —d for any ¢t > 0. So

the conclusion —go = hoo = 00 follows from Lemma 4. 1 In what follows we prove

(4.4) tlim u(t,z) = u* locally uniformly in R.
—00

First, it is well known that for any L > 7/(24/f'(0) — d), the following problem
Wee —dW + f(W) =0, ze€(-L,L), W(£L)=0,
admits a unique positive solution Wp, which is increasing in L and satisfies
(4.5) lim Wi (z) = u* locally uniformly in R.
L—oo
Moreover we can find an increasing sequence of positive numbers L,, with L, — oo as n — o0
such that L, > 7//f'(0) — d for all n > 1. Since Wy, converges to u* locally uniformly in R,

we can choose t,, such that h(t) > L, and ¢g(t) < —L, for t > t,. It then follows from [40] the
following problem

W = Wey —dw + f(w(t —7,2)), t =ty +7, © € [—Lp, Ly,
w(t, £L,) =0, t>ty + T,
w(s,x) = u(s,z), S € [tn,tn + 7], ® € [—Ly, Ly),
has a unique positive solution wy, (¢, z), which satisfies that

wyp(t,x) = Wi, (z) uniformly for z € [—L,, L,] ast— oc.
Applying the comparison principle we have

wp(t,z) <u(t,z) forallt >t,+7, v €[—Ly, Ly

This, together with (4.5), yields that
(4.6) ligg}fu(t, x) 2 u" locally uniformly for x € R.
Later, since the initial data wug(s,z) satisfies 0 < ug(s,z) < u* for (s,z) € [—7,0] X [g(s), h(s)],
it thus follows from the comparison principle that

limsup u(t,z) < u* locally uniformly for z € R.
t—o0

Combining with (4.6), one can easily obtain (4.4), which ends the proof of this lemma. O

Now we are ready to give the proof of Theorem 1.2.

Proof of Theorem 1.2. It is easy to see that there are two possibilities: (i) hoo — goo <

7/ f(0) —d; (i) hoo — goo > 7/+/f'(0) —d. In case (i), it follows from Lemma 4.1 that

limy o0 [[u(t, )| oo (g(6),n(t))) = 0. For case (ii), it follows from Lemma 4.4 and its proof that
(goos hoo) = R and u(t, z) — u* as t — oo locally uniformly in R, which ends the proof. O
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5. Asymptotic profiles of spreading solutions

Throughout this section we assume that (H) holds and (u, g, h) is a solution of (P) for which
spreading happens. In order to determine the spreading speed, we will construct some suitable
sub- and supersolutions based on semi-waves. Let ¢* and g.~(z) be given in Theorem 3.4. The
first subsection covers the proof of the boundedness for |h(t) — ¢*t| and |g(t) + ¢*t|. Based on
these results, we prove Theorem 1.4 in the second subsection.

5.1. Boundedness for |h(t) — c¢*t| and |g(t) 4+ c*t|. Let us begin this subsection with the
following estimate.

Lemma 5.1. Let (u,g,h) be a solution of (P) for which spreading happens. Then for any
c € (0,c¢*), there exist small * € (0,d — f'(u*)) , T >0 and M > 0 such that fort > T,
(i) [9(8), h(t)] > [~ct,ctl;
(i) w(t,2) > u* (1 — Me Pt)  forz € [—ct,ct];
(ili) w(t,z) < u*(1+Me PY)  forx € [g(t), h(t)].
Proof. In order to prove conclusions (i) and (ii), inspired by [18], we will use the semi-wave g.+ to
construct the suitable subsolution. Here we mainly use the the monotonicity and exponentially
convergent of gg«.
(i) Since ge+(2z) is the unique positive solution of
@ — ¢ —dges + f(ger(z = c*7)) =0, ¢(2) >0, z>0,
(5'1) qc* (Z) =0, z <0,
MQQ* (0) = 0*7 qc* (OO) = U*,
then it is easy to check that ¢’ (0) > 0. Since ¢..(z) > 0 for z > 0 and g~ (z) — u* as z — oo,
thus there is zgp > 1 such that ¢/%(z) < 0 for z > 2z9. Thus there exists Z € (0, 00) such that
¢’ (2) = 0 and ¢’ (z) > 0 for z € [0,2). This means that ¢..(z) is increasing in z € [0, 2). Let
Po € (0,¢c+(2)) be small. Define

) d+[f(u=p) = f(u)]/p, p>0,
G(u,P)—{ 0 flw), 0.

for p > 0 and v > p. Then G(u,p) is a continuous function for 0 < p < po and G(u*,p) > 0,
G(u*,0) =d — f'(u*) > 0, thus there exists 0 < v < d such that G(u*,p) > 2v for 0 < p < po.
By continuity, there exists p > 0 small such that G(u,p) > v for v* — p < u < u*, 0 < p < po.
Furthermore, as f(u*) = du*, then there is a constant b > 0 such that

(5.2) f(v) —dv < b(u* —v) for veu* —pu.
Inspired by [18], let us construct the following function:
ult, ) = max{0, gor (@ + ¢+ E(0)) + gor (€ — 2+ £(1)) — u* — p(t)}, 10,
and denote g(t) and h(t) be the zero points of u(t,x) with ¢ > 0, that is
u(t, g(1)) = u(t, h(t)) = 0.

