ON A SINGULAR INTEGRAL OF CHRIST-JOURNE TYPE WITH
HOMOGENEOUS KERNEL

YONG DING AND XUDONG LAI

ABSTRACT. In this paper, we prove that the following singular integral defined by

Tao,uf(z) = p.v./[R Oz —y)

a |z —yl?
is bounded on LP(R?) for 1 < p < co and is of weak type (1,1), where Q € Llog* L(S*™') and

Ma,y@ =: fol a(sz + (1 — s)y)ds with a € L>°(R?) satisfying some restricted conditions.

“Mgya- f(y)dy

1. INTRODUCTION
In 1965, A. P. Calderén [2] introduced the commutator [A4, S] on R which is defined by
[A, 51f (z) = A(x)Sf(x) — S(AS)(2),
where A € Lip(R) and the operator S := % o H, H denotes the Hilbert transform defined by
1 fy)

T) o —Y

Hf(z) =p.v.

dy.

Note that the commutator [A, S] can be rewritten as [A4, v/—A], where A = j—; is the Laplacian
operator on R. Therefore, the study of the commutator [A, S] plays an important role in the
theory of linear partial differential equations, Cauchy integral along Lipschitz curve in C and
the Kato square root problem on R (see [3], [4], [14], [21], [22], [23], [6], [7] for the details).

By a formal computation, we see that

(A, S]f(x) = (—1) p.v% /_Oo A(f”; — ’;(y) jiy)y dy.

The operator [4, S] is the so called Calderén commutator . In [2], A. P. Calder6n proved that

if A € Lip(R), then the Calderén commutator [A, S] is bounded on LP(R) for all 1 < p < oc.
In 1987, Christ and Journé [9] introduced a variant singular integral of the Calderén com-

mutator in higher dimensions as follows
(1) T (@) = pav. [ Ko=) moya- fo)dy,
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where K is the with the standard Calderon-Zygmund convolution kernel , which means that K
satisfies the following conditions:

(k1) |K(2)] < Cla|~%

(k2) fR<|x\<2R K(x)dzr =0, for all R > 0;

(k3) |K(x — h) — K(z)| < C|h|"|x|~9" if |z| > 2|h|, where 0 < v < 1.
Here and in the sequel, for a € L>®(R9),

1
MyyQ = / a(sx + (1 — s)y)ds.
0
When the dimension d = 1, we have

o Jral)de = [Ya(x)ds_ A() - Aly)
» = A 20,

Obviously, A'(z) = a(x) € L®(R). So, if taking K(z) = —L, we see that

x?

Tf(0) = (-Dpovy [ HOZE T,

T
Hence, when d = 1, the operator T, is just the Calderdn commutator [A,S]. In [9], Christ and
Journé showed that T}, is bounded on LP(R?) for all 1 < p < oo.

In 1995, by taking K(x) = Q(z)|z|~¢(x # 0), S. Hofmann [20] discussed the following

singular integral of Christ-Journé type with homogeneous kernel:

Qz —y)
(1.2) To.af(x) =p.v. /]Rd oyt ey f(y)dy,
where
(1.3) Q(ra’) = Q(z'), for any r > 0 and z’ € 47!

and ) satisfies
(1.4) / Q(z')do(2") = 0.
Sdfl

In [20], S. Hofmann gave the weighted L? boundedness of Tq, if Q € L®(S?1) satisfies
(1.3), (1.4) and a € L¥(R?). Recently, the weak type estimates for the singular integral T,
defined by (1.1) are also discussed. In 2012, Grafakos and Honzik [18] proved that Ty, is of weak
type (1,1) in dimension d = 2. Further, Seeger [25] showed that T, is of weak type (1,1) for all
dimension d > 2. In 2015, the author [11] gave a weighted weak (1,1) boundedness of T, for
dimension d = 2 with power weight w(x) = |z|* for —2 < a < 0 and later extended to more
general A;(R?) weight for dimension d > 2 in [12].

