STABILITY IN A HEBBIAN NETWORK OF KURAMOTO
OSCILLATORS WITH SECOND-ORDER COUPLINGS FOR BINARY
PATTERN RETRIEVE
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ABSTRACT. We study the stability of an oscillatory associative memory network consisting
of N coupled Kuramoto oscillators with applications in binary pattern retrieve. In this
model, the coupling function consists of a Hebbian term and a second-order Fourier term
with nonnegative strength . In [Physica D 197 (2004) 134-148] Nishikawa et al. studied
the stability using the approach of linearization; the criteria for stability /instability is given
by the spectrum of linearization which is a matrix of order N. In recent literature [STAM
J. Appl. Dyn. Syst. 14 (2015) 188-201], Holzel et al. considered the model with e = 0
and introduced the orthogonality of binary patterns so that the eigenvalues of linearization
can be calculated. In this paper, we will present conditions for stability /instability based
on the gradient formulation. First, we use the potential estimate to derive a criteria for
stability /instability by the spectrum of a matrix of order N — 1. This potential estimate
also gives convergence rate under some conditions. Second, we focus on the special case
with mutually orthogonal memorized patterns. We find a sufficient and necessary condition
for a binary pattern to be stable for any € > 0. For any other binary pattern we prove
that there exists a critical value of € below which it is unstable. A lower bound for this
critical strength is provided. A significant advantage of the results in this case is that the
conditions for stability/instability is easy to verify and the lower bound of € is easy to
compute. Thirdly, when the memorized patterns are not mutually orthogonal, we suggest
a framework to transform it into the case of orthogonal memorized patterns. Simulations
are presented to illustrate our results.

1. INTRODUCTION

General background.- The famous Hopfield model of associative memory [16] provides
basic ideas for the origin of neural computing and has attracted a lot of interest. The
physical significance of Hopfield’s work lies in his proposal of the energy function and his
idea that memories are dynamically stable attractors, naturally bringing concepts and tools
from statistical and nonlinear physics into neuroscience and information sciences as well as
engineering. In this model, neurons in the network are assumed to be discrete values (e.g.
+1 and —1) and a set of patterns is stored such that when a new pattern is presented,
the network responds by producing a stored pattern that most closely resembles the new
pattern. This is the basic mechanism for the binary pattern recognition using an associative
memory network. Such models typically consist of coupled oscillators interacting with each
other according to a Hebbian rule, and the patterns are stored as phase-locked states. The
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network with a coupling matrix determined by Hebbian rule was studied in some literature,
see, for example, [2], 3], [13], 14, 15, 29]. One advantage of the type of this model is that it
can be naturally implemented using oscillatory devices including phase-locked loop circuits
[17], laser oscillators [I§], and MEMS resonators [I9]. There are also other mechanisms for
pattern recognition problem, for example, the face recognition can be formulated as sparse
representation or sparse signal reconstruction using optimization algorithms [27] 28§].

The equation of motion for a network of coupled oscillators can be reduced to a phase
model under fairly moderate conditions. Assuming that interactions are weak and that the
oscillators have stable limit cycles with nearly identical periods, Kuramoto [20] has shown
that the equations of motion for a network of N oscillators can be reduced to equations for
the phase variables ¢ = (¢1,2,...,pn)T:

N
i 1 .
(piZWi+N,EIFij((pj_s0i)’ lZl,Q,...,N,
j=

where ¢; is the phase angle of an individual oscillator, w; represents the intrinsic natural
frequency of the i-th oscillator drawn from some given distribution function ¢ = g(w), N
is the size of the network and I';;(¢) is a 27-periodic function determining the coupling
between oscillators ¢ and j. Many of the previous studies of weakly coupled oscillators
with nearly identical frequencies have focused on the sinusoidal coupling functions, i.e.,
I'i;(¢) = sin ¢, which gives the classic Kuramoto model [6} [8 10} 20].