In the following, we will show that (u, g, h) is a subsolution of problem (P). We only prove
the case where x > 0, since the other is analogous. For any function J depended on t, we write
J-(t) := J(t — 7) if no confusion arises. For simplicity of notations, we will write

CT(t) ==z +t+E@1), CTt)=a+"t+E&(1), ¢ = (t—7), ¢ =T ({t—7).



24 N. SUN AND J. FANG

Firstly, a direct calculation shows that for (¢,x) € (7, 00) x [0, h(t)],
Nl : = wy — ugy + du — fu(t — 7, 7))
= €[ge (C7) + e (¢ + flge (G7)) + flger (Cj))
= fae (&) + e (&) — " —pr) —d(u” +p) —

Assume that &'() < 0, and choose £ large such that u* — § < g+ () < u* in (7,00) X [0, A(t)].
The monotonicity of ¢.+ and its exponential rate of convergence to u* at oo imply that if we
choose ¢ sufficiently large, then there exist positive constants v, Ky and K such that

u* — g (¢ < < Koe V57 < Ke v(E0+ct),
Set p(t) = poe Pt with py := %min{ﬁg, £} and 8 := mln{uc ap}, where «q is the unique
zero point of
d(e™ —1)—~ve™ +y=0.
Thus, when ¢+ ({7 ) € [u* — p,u*] and (¢,z) € (1,00) x [0, h(t)], since ¢l..(z) > 0, then
Nlu] = €[qe () + e (CH)] + flaer (¢7)) + Flae ()
= fge(G7) + e (¢F) — " = pr) — d(u” +p) —
< e (¢F) = u™ = pr] +b[u” = ge= (¢D)] +d(pr —p) = p
<O[u" = ge ()] + d(pr —p) =9’ = vpr
< Kbe V&™) 4 pje=ht [d(eﬁT -1) - e 4 8] <o,

provided that £ is sufficiently large.
For the part ¢ (() € [0,u* — p], then for (t,z) € (7,00) X [O,ﬁ(t)] and suﬂi(:lently large &,
there are two positive constants dy and dy where dy < 1 such that ¢..(¢7) + ¢.(¢T) > dy, and

Fge (€)= flaer (&) + ae (GF) — w* = pr) +dlges (¢F) — u* — pr] < dafu* + pr — g (&),
thus we have
Nlu] = €'g () + e (CO + Fae (7)) + Flae ()
— fae-(67) + qe- (&) — u" = pr) —d(u” +p) —
< i€’ + dofu” + pr — ge- (GD)] + bu” — ge= (&) +d(pr —p) —p'
< di€ + (do + b)Ke "D 4 poe P [dpeP™ + d (e — 1) + ]
< di€ + poe P [dae®™ + d(ePT — 1) + 28].

Now let us choose £ satisfies

/

di& + kpoe Pt =0
with £(0) = & sufficiently large, and & := doe”™ + d(eﬁT — 1) 4 2, then &(¢) < 0. Hence from
the above we obtain that Au] < 0 in this part.
Next, let us check the free boundary condition. When @ = h(t), we set (1(t) = —h(t)+c*t+£(t)
and@() h(t) + c*t +£(t), then

(5-3) Ger (C(t) + qer (C2(t)) = u™ + p(t).
We differentiate (5.3) with respect to ¢ to obtain
(54) (g (G2) — @i (QD] (B (t) — ) =1/ — 26"l (G2) — [ (C2) + s (C1)] €

By shrinking pg and enlarge &y if necessary, then we can see that

CQ(t) > 1, and qc* (C?(t)) ~ U*.
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This, together with (5.3), yields that

qes (C1L(1)) = p(2).
Since ¢ (z) > 0> ¢/ (y) for 0 < z < 1 and y > 1 and ¢l.(z) \( 0 as z — oo, thus we have
(5.5) 0 < gex(C2) < = (0) < g (C)-
Thanks to the choice of £(t), we can compute that
K- (0)
di

where K is a positive constant, & := doe”” + d(eﬁT — 1) + 28 > 28 and we have used that by
shrinking d; if necessary, then

(5.6) P —2¢°¢-(C2) — [qe (C2) + ¢ (C1)]E" = ( — B)poe Pt — 2c* Kye v EOHD >

kgL (0) _ 26q.-(0)
> .
o - a4 0F

It follows from (5.4), (5.5), (5.6) and the monotonicity of ¢\.(z) in z that
W () < ¢ = e (0) < gl () — e (G2)] = —pisy (£, (1)),
Using (5.3) again, it is easy to see that (;(t) is decreasing in ¢ > Ty, thus for all ¢ > 77,
(5.7) h(t) = ¢t = Co := W(T1) — Ty + &(00) — £(0).
Since (u, g, h) is a spreading solution of (P), then there exists T5 > 0 such that
w(Ty+To+ 35,2) > u(Ty +1,2) for 5€(0,7], x € [g(7),h(7)],

g(T1 + TQ) < Q(TI -+ T) and h(Tl + Tg) > ﬁ(Tl + T).

Consequently, (u,g,h) is a subsolution of problem (P), then we can apply the comparison
principle to conclude that u(t + T4 + T, z) > u(t + Th,x), h(t + T1 + 1) > h(t + T1) for t > 0,
x € [0,h(t)]. This, together with (5.7), implies that

h(t) —c*t > —-Cy, fort >0,

with C) := —|Co| — M(T1 + Ty +7) — ¢* (T} + T + 7). Similarly, by enlarging C, if necessary, we
can have g(t) + ¢*t < C; for ¢t > 0. Thus result (i) holds for large T

(ii) From the proof of (i), it is easy to see that
u(t+To) > u(t,z) for t>1T;.