It is well known that if Q € Llog" L(S?!) and satisfies (1.3) and (1.4), the singular integral
operator with rough kernel defined by

e — y)
1.5 T, x—pv/ d
(1.5) a(f)(z) Rdm_mdﬂwy
is bounded from LP(R?) to itself for 1 < p < oo (see [5]) and is of weak type (1,1) (see [24]).

Now a natural question is that whether similar results hold for T, defined in (1.2) if Q €



ON A SINGULAR INTEGRAL OF CHRIST-JOURNE TYPE WITH HOMOGENEOUS KERNEL 3

Llog™ L(S?1). In this paper, we give some partial answer to this question. Our main result is

as follows.

Theorem 1.1. Suppose Q € Llogh L(S%!) and satisfies (1.3) and (1.4). Let a € L*(R?) and
satisfy a € L*(R?).
(a) For 1 < p < oo, we have

1To.afllp < Cllall 12 2 og+ Ll fllp3

(b) For p =1, we have

C
m({z € R?: [Touf(2)| > A}) < a1l

The constant C' above is depended on the dimension d and €.

Remark 1.2. Tt is clear that the conditions a € L'(RY) and @ € L'(RY) imply a € L>®(RY). It
seems difficult to get the LP and weak (1,1) boundedness of Tq, with a € L®(R%) only by the
method presented in this paper. So, it is still an open question whether the commutator Tq 4 is
LP bounded for 1 < p < oo and is of weak type (1,1) for a € L>®°(R%) and Q € Llog" L(S%1)
with (1.3) and (1.4).

The proof of part (a) is quite simple. We use the Fourier inversion formula of a and the
problem can be reduced to the LP boundedness of Ty. The main content of this paper is
dedicated to the proof of part (b) in Theorem 1.1. The proof is based on a variant Calderén-
Zygmund decomposition. More precisely, we make a Calderén-Zygmund type decomposition
of a L' function with some parameters and the constants that appears in the estimate are

independent of these parameters. For the rest of the proof, we use some nice ideas from Seeger’s

A(z)—A(y)
-y

which has some smoothness about variable x,y. For dimension d > 2, m, ya has no smoothness

about z,y since a € L™(RY). Note that the kernel K satisfying (k1)-(k3) has some smoothness

works ([24], [25]). Recall that when the dimension d = 1, m, ya can be rewritten as

and the commutator T, defined in (1.1) has only one rough factor mg,,a. However, for the
commutator Tq 4, it is much harder to establish the weak (1,1) boundedness since it involves
two rough factors: 2 and m; ya.

Besides the higher dimensional variant form of the Calderén commutator defined in (1.2),
there are some other kinds of the Calderén commutators in higher dimensions. For example, in
[2], A. P. Calderén considered the following commutator:

Qz —y) Az) - Ay)
(16) Soaf@) =pv. [ S HHD
where A € Lip(R%) and  satisfies (1.3) and

- f(y)dy,

/ Q(z")2"*do (') =0, forall ac Z‘i with |a] = 1.
§d—1

Calderén showed that Tgq 4 is bounded on LP(R?) for 1 < p < oo if VA € L®(R%) and Q €
Llog™L(S?1). Recently the authors of this paper established a weak type (1,1) criteria for
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singular integral with rough kernel in [13] and used this criteria to show Tq 4 is weak type
(1,1) bounded if Q € Llog™ L(S?1). However this criteria is not efficient to the operator Tq,
discussed in this paper if a € L*. For more topics about singular integral with rough kernel,
we refer to see [5],[1],[8],[10],[19],[26],[15],[27],[16].

This paper is organized as follows. In Section 2, we complete the proof of part (a) in Theorem
1.1 and part (b) based on some lemmas, their proofs are given in Section 3 and 4, respectively.
Throughout this paper, the letter C' stands for a positive constant which is independent of
the essential variables and not necessarily the same one in each occurrence. For a Lebesgue
measurable set E C R%, we denote its measure by |E| or m(E). Ff and f denote the Fourier

transform of f defined by
F1©) = [ e o
R4

Zi denotes the space of nonnegative multi-indices and Z, denote the set of all nonnegative
1

integers. Moreover, [|Q; := ( fsa—1 [2(2')|%do (")) and 1 L10gtr, = Jsa1 122" log(2 +

Q(2")|)do (a').