The model and pattern retrieve.- In this paper, we consider a network that can be
used in binary pattern retrieve. More precisely, for a given initial pattern, we want to recog-
nize a binary pattern & (& = 41,7 = 1,..., N) out of memorized patterns {¢',&2,... &M},
Typically, the retrieved pattern should be closest to the initial one among the memorized
patterns. For this aim, we use the coupling function I';;j(¢) with the Hebbian rule and
second-order Fourier term, namely,

Lij(p) = Cyjsinp + € sin 2,

where ¢ is a nonnegative constant and Cj; is set to Cj; = Zﬁ/jzl §f§j’? which encodes the
memorized patterns and is an application of the Hebbian rule. We will consider coupled
oscillators with identical frequencies

N N
, 1 . € : ,
(1.1) $i=5 E Cijsm(gpj—go,-)—l—ﬁ g sin2(p; — i), i=1,2,...,N.
Jj=1 Jj=1

Here, € > 0 is the strength of second-order Fourier term, which can be regarded as an
adjustable parameter that influences the stability of equilibriums and leads to rich dynamical
properties.

Letn = (n1,m2,...,mn)" be an N-dimensional vector of 1’s and —1’s representing a binary
pattern. There is a unique (up to constant translation) phase-locked solution corresponding
to the pattern 7, which is characterized by

(1.2) v —oj| =
i = i) T, 1 F 1

We denote this phase-locked state (up to constant translation) by ¢*(n). Thanks to the
global phase shift invariance, for convenience in the following context we will say a binary
pattern 7 is stable (unstable) if the corresponding phase-locked solution ¢*(n) is stable
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(unstable). We notice that for binary patterns, n and —n can be regarded as the same
pattern. In fact, if the memorized pattern &F is replaced by —¢&*, the coupling term C;j does
not change.

The network can be used to identify a binary pattern n (n; = £1,7=1,2,..., N) as one of
a given set of M memorized binary patterns &* (ﬁf =+1,i=1,2,...,N,k=1,2,.. .,M).
The pattern 7 is regarded as the defective pattern. In [14] 24], the authors introduced the
overlap as follows:

’Nznl \/7991'

The overlap m(&¥) measures the closeness of the solution to the memorized pattern £* and
it is a convenient way to check whether a given pattern is currently represented by the
state of the network. Due to the global phase shift invariance in system , m(n) is
invariant under global rotations. In [I4], two-step pattern recognition is as follows: First,
the coupling matrix is chosen as C;; = 7;1; for a defective pattern 7. As a result, the
phases ¢; will evolve towards a distribution reflecting this pattern, i.e., the overlap m(n)
will approach 1. Second, after this initialization of the network, the coupling coefficients
are set to Cj; = Zk 1 §k ;» which is an application of the Hebbian rule.If recognition is
successful, the network evolves towards a memorized pattern which is closest to its initial
state. For example, if the initial state is a slightly defective copy of &1, the desired final
state of the network would be ¢! which is encoded by the overlap m(&!) = 1.

Other than the above two-step process, the model can be also used to recognize
a binary pattern from a non-binary “pattern” (which is typically a gray scale image, as
a defective copy of a binary pattern), in the following way: we transform the non-binary
“pattern” into an initial phase vector typically in [0, 7]" which reflect the non-binary pat-
tern, and then the model will evolve towards a binary pattern which is close to the
initial state. This is reasonable especially when we are recognizing some standard patterns
such as Arabic numbers and/or letters. This idea will be illustrated in Subsection with
a simulation. In this way, we do not need the initialization step and the process looks
simpler. However, it is necessary to do an initialization step in the two-step process, since
the defective pattern here is a binary pattern which is an equilibrium and will stay for ever.

As far as the authors know, there are few analytical results on the associative memory
network of Kuramoto oscillators. Recently, Holzel et al. [14] considered a Hebbian network
of Kuramoto oscillators described by system with € = 0. The Hebbian term reflects the
set of memorized patterns such that these patterns stand out among other binary patterns.
When memorized patterns are mutually orthogonal, they showed that these patterns have
some stability in some sense by subtly finding out the eigenspecturm of linearization, see
[T4]. Precisely, the memorized patterns {¢!,€2,..., &M} are non-isolated equilibriums and
they are part of a single, connected set of degenerate stationary states which comprises all
straight lines connecting any pair of memorized patterns. Despite of this, as indicated in
[25], the memorized patterns of such oscillatory networks are typically unstable.

A way to avoid this undesirable property and enhance the stability of memorized patterns
is to add the second-order Fourier term in ((1.1). However, this term will enhance the
stability of all binary patterns, not only the memorized ones. Actually, if ¢ is sufficiently
large, then all binary patterns become stable (see Remark . We believe that in binary
pattern retrieve, one expects to recognize a memorized pattern (or related ones) and most
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of others should be unstable. Therefore, to make the memorized patterns stand out among
others, we need to seek a balance between the Hebbian term and second-order Fourier term.
Fortunately, this can be realized by controlling the strength € of second-order Fourier term,
typically it should be positive but not too large. We acknowledge that the system was
invented in earlier literature and some interesting work were performed mainly by numerical
simulations, for example, [9 24] 25]. Rigorous study can be found in [24], where Nishikawa
et al. performed a linearization stability analysis and criteria for stability of any given
binary pattern is given by assuming the spectrum of the linearization are negative.