Thank to the choice of &, the monotonicity of g.« and its exponential rate of convergence to u*
at oo can be used again to conclude that for any ¢ € (0, c*) there exist constants v, K > 0 such
that for any = € [0, ct] and ¢ > 0,

U — e (2 + '+ E(1) S uF — ges (L + £(1)) < Ke V0,
Qe (=24 CLHED) > 4o (¢ — )t +E(1) > 0 — Ke -0,
Based on above results, we can find T3 > T + T3 large such that for ¢ > T3 and = € [0, ct],
u(t,x) = ge (x + ¢t = To) + (8 = T2)) + qer (—a + (¢ = To) +&(t = b)) — u* — poe '~

ut — oK e[ —0t=T)+¢(t-T)] B(t—T)

— Do€

VoWV

__A*
uwt — Mu*e P,

where M > 0 is sufficiently large and g* := %min {v(¢* —¢), B, d— f'(u*)}. The case where
x € [—ct,0] can be proved by a similar argument as above. The proof of (ii) is now complete.
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(iii) Thanks to the choice of the initial data, we know that for any given §* > 0 and M > 0,
u(t,z) <u' + Mu*e Pt for (t,x) € [0,00) x [g(t), h(t)].
This completes the proof. ([l
Next we prove the boundedness of h(t) — ¢*t and show that u(t,-) ~ u* in the domain
[0,h(t) — Z], where Z > 0 is a large number.
Proposition 5.2. Assume that spreading happens for the solution (u,g,h). Then
(i) there ezists C' > 0 such that
(5.8) |h(t) —ct| < C  forallt >
(ii) for any small € > 0, there exists Z. > 0 and T > 0 such that
(5.9) lut,) =l pmonn ) < u'e fort>To.

Proof. In order to prove conclusions in this proposition, inspired by [14], we will use the semi-
wave g+ to construct the suitable sub- and supersolution. Compared with [14], our problem deal
with the case where 7 > 0. Due to 7 > 0, there will be some space-translation of the semi-wave
ge+, which make our problem difficult to deal with. To overcome this difficulty, we mainly use
the the monotonicity and exponentially convergent of ¢.«. Moreover, this idea also be used in
Lemma 5.6.

For clarity we divide the proof into several steps.

Step 1. To give some upper bounds for h(t) and u(t, z).

Fix ¢ € (0,c¢*). It follows from Lemma 5.1 that there exist 8* € (0,d — f'(u*)), M > 0, and
T > 0 such that for ¢t > T, (i), (ii) and (iii) in Lemma 5.1 hold. Thanks to (H), by shrinking
B* if necessary, we can find p > 0 small such that

(5.10) d—f'(v)e’’ T =B forve ut —put+p|.

For any T, > T + 7 large satisfying Mu*e # (T+—7) < £, there is M’ > M such that
M'ure P T==7) < p. Since qe-(2) — u* as z — oo, we can find Zy > 0 such that

(5.11) (1+ Me P T4 g(Z9) > u
Now we construct a supersolution (i, g, k) to (P) as follows:
h(t) :=c"(t = T.) + h(T. +7) + KM'(e AT _ _’B*t) +Zy for t =T,
a(t, z) := min {(1 + M'e P g (h(t) — z), u*}  for t =T, x < h(t),

where K is a positive constant to be determined below.
Clearly, for all t > Ty, u(t, g(t)) > 0 = u(t, g(t)), a(t,h(t)) = 0, and

h(t
—pii (4, h(8) = p(1+ Me ) gl (0) = (1+ Me e,
< G+ MK e P =1(t),

if we choose K with K3* > ¢*. By the definition of h we have h(T,+5s) < h(T,+s) for s € [0, 7].
It then follows from (5.11) that for (s,x) € [0, 7] x [g(Tk + s), h(Tx + s)],

(1+ M’eiﬁ*(T*“))qc* (R(Tx +s)—z) > (1+M'e - (T*+T))q (Zp) = u™,
(T

which yields that u(T, + s,z) = u* > u(Tx + s,z) for (s,x) € [0,7] x [g(Tx + s), h(Ts + s)].
We now show that

(5.12) Na] := 2y — tige + du — f(u(t —7,2)) =0, x€[g(t),h(t)], t >Ts+T.
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Thanks to the definition of #(t, z) and the monotonicity of g.«(2) in 2z, we can find a decreasing
function n(t) < h(t) for t > T, such that

(
(L+ Me PN ge (h(t) —2) =u*, z=nt

which implies that
u(t,z) =u* for x <n(t), and a(t,z) = (1+ M’efﬁ*t)qc* (h(t) —z) for z € [n(t),h(t)].