2. PROOF OF THEOREM 1.1

2.1. Proof of part (a) in Theorem 1.1. Using the inversion Fourier formula, we write

et(1=s){y.m)
My yQ = 27r / /Rd dnds.
Therefore by Fubini’s theorem, we have
Too(f)(x) = pov. / et (i /] 3o 096 gy £ (y)dy
’ Rd [T — y’d @2m)d ) Jio e
(2.1)
// n)To(W™® f)(x)dnds

[0,1] x R4

where a™*(n) = (21)da(n) et s (y) = /=)W and Tg is defined by (1.5). Now applying
Minkowski’s inequality, the above inequality and Tt is bounded on LP(R?), we have

I Tou(Hl < // 8l Ta (W™ )]l dnds < Clalls 12 g 111l
[0,1]xRd

g

2.2. Proof of part (b) in Theorem 1.1. We will finish the proof of part (b) based on some
lemmas, their proofs are given in Section 3 and Section 4, respectively. We only focus on dimen-
sion d > 2. By using scaling arguments, we may assume Q| oo+ ,a-1y = [[a@]| 1 (ray = 1. Write
Tq,q in the form (2.1). In the following, we try to make a Calderén-Zygmund decomposition of
W3 f with the underlying cubes independent of 7, s.
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Lemma 2.1. Fizn,s. Let f € LY(R?Y) and A > 0. Set Q) = {x € R?: M(f)(x) > \} where M
18 the Hardy-Littlewood mazimal operator. Then we have the following conclusions:

(i) 2 =UQ, Q’s are disjoint dyadic cubes. Set Q be the collection of all these cubes.

(ii) m(Q) < CATH f]1-

(ifi) fIWS = g 4 pns,

(iv) o™ = 37 b33, suppbfs” € Q, [ b5 =0, [1bg7]lr < CAQL, [[67*]|1 < CIf[l1-
(

QeQ
v) [lg™*[13 < CAll £l

Here all the constants C in (i)-(v) are independent of 1, s.

Proof. We first make a Whitney decomposition of the set €2y. Then there exists a family of
dyadic closed cubes {Q;}; (see [17]) such that
(a) JQ; =y and Q;’s have disjoint interior.
(b) Vd - 1(Q;) < dist(Qj,95) < 4Vd-1(Q;), where [(Q;) denotes the side’s length of Q;.
By the weak type (1,1) bound of M, we have

(2.2) m(2y) <

> Q

[1f[]1-
We write fW5 = g™ + "% where

1S — FI Sy o 1 05 (2)d
g"t = fW XQA+Z|Q’/QJE($)W (x)drxq,

b = ZQ: Fwms — ‘Q|/f )W dx}XQ—Zb"S

So, bgg’s is supported in Q and be = 0. Let tQ denote the cube Wlth t times the side length
of @ and the same center. We first claim that

1
(2.3) Kw[;ﬂmuxscx

where C is only dependent of the dimension d. In fact, by the Whitney decomposition’s property
(b) we have 9v/dQ N Q5 # 0. Thus by the definition of Q, there exists g € 9v/dQ such that
M f(xo) < A. Using the property of the maximal function, we have m f9x/EQ |f(x)|de < O\,

where C” is only dependent of the dimension d. Hence we have the estimate

[ / F(@)lde < |5f22| ’ (z)|dz < CA.

For bgs and ™%, by (2.2) and (2.3) we have

7,5
115G

1S2A;ﬂ@wx§cﬂw,

1675]]1 < C[Iflly + Am(2) < C|l 1
Note that |f(x)] < A almost everywhere in (€2,)¢, by (2.2) and (2.3), we have

< OAfll + CX*m(Q) < CAl|f]l-

g™ I3
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By the property (iii) in Lemma 2.1 and (2.1), we have

m((x [ Toa(F)(x)] > M) < m( \// (&) @) dnis] > 3})

(2.4) [0,1] xR
el ] oo - ).