Contributions.- In this paper, we will perform rigorous analysis for and the main
results are three-fold. First, we use the energy method to obtain a sufficient condition lead-
ing to the stability of binary patterns. This is based on the theory of Lojasiewicz inequality
for analytic potential, by which we also give a condition under which the convergence is
exponentially fast. Second, we pay special attention to the special case that the memorized
patterns are mutually orthogonal. We show that the memorized orthogonal patterns are
e-independently stable (stable for any & > 0, see Definition . A necessary and sufficient
condition for the e-independent stability of binary patterns is provided. Surprisingly we find
that there may exist other e-independently stable patterns except the memorized ones. For
a pattern n which is not e-independently stable, we prove that there is a critical strength €3
such that 7 is unstable for € < £). A lower bound for the critical strength is given as well.
A notable feature in the study for orthogonal memorized patterns is that the conditions for
stability /instability is easy to verify compared to that in [24]. We also consider the stability
of equilibrium which is the middle state of memorized patterns, which further explains the
advantage to include the second-order Fourier term with €. Finally, we give a new idea
so that nonorthogonal memorized patterns can be transformed to orthogonal memorized
patterns and the cost is the size of network becomes larger. This new idea is illustrated in
Subsection [5.4] with a simulation.

Organization of paper.- In Section [2] we give some preliminaries for the gradient sys-
tem approach and matrix theory. In Section [3| we present sufficient conditions for stability
of binary patterns and study the convergence rate. In Section [4] we consider the case that
the memorized patterns are mutually orthogonal and discuss how the nonorthogonal bi-
nary patterns can be transformed to orthogonal binary patterns. In Section [5| we provide
numerical examples, and Section [6] is devoted to be a brief summary.

2. PRELIMINARIES

In this section, we first review the coupled Kuramoto oscillators with associative memory
patterns and give the gradient system with analytic potential; then we study some crucial
propositions and lemmas, which will be used in the paper.

We consider the following dynamical equations for the binary pattern recognition:

N M N
. 1 . € . .
(21 gi=5 ) > GEsinle —w) + Y _sin2(e; —@i),  i=12,...N.
j=1 k=1 j=1
Let ¢ = (¢1,...,¢n) and

N N M N N

(22) o) =g > D D eheh coslips — o0) — 10 D0 D cos2(ps — 1),

i=1 j=1 k=1 i=1 j=1
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then f is the potential of (2.1)) and (2.1)) can be written as
(2.3) ¢ =-=Vf(p)

Therefore, the nice theory of gradient system is available for this model. Next we introduce
some related works which will be helpful in this paper. The gradient inequality was first
developed by Lojasiewicz [23].

Lemma 2.1. [5, 23] Let f : RY — R be a real analytic function.

(1) For any x. € RY, there exist a neighborhood N(x.) of x. and some constants
c=c(z) >0 and r =r(x.) € (0, 3] such that

(2.4) [f(2) = fa )< |V ()], ¥ 2 € N(aw).

(2) Let x(-) be a solution of (2.3)). If {x(t)}1er+ is bounded, then there exists an equilib-
Fium Too such that x(t) = ze. Furthermore, if r = r(zs0) = 5, then ||z(t) — zoo| <
Ce =T for some C, TN > 0. If r = 1(200) < 3, then ||2(t) — 2o < Ct 7% for
some C' > 0.

The inequality is referred as the celebrated Lojasiewicz’s inequality and the constant
r e (0, %] is called the Lojasiewicz exponent of f at x,. This inequality reveals a funda-
mental relation between the potential and its gradient near the equilibrium, and provides a
powerful tool to derive the convergence of a trajectory towards a single equilibrium. This
approach was applied to the synchronization analysis of Kuramoto model in some recent
literature such as [7, 11l 12 22]. Based on Lojasiewicz inequality, Absil et al. [4] gave a

sufficient and necessary condition for the stability of equilibriums of a gradient system.