As Nu* = 0, thus in what follows, we only consider the case z € [n(t), B(t)] . Set g 1= qex (ET—aﬁ)
for convenience. A direct calculation shows that, for ¢t > T, + 7,

Nla] : =ty — Uge + du — f(u(t —7,2))
= B Me g+ (1+ Me PYKFMe Pl + flgr)} — F((1+ Me P g
= M f(gr) + KB (1+ M'e™ ) gl — ﬂ*qc*} + Flgr) — (14 Me P ),
> M'e KB (1 M gl — [(f/ (14 0M'e™ )g )™ — d)gr — Bqe-] },

for some 6 € (0,1).
Since
(ger (2) — u)’
G (2) — u*
where k* := ¢* — /(c*)2 + 4(d — f'(u*)) < 0, then there are two positive constants zg and k;
such that

ger(2) = u* and — k¥ asz—

(5.13) @(2) <0, qe(2) =u*—p and ¢u(z —2¢*7) < k1gln(2) for z > 2z,
Moreover, we can compute that
AR(t) : = h(t) = B (1
=T+ KMe PP ™ 1),
For any given K > 0, by enlarging T if necessary, we have that
(5.14) Ah(t) € [¢*T,2¢*T] for t = T..
When h; —x > 2y and t > T, + 7, it then follows that
B:=Kp (1+Me ) gl — [(f((1+0Me P )eb’*T —d)g, — Bqe]

> [d—f (1 +0Me P g ) — B*]gr + KB e + B*(ar — qe)

> KB (h(t) — 2) — B que (h(t) — = — OAR(1) AR()  (with 6 € (0,1))

> (K — 2k 1) 8" (h(t) — ) > 0

provided that K is sufficiently large, and we have used M’e™#" (t="y* < p for t > T, ¢l (2) > 0
for z >0, (5.10), (5.13) and (5.14). Thus Nu] > 0 in this case.
When 0 < hy —x < 29 and t > T + 7, for sufficiently large K, we have

Na] > M= P [Kﬁ*Dl — Dou*e?' T — B*u*] >0,

where Dy := min, e[ »42¢+7] @ (2) > 0, D2 := max,c[ 24+ f'(v), and (5.14) are used.



28 N. SUN AND J. FANG

Summarizing the above results we see that (4, g, h) is a supersolution of (P). Thus we can
apply the comparison principle to deduce

h(t) < h(t) and wu(t,z) < a(t,z) <u* + Mu'e™™t  for x € [g(t),h(t)], t > T,
By the definition of h we see that, for C,. := h(Ty + 7) + Zo + KM', we have
(5.15) h(t) < c't+C, forallt>0.

For any € > 0, if we choose T} (g) > T} large such that M'e=B"Ti(e) < ¢ then by the definition
of u we have

(5.16) u(t,z) < a(t,z) <u*(l+4+¢), xz€lg(t),h(t)], t > Ti(e),
which ends the proof of Step 1.

Step 2. To give some lower bounds for A(t) and u(t, z).
Let ¢, M, T and 8* be as before. By shrinking c if necessary, we can find T* > T + 7 large
such that

(5.17) Mu*e P77 g for t >T" and h(T*)—cT* > c*r.
We will define the following functions
gty =ct, h(t)=c"(t—-T")+cI" - oM(e T — et > T
u(t,) = (1= Me™")ger (h(t) — ), t>T", v €[g(t),h(t)],

where o is a positive constant to be determined later.
We will prove that (u,g,h) is a subsolution to (P) for t > T™*. Firstly, for ¢t > T,

u(t,g(t)) = u(t, —ct) <u* — Mue Pt Cult, —ct) = u(t, g(t)).

Next, we check that h and u satisfy the required conditions at x = h(t). It is obvious that
u(t, h(t)) = 0. Direct computations yield that

—pug (8, h(1) = p(1—Me 7). (0) = ¢ (1 — Me™7™"),
> ¢ —oMpBte Pt = (),
if we choose o with o8* > c*.
Later, let us check the initial conditions. From Lemma 5.1, it is easy to see that
A(T"+s) < cT"+ 7 <h(T" +5),
wT* +s,2) <u*(1— Me_ﬁ*(T*Jrs)) <u(T* + s,x),
for s € [0,7] and = € [g(T™ + s), L(T™* + s)].

Finally we will prove that u, — w,, +du— f(u(t —7,z)) <O for t > T* 4+ 7. Put z = h(t) —x
and ¢; = g« (h(t — 7) — x). It is easy to check that

N+ =y — upy + du— f(u(t —7,2))
< Me_ﬁ*t{ﬂ*qc* —oB*(1 - Me_ﬂ*t)qé* + [f((1 - 91Me_’3*(t_7))qT)eB*T — d]qT}.

for some 6; € (0,1).

Since N
(2) —u
ger(2) = u* and M — k" asz— o0
g (2) —u
then there are two positive constants z; and ko such that
P

(5.18) @ (2) <0, gqe(2) > u* — 5 and ¢l (z — ¢*1) < kagl(2) for z > 2,
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Moreover, we can compute that
Ah(t) : = h(t) = b, (1
=t —oMe T —1).
For any given o > 0, by enlarging T* if necessary, we have that
(5.19) Ah(t) € [0,c"r] for t>T".
When h, —x > 2z and t > T* 4 7, it then follows that
C:=pB%qe — aﬁ*(l — Me_ﬁ*t)qé* + [f’((l — 01Me_ﬂ*(t_7))q )65*7 — d]qT

< [F((1=6Me g )e” T —d + 5] g — 08¢ + B (g0 — 4r)

< =B qe (b(t) — ) + B g (h(t )—x—M@(t))A@( ) (with 61 € (0,1))

< (k2c™T = 0)B e (B(t) — 2) <O

provided that o is sufficiently large, and we have used (1 — 91M6*5*(t*7))q7 € [u* — p,u*] and
(5.17) for t > T*, and (5.10), (5.18), (5.19). Thus Nu] < 0 in this case.
When 0 < h, — 2 < 21 and t > T* + 7, for sufficiently large o, we have