[0,1]xR4

Notice that Ty is bounded from LP(R?) to itself with bound ||| Llog* - Hence, combining this
with Chebyshev’s inequality, Minkowski’s inequality, and the property (v) in Lemma 2.1,

] // e)inis| > 3})

[0,1] xR

4 2 _C
<3 / ] - ITaa™)ladnds)” < S 711
0,1] de

For @ € Q, denote by I(Q) the side length of cube Q. Set E* = UQeQ 22000). Then we have

( // ) To(6"*) (x )dnds‘ >%})

[0,1] xR

(E*)+m< z € (B*)° ‘ // 1) To (b7 )(:U)dnds‘ >%})

[0,1] xR

By the property (ii) in Lemma 2.1, the set E* satisfies
. C
m(E) < Cm(0y) < Il

Thus, to complete the proof of part (b) in Theorem 1.1, it remains to show
. A C
(2.5) m({we (B W To(t")(@) dnds| > 5 1) < S/l
[0,1] xR

where C' is only dependent of the dimension d.
Denote Q = {Q € Q: I(Q) = 2"} and let B)* = > b}, Then b™* can be rewritten as

QEQy
b =" Bn’ Taking a smooth radial function ¢ on R? such that supp ¢ C {z : § < |z| < 1}
JEZ
and »_; ¢j(x) = 1forallz € RN {0}, where ¢;(z) = ¢(277x). Now we define the operator T} as
(2.6) O e S N
Rt |z =yl

Then we have To = Y T;. We write
J

o) (x) =Y ) Ty(BI7,

neL jEZL
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Note that T;(B}”,)(x) = 0 for z € (E*)¢ and n < 100. Therefore

({xe (E*)° ‘ // ) To b”s)(x)dnds}>%})

[0,1] xR
* s A
({x e (EY) ’ // N T(BY)(@) dnds’ > 5})
0.1] R4 i n>100

Hence, to finish the proof of of part (b), it suffices to verify the following estimate:

A C

* 77’ — < —

@7 m({zeE):| // Z > (B (@)dnds| > 5 }) < ~[1£1-
[0,1]xR4 n=100

2.3. Some key estimates.

In the following we will show that (2.7) holds if 2 is restricted in some subset of S¥~1. More
precisely, for a fixed n > 100, denote D* = {f € S%1 : [Q(0)| > 2|1}, where 0 < ¢ < J will
be chosen later. The operator T7', is defined by

r—y di(z—y)
o () e =g

We have the following result, which will be proved in next section.

77.(1)(w) = pov. [

R4

- f(y)dy.

Lemma 2.2. Under the conditions of Theorem 1.1 with 0 < ¢ < /2, we have

<{x € (E)° ‘ // ' T”L(B;_Sn)(x) dnds’ > %}) < C'”J;Hl

[0.1] R4 n>100

Thus, by Lemma 2.2, to finish the proof of Theorem 1.1, it suffices to verify (2.7) for the
kernel function 2, which satisfies [|Q[|cc < 2'"(|Q[1 in each T;(BJ”).

In the following, we need to give a partition of unity on the unit surface S%~!. Fix n >
100. Let ©, = {e"}, be a collection of unit vectors on S*~! which satisfies the following two
conditions:

(a) e —en| > 274 if v #£ 0/

(b) If 6 € S?~1, there exists a e? such that |e? — 6] < 27™~4,

The constant 0 < v < 1 in (a) and (b) will be chosen later. To do this, we may simply take a
maximal collection {e?}, for which (a) holds. Notice that there are C2"7(¢=1) elements in the
collection {e”},. For every 6§ € S?1, there only exists finite e” such that |e — 0] < 2774, Now
we can construct an associated partition of unity on the unit surface S¥~!. Let ¢ be a smooth,

nonnegative, radial function with ¢(u) = 1 for |u| < § and ¢ = 0 for |u| > 1. Set

19 = (275 — <)

and define

T (e) = (ZF” )
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Then it is easy to see that I'} is homogeneous of degree 0 with

D TR =1, for all £ # 0 and all n.