Lemma 2.2. [] Let f be real analytic in a neighbourhood of ¢* € R™. Then, ¢* is a
stable equilibrium of (2.3)) if and only if p* is a local minimum of f. Furthermore, it is
asymptotically stable if and only if it is a strict local minimum.

The following lemma immediately implies that any solution of system ([2.3) converges to
a certain equilibrium point.

Lemma 2.3. [21] Let f : RY — R be real analytic and satisfy f(z + 2nK) = f(x) for any
K € ZN. Then for any solution z(-) of ([2.3)), there exists z* € T := {a*| Vf(x*) = 0} such
that z(t) — x*.

The following lemma for eigenvalues of a matrix will be also used.

Lemma 2.4. [20] Let A, B € M, be Hermitian and let the respective eigenvalues {\;(A +
B)} ANi(A) -, and {\i(B)}!, be arranged in increasing order. Then

foreachi=1,2,....,n.

3. THE STABILITY OF EQUILIBRIUM: GENERAL CASE

In this section, we first present a framework for stability /instability of equilibrium corre-
sponding to a binary pattern. We also study the Lojasiewicz exponent of the potential at
these equilibriums which implies exponential convergence.

The tool for deriving stability/instability is to use Lemma So we first consider the
potential difference.
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Lemma 3.1. Let n be a binary pattern, and let ¢*(n) be the phase-locked solution of ([2.1))
satisfying (1.2)), then there exists a neighborhood N (¢*) such that for any ¢ € N (p*),

N N N N

. 1
flo) = fe") = N - (ngmm + 2¢) PYJZ 3N ;jzl Cijning + 8¢) ’Yﬂ

Z Z < it + ) 0 (7}2)

Pj—Pi— ‘P]‘HPZ

where vj; = 5

Proof. For any ¢ € A4 (¢*), we have

©; — i =¢; — ¢ + 2%
It follows from ((1.2)) that

sin(@) — ¢; +75i) = nimssinvyge,  sin(2(9) — ¢;) + 27;:) = sin 27;;.

Then
fle) = f¢7)
| NN L N
= | g 2 2 Cigcos(y — 0i) = g7 2 D cos2p; — i)
=1 j=1 =1 j5=1
L DN N N
— | =g 2o 2 Cieos(y; — i) — 15 D D _cos2(e — ¢))
i=1 j=1 i=1 j=1
AR
= 7% ZZCU [cos(pf — @) — cos(p; — @i)]
i=1 j=1
L NN
+ N ZZ [cos 2(f — ©f) — cos 2(pj — i)
i=1 j=1
1 L R e R e R 2B
—2ZZC’¢j(—2sin : 12 I sin 2 ’2 d Z)
i=1 j=1

N N
€ . * *
o 2o D (2sin(e] — of + o — i) sin(e] — o} — @; + @)

i=1 j=1
N N * *
:_iz C;jsin 2((’% i)+ 2 sin — 2%
Ni 1j5=1 K : 2
- N
~ 5N Z Z sin ( 4,0] ©7) + 2vj) sin (—275:)
=1 j=1

N N

1 X . € .

=N E Cijsin(¢; — ¢; + v53) sinyji + IN E E sin? 2,
i=1 j=1 i=1 j=1

~.
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| NN N N
=N Z Z i TiMj sin? Yji + ﬁ Z Z sin? 274
i=1 j=1 i=1 j=1
N N 3 2 N N 3 2
1 V; £ 2v;
= ZZQ;’UW;‘ (’in — % +o0 (fyj‘)) + 3% ZZ (2'in | ';)J'z) +o0 (fyﬁ))
=1 j=1 i=1 j=1 )
N N 4 N N 4
1 Vi € 16~
SN I R TN IR 9 ol (R T
=1 j=1 i=1 j=1
NN N N
N Z Z (Cijnin; + 2¢) 7322' T 3N Z (Cijmin; + 8¢) ’y;»li
i=1j=1 i=1 j=1
| NN
Tyl ( iinj + 2) o (i) -
z:l 7=1

O

Corollary 3.1. Let ¢ > #, then {@*(&F)}ML | are asymptotically stable phase-locked

states of .
Proof. For any i,j € {1,2,...,N}, ke{l,2,...,M}, we have
Cijéleh + 2
— (ge} +- -+ v b+ T gl ek 426
= GGG+ ETGTEG 1 gTGTIEG 4+ G + 26
> (M —1)+1+ 2.
Then the desired result follows from Lemmas [2.2] and [3.11 0