Nu] < MeB"t [ﬁ*u* —op (1 - 2” *e*ﬁ’*f) D! + Dyu*e? } <0,
u
where DY := min,c(g ., 4c+r] ¢ex (2) > 0, Db 1= maxye(g 2u+] f'(v) and (5.19) are used.
Consequently, (u,g,h) is a subsolution to (P), then the comparison principle implies that
h(t) < h(t), u(t,z)<wu(t,z) for t>T7 x€lg(t),h(t)),
which yields that

(5.20) h(t) = h(t) — n[%a%(} |h(t) — h(t)| = "t — C; forall t >0,
tefo,7*

where C} = max,c(o 7+ |[1(t) — h(t)| + c¢"T* + o M. Combining with (5.15) we obtain (5.8).
On the other hand, for any ¢ > 0, since g+ (00) = u*, there exists Z; () > 0 such that
e (2) > u*(l - %) for z > Z(e).

q
For (t,x) € ®1 :={(t,z) : ct < x < h(t) — C, — C; — Z1(e), t > T*}, it follows from (5.20) and
(5.15) that
ht)—z>ct—Ci—xz>2h(t)— C, — C—x = Zi(e),
which yields that

u(t,z) = u(t,z) = (1 - Me_ﬁ*t)qc* (Z1(e)) 2 u*(1— Me_ﬁ*t) (1 - %) for (¢t,z) € ®;.
Moreover, if we choose Ts(e) > T* such that 2Me=#"T2(2) < ¢, then

2
(5.21) u(t,z) > u*(l - %) >ut(l—¢) for (t,z) € ®; and t > Th(e),

which completes the proof of Step 2.

Step 3. Completion of the proof of (5.9). Denote T, := T} (e)+T»(e) and Z, := C,+Ci+Z1(¢),
then by (5.16) and (5.21) we have

lu(t,z) —u*| <wu*e for0<z < h(t)—2Z, t>T..
This yields the estimate in (5.9), which completes the proof of this proposition. O

Using a similar argument as above we can obtain the following result.
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Proposition 5.3. Assume that spreading happens for the solution (u,g,h). Then
(i) there exists C' > 0 such that

(5.22) lg(t) + c*t| < C" for all t > 0;
(i) for any small € > 0, there exists Z. >0 and T > 0 such that
(5.23) ||u(t, ) - U*"Loc([g(t)_i_Zé’O]) < u'e fOT t> Te/'

5.2. Asymptotic profiles of the spreading solutions. This subsection is devoted to the
proof of Theorem 1.4. We will prove this theorem by a series of results. Firstly, it follows from
Proposition 5.2 that there exist positive constant C' such that

—C<h(t)—c't<C fort>0.
Let us use the moving coordinate y := = — ¢*t 4+ 2C' and set
hi(t) == h(t) — ct+2C, gi(t) :==g(t) —c*'t+2C fort >0,
and ui(t,y) = u(t,y + ¢t — 2C) for y € [g1(t), h1(¢)], t > 0.
Then (u1, g1, h1) solves

(u1)e = (u1)yy + " (ur)y — dur + f(ur(t — 7,y + 7)), g1(t) <y <ha(t), £ >0,
(5:24)  q wilt,y) =0, gi(t) = —p(ur)y(t,y) — y=gi(t), t >0,
ur(t,y) =0, Py(t) = —p(ur)y(t,y) — ¢, y=ht), t>0.
Let t, — oo be an arbitrary sequence satisfying ¢, > 7 for n > 1. Define
Un(t,y) =ur(t +tn,y), Hp(t) =hi(t+tn), kn(t) =gi1(t +t,).

Lemma 5.4. Subject to a subsequence,

— 0,

loc

(5.25) Ho(t) » H in Cppo® (R) and lon =Vl e

loc n

where v € (0,1), Q, = {(t,y) € Q: y < Hy(t)}, Q={(t,y): —o0 <y < H(t),t € R}, and
(V(t,y), H(t)) satisfies
(5.26) Vi=Vy+cV,—dV + f(V(t -1,y +c'1)), (t,y) €Q,

' V(t,H(t)) =0, H'(t) = —uV,(t, H(t)) — ", teR.
Proof. Tt follows from Remark 2.4 below that there is Cyp > 0 such that 0 < h/(t) < C for all
t > 0. One can deduce that

—c* < H/(t) < Cy fort+t, large and every n > 1.

Define
Z = Hny(t), wn(th) :Un(t7y)7
and direct computations yield that
1 c* + zH] (t) H,(t)z+c*r
n)t = Tro . \Wn)zz —_— nz_dn n\t— T —F————
(wn)e = gy (Wn)zz + === (wa)z = dw 1 (w07 H(t —7) )
for Ilfli((tt)) <z<l,t>71—t,,and
(wn)x(t,1) *

wn(ta 1) = 07 H;z(t) =K
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Since w, < u*, then flw,(t— T, w is bounded. For any given Z > 0 and T € R,
Hy(t—7)

using the partial interior-boundary LP estimates and the Sobolev embedding theorem (see [15]),
for any v/ € (0,1), we obtain

/ <
HwnHCl-gu (T ooy [ z]) Cz for all large n,

where C is a positive constant depending on Z and v/ but independent of n and Tj. Thanks

to this, we have
H y
| "HCHT([TO,OO))

with C is a positive constant independent of n and Ty. Hence by passing to a subsequence we
may assume that as n — oo,

< Cp  for all large n,

wy, — W 1nC’2’ R x (—=o0,1)), H,— H inC " ()
loc loc

where v € (0,7/). Based on above results, we can see that (W, H) satisfies that

{ W = gy + C*Z(’;’“)W —dW + f(W(t — 1, H(t)z + ¢*1)), (t,2) € (—00,1] x R,
_ W (t1)

W(t,1)=0, H'(t)=—p T ¢ t eR.