Now we define operator 7, by

Qz —y)

(23) 7 () = pv. | oy = T — ) - b,

For convenience, define the kernel of Tjn’” as Kj”v(x) = %(l)j(x)f‘ﬂ(:r). Therefore, for fixed
n > 100 we have

=2 1"
v

In the sequel, we need to separate the phase of the kernel into different direction. Hence we

define a multiple operator by

—

Gnoh(€) = @2 (e, £/|€1)A(E),

where h is a Schwartz function and ® is a smooth, nonnegative, radial function such that
0 < ®(z) <1and ®(z) =1on [z] <2, &(x) =0 on |z| > 4. Now we can split 7" into two

parts:

T = G T + (I = G T3

J J

The following lemma gives the L? estimate involving Gnvajn’v, which will be proved in next

section.

Lemma 2.3. For n > 100, [|Qls < 2|1 with 0 < ¢ < v/2, there exists a constant C such
that

2
H// ZGMT”” B )( )dndsH < 027N £,
0 1]><Rd 2
where constant C' is independent of n, X\ and f.

The terms involving (I — Gy )T} are more complicated. In Section 4, we shall prove

following lemma.

Lemma 2.4. For ||Q|s < 27(|Q[|1 in T}, then

] 0 3 S50 Gy o] < €l

n>100 v

where C is independent of A and f .
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2.4. Proof of part (b) in Theorem 1.1.
We now complete the proof of (2.7) with ||Q|lsc < 27|21 in each Tj. By Chebyshev’s

inequality, we have

m({m € (E"): ‘//[0,1}de Z Z T Bn’ dnds‘ %})

j n>100
- )\2H //0 l]x]Rd >2100;ZG”UTTW an ) :E)dndst
" XH //[0,1}de n;:ooz;z (= Gro) nv(an ) )dndsHl

=T4+1I.

Using Lemma 2.4, we can get the desired estimate of I1. Notice that we choose 0 <+ < 3. For

I, by Minkowski’s inequality and Lemma 2.3, we have

I<OMN 2 Z H//[()l]de ZZGMT”“B”S dndsH)

n>100

<o 3D @) < e,

n>100

Combining with Lemma 2.2, we hence complete the proof of part (b) in Theorem 1.1 once
Lemmas 2.2-2.4 hold. 0

3. PROOFS OF LEMMAS 2.2 AND 2.3

3.1. Proof of Lemma 2.2.
Denote the kernel of operator T7', by

It

K3(0) = (L 2.

It is easy to see that

‘/ n dy' < c//2 rLdrdo(6) < C/L 1Q(6)]do ().
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Therefore by Chebyshev’s inequality, Minkowski’s inequality and the property (iv) in Lemma

2.1, we get
n({re @] [f, 0o T ST w0 > 3)
s n>100 jEZ
C
< /\H//leRd nZI:OOET" Bn’ x)dnds 1
Sy /{de QML /D 1(6)\do(6)

n>100

< Shalhlslh [, card{n € N: 0> 100,27 < [00))/121 HR(0)ldo (0
o

< Slalhliflh.

3.2. Proof of Lemma 2.3.
We will use some idea from [24] in the proof of Lemma 2.3. As usually, we adopt the TT*
method in the L? estimate. Moreover, we also use some orthogonality argument based on the

following observation of the support of F(G\,,T;""): For a fixed n > 100, one has
(3.1) sup Y |®2(2" (e, &/[€]))] < €22,
40 %

In fact, by the homogeneity of ®, it suffices to take the supremum over the surface S*~!. For
|€] =1 and € € supp ®(2"7(e?, £/|€])), denote by &+ the hyperplane perpendicular to &. Thus
(3.2) dist(e?, e1) < C27™.