Define V (t,y) = W (¢, G )) It is easy to check that (V, H) satisfies (5.26) and (5.25) holds. O

1+v
(

Later, we show by a sequence of lemmas that H(t) = Hy is a constant and hence
V(t,y) = qe(Ho — y).
Since C' < h(t) — c*t +2C < 3C for all t > 0, then C' < H(t) < 3C for t € R. Denote
#(2) == qex(—2) for z € R,
it follows from the proof of Proposition 5.2 that for x € [(c — ¢*)(t + t5), Hn(t)] and t + ¢, large,
(1- Me_’g*(t“”))qﬁ(y C) < vp(t,y) < min { (1+ M’e_ﬁ*(t"'t"))gb(y —30C), u*}
Letting n — oo we have
py—C)<V(t,y) <o(y—3C) forallteR, y< H(t).

Define
X" :=mnf{X: V(t,y) < ¢y —X) forall (t,y) € D}
and
X, =sup{X : V(t,y) > ¢(y—X) forall (t,y) € D}
Then
Py — Xo) <V(ty) <oy —X*) forall (¢,y) € D,
and

C <X < 1an() sup H(t) < X* < 3C.
teR teR

By a similar argument as in [15], we have the following result.

Lemma 5.5. X* = sup,cg H(t), X, = inficr H(t), and there exist two sequences {sy}, {5} C
R such that

H(t+s,) — X", V({t+sn,y) = o(y—X*) asn— oo
uniformly for (t,y) in compact subsets of R x (—oo, X*|, and

H(t+5,) = X, V(t+38n,y) > d(y— X)) asn— oo

uniformly for (t,y) in compact subsets of R x (—oo, X,].
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Based on Lemma 5.5, we have the following lemma.
Lemma 5.6. X* = X, and hence H(t) = Hy is a constant, which yields V (t,y) = ¢(y — Hp).

Proof. Argue indirectly we may assume that X, < X*. Choose € = (X* — X,)/4. We will show
next that there is T, > 0 such that

(5.27) H(t)—X*>—e and H(t)— X, <e fort>T,,

which implies that X* — X, < 2e. This contraction would complete the proof.
To complete the proof, we need to prove that for given e = (X* — X,)/4, there exist nj(e)
and ng(€) such that

H(t) = X* > —€ (V> sp,), H(t)— X, <e (V> 5,).

It follows from the inequalities ¢(y — Xi) < V(t,y) < ¢(y — X*) that there exist C; > 0 and
51 > 0 such that
lu* — V(t,y)| < CrePV.

Thanks to Lemma 5.5, for any € > 0, there exist K > 0 and T" > 0 such that
(5.28) sup  [V(Sn+s,y) — oy — X7)| <e

ye(foovK]
for §, > T+ 7 and s € [0,7]. Set G(t) = H(t) + ¢*t and U(t,y) = V(t,y — ¢*t), then (W, G)
satisfies

(5.29) { Uy = Uyy — dU + f(U(t — 7,y)), teR, y<Glt),
U(t,G(t)) =0, G'(t)=—pUy(t,G(t)), teR.

It follows from Lemma 5.5 and (5.28) that there is n; = ny(e) such that for n > ny,

(5.30) H(5,+s) < X.+e forsel0,7],

(5.31) V(o +s,y) <oly—Xe—e)+e forsec|0,7], y < X..

Thanks to (H), for §y € (0, 5*) small with 5* is given in the proof of Proposition 5.2, there
is 7 > 0 small such that

(5.32) d— f'(v)eP™ > By for v e [u* —n,u* + 1),
and we can find N > 1 independent of ¢ satisfies
¢y — X —e)+e < (1+ Nee 7)gp(y — Xy — Ne)  for y < X, +¢,
Let us construct the following supersolution of problem (5.29):
G(t) = X, + Ne + c*t + Noe(1 — e Polt=5n))
U(t,y) :==min { (1 + Nse‘ﬂo(t_én))gb(y -G()), u*}.

Since limy,_o (1 + Nee P0t=35n))¢(y — G(t)) > u*, then there is a smooth function K(t) of
t > &, such that K(t) — —o0 as t — oo and (1+ Nse‘ﬁo(t—gn))d)(f((t) —G(t)) = u*. We will

check that the triple (U, K, G) is a supersolution for ¢t > 5, + 7 and y € [K(t),G(t)]. We note
that when y € [K(t), G(t)],

U(t,y) = (1+ Nee =) g(y — G(1)).
Firstly, it follows from (5.30) that for s € [0, 7],
G +8) < Xute+c"(Bp+5) < Xu+ Ne+c" (3, +5) <G5, +5).
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In view of (5.31), we have
U3+ 8,9) = (1+ Nee P%)p(y — G(3, + 5))
> (14 Nee™ 607)¢(y X, —Ne—c*(3, +9))
>d(y—Xe—e—c*(Sn+s)) +e
>V (Sn+sy—c"(Sn+5) =U(3,+s5,7).
for s € [0,7] and y < G(8, + s). By definition U (¢, G(t)) = 0 and direct computation yields
—ul,(t,G(t)) = (14 Nee Polt=sn)),
< ¢+ Neofye P35 = G'(1),
if we choose o with o8y > ¢*. Since U < u*, it then follows from the definition of K (t) that
Ut,K(t)) =u* > U(t,K(t)).
Finally, let us show
(5.33) N[U):=U; — Uy +dU — f(Ut—T1,y) =20, ye[K(@),GEH)], t>35,+T

Put z .=y — G() ¢t

) := Nee P0(t=5n) and ¢, := ¢(y — G(t — 7)). It is easy to compute that
0] = ¢{ £(6r) = Bod = aBo(1+ Q)" = f (1 +0:6e™7)67) ™76, }

> ¢ = aBo(1+ Q¢ = [£ (1 +0:26e™7) 6r) ™ — d] 6, — oo}
where 65 € (0,1).
e (6(:) — )
z) —u*
z) »u* and ———— = k" asz— —o0
e o) —w
where k* := ¢* — \/(c*)2 4+ 4(d — f'(u*)) < 0, there are two constants z, < 0 and ko such that
(5.34) ¢"(2) >0, ¢(z)=u*—n and ¢'(z—2c"T) = koo'(z) for z < z,

Moreover, we can compute that
AG(t):=G(t) — G(t—T)
= "7 + Noee Polt=5n) (T _ 1),

For any given o > 0, by shrinking ¢ if necessary, we have that
(5.35) AG(t) € [¢*T,2¢" 1] for t > 5, +T.

For y — G(t —7) < zy and t > 3, + 7, direct calculation implies
C{—0Bo(1+ Q)¢ — [ ((1+626e™7)¢r)e™™ — d]pr — Boop}
C{[d—f'((1+026™7)br) ™ — Bo] 6 — 0Bod’ + Boldr — ) }
¢[Bod' (y = G(t) + BLAG(E) AG(E) — ofod’ (y = G(1)]  (with 02 € (0,1))
C(2koc™T — 0)Bo¢'(y — G(t)) = 0

provided that o is sufficiently large, and we have used (1 + 92{6%7)(1)7 € [u* —n,u* + | for
t> 35, +7,(5.32), ¢'(2) <0 for 2 < 2, (5.34) and (5.35).
When z, <y —G(t—7)<0and t > 3, + 7, for sufficiently large o, we have

Ul >
Z
Z
Z

NU] = ¢[—0BoC: —u eﬁOTCf Bou*] =0
where C, := max,c[g ., 2047 ' (2) <0, C 1= max,e(g 24+ f'(v), and (5.35) is used.



34 N. SUN AND J. FANG

Thus (5.33) holds, then we can apply the comparison principle to conclude that

Ut,y) <U(t,y), G@I) <G(t) for ye [K(t),G(t)] and t > 5, + .
This, together with the definition of H(t), yields that
H(t)< Xi.+Ne(l4+o0) for t>35,+T.
By shrinking ¢ if necessary, we obtain
(5.36) H(t) < Xu+e€ for t>5,+7and n>n;.

In the following, we show H(t) > X*—e¢ for all large t. As in the construction of supersolution,
for any € > 0, there exists no = na(e) such that, for n > no,

(5.37) H(sp+s)>X*"—¢e forsel0,7],
(5.38) Visn+5y) = o(y—X*+¢e)—e forsel0,7], y< X* —e.
We also can find Ny > 1 independent of € such that
oy — X*+¢e) —e> (1 — Noge PT)pp(y — X* + Noe) for y < X* — ¢,
We can define a subsolution as follows:
G(t) == X* — Noe + ¢*t — Nyoe(1 — e~ Polt=sn)),
Ult,y) = (1= Noge =) (y — G(t)).

Since U(t,y) = ¢(y — X), there exists Cp and a > 0 such that V satisfies V'(¢,y) > u* — Cpe™
for all y < 0, which implies that U satisfies

Ult,y) = u* — Coe®W=¢

Let us fix ¢ € (0,¢*) such that Sy < a(c+ ¢*). By enlarging n if necessary we may assume that
Cy < u*NyeePosn . Denote K(t) = —ct.

By a similar argument as above and in Step 2 of Proposition 5.2, we can show that (U, G, K)
is a subsolution of problem (5.29) by taking o > 0 sufficiently large. The comparison principle
can be used to conclude that

U(t,y) <U(t,y), G<G@{) fort>=s,+T1, ye[—ct,G),
which implies that
X*—Noe(l+0) <G(t) fort>sy,+rT.
By shrinking ¢ if necessary, we have
X*—e<G(t) fort>=s,+7 and n = ng.
This completes the proof of this lemma. O

Theorem 5.7. Assume that (H). Assume further that spreading happens. Then there exists
Hi € R such that

. 41 . / X
(5.39) tliglo[h(t) — c't] = Hy, tligloh (t) = ¢,
(5.40) Jim JJu(t, ) = g (¢t + Hi =) || L onqy) = 0,

where (c*, qex) be the unique solution of (1.13).
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Proof. 1t follows from Lemmas 5.4 and 5.6 that for any ¢,, — 0o, by passing to a subsequence,
h(t 4+ tn) — c*(t + tn) — Hy := Hyp — 2C in Cllotf(R). The arbitrariness of {t,} implies that
h(t) — ¢*t — Hy and h'(t) — ¢* as t — oo, which proves (5.39).