Since the mutual distance of e’s is bounded by 27"7~%, there are at most C'2"7(4=2) vectors
satisfy (3.2). We hence get (3.1).
By applying Minkowski’s inequality, Plancherel’s theorem and Cauchy-Schwarz inequality,

we have

I/ /[O,W W33 Gnal (BN (w)dnds||

<(/ /[o,uw a(m)| )3 @(2””<eﬁ,£/!€))f(;Tf’”(B;?fn))(g)HﬂndS)Q
S”WW%MmM;W;wm>wwa
<oy ff (S| rre]) as)”

Next we will show that for a fixed ell, n, s,

(3.4) H ET"” (BT,

(3.3)

§ C2—2n7(d—1)+2m)\HfH1'
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Then by card(0,,) < €241 and apply (3.3) and (3.4) we get

I/ /[O,HXRd ZZGMT“ B ydnds|] < camre| g,

which is just desired bound of Lemma 2.3. Thus, to finish the proof of Lemma 2.3, it is enough
to prove (3.4). By applying |||l < 2||2]]1, then

T (B @)] < 020 [ o= )T = B 0)ldy
n n,v 1,8
SCQ Hj *|Bj—n‘(x)7
where H;w(:c) := 2794y nv(2) and xpno(2) is a characteristic function of the set
J J
B = {z e R |(z,el)| <2, |o — (x,e])el] < 207}

For a fixed e, we write

HZTTL’U an

g szz / HM™ s B« |BY |(2) - | B (2)|da
~ JRd

(3.5)
4 92 Z Z H]WJ « H"" % |B] |(x) - | B}, ()| da.

j i=—00

Observe that || H;""||; < C27¥m(EM") < 0274~ therefore for any i < j,

H;%v % H?’U(a:) < 2771’7(01*1)Q*J'CIXE;W7

where E;.L’” = E;w + Ej"” Hence for a fixed j, n, €} and z, we have

j—1
H™ s B (B |(x) + Y HP s« H™ % B |(x)

1=—00
< Cg-md-1)g- sz/ (y)|dy

Z<] E'nv
< Cym-Ng=d Yy / 1635 ()l dy
(36) 1<j QeQ;_
Qﬁ{erE }750

< 2Ty N Q)

i<j  QeR_,
Q{z+E V)0

< CQ—n'y(d—l)2—jd2jd—n’y(d—1))\
< C)\272n’y(d71)’

where in third inequality above, we use [ [b5°(y)[dy < CA|Q] (see the property (iv) in Lemma
2.1) and in the fourth inequality we use the fact that the cubes in Q are disjoint (see the property
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(i) in Lemma 2.1). By (3.5), (3.6) and 3 || B° [l1 < C||f[l1, we obtain
J

H ZTnv B,

which is just (3.4) and we complete the proof of Lemma 2.3. O

§ O \2—2m(d=1)+2m Z HB;%—Sn”l < C)\272n'y(d71)+2m‘|f‘|17
J

4. PROOF OF LEMMA 2.4

To prove Lemma 2.4, we have to face with some oscillatory integrals which come from the
term (I — Gy )T "”.

Before stating the proof of Lemma 2.4, let us give some notations. We introduce a frequency
decomposition. Let 1 be a radial C*° function such that ¥(§) = 1 for |£] < 1, ¥(§) = 0 for
€] > 2 and 0 < $(€) < 1 for all € € RL Define B(€) = (&) — $(2€), Bu(€) = B(2"¢), then B,

is supported in {¢ : 27%~1 < |¢] < 27%*+1}. Define the convolution operators Aj with Fourier
multipliers §;. That is, Kk\f(é) = Bk(é)f(f). Then by the construction of S, we have

I= Z A
kEZ
where I is the identity. Write (I — Gnp)T,"" = >2(I — Gpw)ALT,"". By using Minkowski’s
k
inequality,