In what follows, we use the moving coordinate z := x — h(t) to prove (5.40). Set

g2(t) :== g(t) — h(t), ua(t, z) == u(t,z + h(t)) for z € [ga(t),0], t > T.

and
gn(t) :g(t+tn) _h(t+tn)7 iln(t) = h(t+tn)7 ﬂn(t, Z) ZUQ(t-i-tn,Z),

then the pair (i, gn, hn) solves

(5.41)
(i)t = (i) 2z + B (@) s + f(ln(t — T, 2 4 hoy(t) — Bn(t — 7)) — diin, 2z € (Gu(t),0), t > T,
in(t,2) =0, §,(t) = —p(iin).(t, 2) — By (1), z=gn(t), t>1,
{in(t,0) =0, R, (t) = —pu(in):(t,0), t>T.

By the same reasoning as in the proof of Lemma 5.4, the parabolic regularity to (5.41) plus the
Sobolev embedding theorem can be used to conclude that, by passing to a further subsequence

if necessary, as n — 0o,

~ . H—”,lJrV
Uy — W in C) 2

loc

(R x (=00, 0]),
and W satisfies, in view of R/, (t) — ¢*,
Wy=W,,+ W, —dW + f(W(t —1,2+c*1)), —00<2<0, t€eR,
{ W(t,0) =0, ¢* =—uW,(t,0), teR.
This is equivalent to (5.26) with V' =W and H = 0. Hence we can conclude
W(t,z) = ¢(z) for (t,2) € R x (—00,0].
Thus we have proved that, as n — oo,

v 140
(

u(t +tn,z 4+ h(t+tn)) —ger(—2) =0 InC, 2" (R x (—00,0]).
This, together with the arbitrariness of {¢,}, yields that

tliglo[u(t, z4 h(t)) — gex(—2)] =0 uniformly for z in compact subsets of (—oc, 0].
Thus, for any L > 0,
Ju(t, ) = gex (A(t) = )l Lo ((he)—Lh)) — 0 ast— oo.
Using the limit h(t) — ¢*t — H; as t — oo we obtain
(5.42) [u(t, ) = ge- ("t + Hi = )| (ae)—Law) = 0 ast— o0,

Finally we prove (5.40). For any given small ¢ > 0, it follows from (5.9) in Proposition 5.2
that there exist two positive constants Z. and T, such that

lu(t,x) —u*| <u'e for 0<x<h(t)—Ze, t >T..
Since ge~(z) — u* as z — oo, there exists ZF > Z. such that
lgex (c*t + Hy —x) —u*| <u'e  for x < c't+2H, — Z;.

Taking T > T large such that h(t) < ¢*t + 2H; for t > T, then by combining the above two
inequalities we obtain

|u(t,z) — ge= (¢t + Hy — x)| < 2u¥e  for 0< ax < h(t)— 2%, t > T,
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Taking L = Z* in (5.42) we see that for some T)* > T, we have
|u(t,z) — ge= (c*t + Hy — x)| < u’e  for h(t) — ZF <z < h(t), t > T2
This completes the proof of (5.40). O
Taking use of a similar argument as above one can obtain the following result.

Theorem 5.8. Assume that (H) and spreading happens. Then there exists G1 € R such that

. %1 . / ¥
(5.43) tlgélo[g(t) + c*'t] = Gy, tlggog (t) = —c",
(5.44) Jim JJu(t, <) = ger (€t = Gi+) [ Lo (g0 = 0,

where (c*, qe~) be the unique solution of (1.13).

Now we can give the proof of Theorem 1.4.
Proof of Theorem 1.4. The results in Theorem 1.4 follow from Theorems 5.7 and 5.8. O

6. Applications

In this section, we give two typical examples, which satisfies the assumption (H).
Example 1. Nicholson’s blowflies model [25, 26, 28, 29, 40]: The so-called Nicholson’s birth
rate function is

(6.1) f(v) = poe=®
where a > 0 and p > 0. The corresponding positive constant equilibria is
ut = 1 2.
a d

Firstly, we give the following result.
Lemma 6.1. Ifa >0 and 1 < £ < e, then f(v) = pve™® satisfies assumption (H).

Proof. It is easy to compute that
f'(v) =pe (1 —av) for v>0.
1

Since u* = 2In L, f(v) = pre™® and 1 < & <, it follows that

/ 10, % p p
f'(0)—d=p—d>0, f(u)fd—d(lflnfd)fd——dln—d<0,
and for v € [0, u*),

f'(v) = pe” (1 — av) > pe” (1 — au*) > 0.

It is easy to see that @ is monotonically decreasing in v € [0,u*], since ! S’) = pe~%. This
completes the proof. N
Example 2. Mackey-Glass model[21, 28, 40]: The birth rate function is
_ by
f(U) - 1 4 avnv

where a > 0, p > 0 and n > 1. This equation is proposed in 1977 by Mackey and Glass to model
hematopoiesis (blood cell production).
It is easy to check that the corresponding positive constant equilibria is

—dy:
= ()"

We have the following result.



Lemma 6.2. Ifa >0, n>1 and § > 25, then f(v) =

Proof. Since u* = (pa_d)%, flv) =

DELAYED REACTION-DIFFUSION EQUATIONS WITH FREE BOUNDARIES 37

Tiaon satisfies assumption (H).

1+cw"

b=z and & > o it is easy to compute that
fl(0)—d=p-d>0, fl(u

)— =nd—(n—1)p <0,

and for v € [0, u*],

pll —a(n—1)o"] _ p[l —a(n —1)(u")"]

/
V) = > 0.
S (14 avm)2 7 (1 + av™)?

Since @ = 1 +av"’ it then easily follows that (U) is monotonically decreasing in v € [0, u*].
This completes the proof. O
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