H//[OMW Y ZZ (I = G TI (B )x)dndsHl

n>100 v

SDIDH DD // (T = G AT 55 s,

n>100 v 5 k [(Q)=21—"

(4.1)

Lemma 4.1. There exists N > 0, such that for any N1 € Z

(4.2) (I = Gn) ART;(057) 1 < CQ*”’Y(dfl)erJr(*jJrk)Nl+n7(N1+2N)Hbgs N
where C' is a constant only dependent of Nj.
Proof. Denote hy, p, (&) = (1 — @2 (e, £/1€])))Br(§). Then

(I = Go) AT (05 )1 < IF " (e, K 11105 1

Write

—1 N UK’{Z,U — / 1x-& o / —zg-pr,v )
F (hkn o K;70) () @) Rde P (§) Rde ; (w)dwdg

In order to separate the rough kernel, we change to polar coordinates w = rf, then the integral

above can be written as

(4.3) @/Sd 1 {/Rd/ eillz=rb.L)) kn,v(f)'(bjﬁr)drdf}da(e).
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Since # € supp I'?, then |§ —e?| < 27™. By the support of ®, we see |(e, £/|€])| > 217", Thus,

(4.4) (0, €/1ED1 = ey, €/1ED| = [(ey = 0, /€| = 277

Notice that ¢; is supported in [2772,27], we can integrate by parts N; times with r. Hence the
integral (4.3) can be rewritten as

1 20
- QT (o z((x—r@,{))h -
(2m) /Sdl O ){/{2’“1§§|§2k+1} /2j2e kim0 (8)

x (i(9,€))~ " -9 [(bj(r)r_l}drd&}da(e),

since Ay, is supported in {27771 < |¢] < 27%F1}. Integrating by parts in &, the integral in

curly brackets above can be rewritten as

(4.5)

27 —2k A \NT[(: -N
ilz—70,8) (I—2 A&) [(2<07§>) 1hk,n,v(§)] CaNi[4. _1
/{ngslsﬂ“} /2j2 ’ (1+ 272z —rg2)N O 1Bstryrdrde.

We first give an exploit estimate of the term in (4.5). Note that 2772 < r < 27 we get
(4.6) 0N [ (r)r Y| < €277,
In the following, we claim that
(47) (=272 A)N(6,6) "V b ()] < 2L HINIEIN,
In fact, by (4.4), it is easy to see that
[(=i0.€) ™™ - B ()] < C18, )TN < C2tm N,
Using product rule, we get

|Oe;haon, o (E)] = | — B, [@(27 ey, €/1€N))] - Br(€) + De Bi(€) - (1 — @2 (e, €/[€]))| < C2HE.

Therefore by induction, we have [0g hy o (§)| < C2mHhlal for any multi-indices o € Z4. By

using product rule again and (4.4), we have
|02, ((0,6) ™™ hin o (€))| = [(0,6)™ 7% - N1 (N1 + 1)6F - P
+2(0,6) M- (= V1) - 030, P, (€) + (0,€) 7V OE, B, (€))]
< 02 TR)(N1+2)
Hence we conclude that

27K A [((0,€)) N by 0 (9)]| < C2MTRINIF2RY

Proceeding by induction, we get (4.7). Now we choose N = [d/2] + 1. Since we need to get the
L' estimate of (4.3), by the support of Ay v,

-N
/ / (1 + 272k — r9|2) dzde < C.
{2Fm1<fg <2k}
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Integrating with 7, we get a bound 27. Note that we suppose that [|Q||sc < 2(|Q||1. Next inte-

grating with 6, we get a bound 2-"7(@=D+n||Q||;. Combining (4.6), (4.7) and above estimates,
(4.2) is bounded by

2fj(1+N1)+(n'y+k)N1+2n'yN+j7n'y(d71)+nL”QH1 < szn'y(dfl)+nb2(fj+k)N1+n'y(N1+2N).
Hence we complete the proof of Lemma 4.1 with N = [d/2] + 1. O

Lemma 4.2. There exists N > 0, such that

H (I _ Gn,v)AkT]ﬂ’v(bgs) Hl < szn'y(dfl)+m+jfnfk+2n7NHbgs”L

Proof. The proof of this lemma is similar to that of Lemma 4.1. However we will not integrate
by part with r, but use some cancellation of b/;*. Denote hy (&) = (1—®(2" (e}, §/[€])))Br(E)-
Then
(4.8)

(1 = )T} (")) =

(P K = ) = F 7 i oK) = ) )5 )y

where yg is the center of (). Here we use the cancellation of bgs (see the property (iv)
in Lemma 2.1). By making a change to polar coordinate and integrating by parts with &,

F (hgenwK;™") (x — y) could be rewritten as

1 2
— | aere / / RE—
(27T)d \/‘Sd—l ( ) ( ){ {2—k—1§‘£|§2—k+1} 2j—2

I—2"2%A)Nh LY f —
((1 n 2—2k|;)_ [_kreé)z)\; “ 0 (r)r ldrdﬁ}daw)-

Here we choose N = d/2 + 1. Thus (4.8) can be rewritten as two parts: I(z) + I1(x), where

Q(O)r* (0 {// i(z— 7’95 —i(y:€) _ i(wé))
Rd JSd—1

I —272AN [hy o (€ B )
((1 I 2—2k‘;)_ y[_lc7re‘§)])\l ¢;(r)r ldrdf}da(g) : ij (y)dy

= ot Jo fo OTOR [ [ 2700 B @

X (<1 +27 e —y =) N = (14 27|z —yo - r912>—N)drd£}da(9> b (y)dy.

and

Note that y € Q and yg is the center of @, then |y — yg| < C27~". By applying (4.7) with
N; =0, we get

(4.9) (1 =27 AN (B (6)) | < €22

Notice that |e~#¥&) — ¢=#Wef)| < 277"~k Now integrating with the variables in the or-

der as we do in proving Lemma 4.1, we may obtain that the L' norm of I(z) is bounded by
2—n7(d—1)+m+j—n—k+2n7N Hbgs H 1.
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For I1(x), using the following observation

1
W) = ¥o)| = | [ (= vo. YOty + (1 = )i

! N2~Ma — (ty + (1 — t)yq) — 6|
< — dt
<Cly yQ|/ (1+272%[z — (ty + (1 — t)yg) — rO]2)N+1

where W(y) = (1 + 27 2|z —y — 70|?) ™Y, we may also get the L' norm of II(x) is bounded by
2—”W(d—1)+m+j—n—k+2mN||ijsH1. Thus we finish the proof of Lemma 4.2 O

4.1. Proof of Lemma 2.4.
Let us come back to the proof of Lemma 2.4. Denote by [z]| the integral part of z. Let g
satisfy 0 < g9 < 1 and will be chosen later. By (4.1),

H//[o,l]xuad 2 ZZ (= Ga) T (B0 x>d77dSH1

n>100 v

DNDIPIEPS //[w 10 = Gua T s

n>100 v j k<j—[neo]l(Q)=27—"

APID MDD 2> //[01 | (T = Gno) AT (0557 1 dndls

n>100 v j k>j—[neo] (Q)=27—"

Now using Lemma 4.1 with N = [d/2] + 1 for the first term, Lemma 4.2 with N = [d/2] + 1
for the second term, the fact [neg] < neg < [neg] + 1, the property (iv) in Lemma 2.1 and
card(0,) < C2™@=1) the above sum is bounded by

S @+ 2 alullf s

n>100
where
1 =—eoN1+ o4+ y(N1+2([d/2] + 1)), 7 =2y(d/2]+1)+eo+¢—1.

Choose 0 <t € v < g9 < 1 and N large enough such that
max{7y, 72} < 0.

Therefore the sum for n > 100 is convergent and we finish the proof of Lemma 2.4, thus we

prove part (b) in Theorem 1.1. O
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