Next, we derive a sufficient condition for stability/instability of binary patterns. We
introduce the following matrices with suitable dimensions:

> iz Cogmen;  —Casnans —Comona ... —Conmann
H —Cosmang D523 Csman;  —Caamzna ... —C3nn3nN
—Conmony —Csnmany —Canmann -+ 225y Onjnnn;

1:= (1,1,...71)T’ E = 11T’ I:dlag(l,l,’l)

Theorem 3.1. ¢*(n) is asymptotically stable equilibrium if Apin(D — 26 E + 2eNI) > 0.
Furthermore, ¢*(n) is unstable if Apin(D — 2eE +2eNIT) < 0.

Proof. Since vyj; = y1; — 15, we have

N N
Z Z (Cigmin; + 2€) V3

i=1 j=1

N N
=33 (Cigniny +2¢) (v — 1))’

=1 j=1
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N N N N N N
DO Cimmivii+ Y > Cominviy + Y Y (—2Cimm; — 4e) yim;
i=1 j=1

i=1 j=1 i=1 j=1
N N N N
A DIPIELED DB
=1 j=1 i=1 j=1
N N N N N
=23 "> " Coymmivii 2> (= Cumimi — 26715 +2 ) Y (=2Cimem; — 4e) vy
i—1 j=1 i—1 i1 j=1
i<j
N
+4eN Z 7
i=1
N [N N N
=2 Z Z Cijnim; — Cumini — 26 + 2eN | v3; + 2 Z Z (—=2Ciminy — 4e) y1i71;
=1 | j=1 i=1 j=1
i<j

N N N N

=23 "D Ciyming +2e (N = 1) | 15 +2) > (=2Cymin; — 4e) i
=1 | j=1 i=1 1

i i<j

=TT (D — 2¢E + 2eNI)T,

.

~

where T := (712 Y3 ... ’le)T. Since Apin(D — 2¢E 4+ 2eNI) > 0, we see that D —
2¢E + 2eNT is positively definite. On the other hand, Lemma [3.1] tells that

1 N N N N
F9) = F(9*) = 5 D (Cigminy +2) 75 + Y D0 (4]5) -
i=1 j=1 i=1 j=1

By Lemma ©*(n) is asymptotically stable equilibrium point. By similar argument, we
see that ¢*(n) is unstable if Apin(D — 2¢E 4 2eN1) < 0. O

Corollary 3.2. If Apin(D) 4+ 2e > 0, ¢*(n) is asymptotically stable equalibrium of (2.1).

Proof. The eigenvalues of matrix —2¢FE are
—2¢(N —1),0,0,...,0.
N—2

By Lemma [2.4] we have

Amin(D) — 26 (N — 1) < Apin(D — 2¢E).
This implies

Amin(D) + 22 < Apin(D — 26 E+ 2eN1I).
We use Theorem [3.T] to obtain the desired result. 0

Remark 3.1. By Corollary [3.1] or[3.3, any binary pattern 1 is asymptotically stable for
(2.1) if € is sufficiently large.
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We note that in [24], Nishikawa et al. gave a sufficient condition for stability by consider-
ing the Jacobian matrix of order N. In our paper, the sufficient condition is given through
a matrix of order N — 1. Moreover, with the potential approach we can further consider
the Lojasiewicz exponent which gives the convergence rate. The main result is as follows.

Theorem 3.2. Let n be a binary pattern, and let ¢*(n) be the phase-locked solution of ([2.1))
satisfying (1.2)). If 1<mi»2N{Cijm77j + 2e} > 0, then there exists a positive constant C' such
<ij<

that
1F(9") = F(@)I2 < CIVF() oo

Therefore, the convergence towards such an equilibrium is exponentially fast.

Proof. 1t is easy to see

*

*
cos(@j — @i + ji) = nin;j €os Vji.
Set
*
XT; :— . — ; Ty = 1Inax T X — 1min X Lii i — X5 — X4 o :— Inax
A CAN 4 1<3<N{ it o 1<j <N{ it @i 7o 1<”<Nmz‘

we can easily get
200 =T — T, Zl‘Mj > 2a, 275 =1 — T = 5.

Then we have

IVf(@)lloo

| N N

= max |- ; Cyjsin(g; gst ©i)
L - Ry e

=0 |y ; Cij (sin(p; — wi) —sin(@} — ¢})) + N 2 (sin2(p; — @i) —sin2(9; — ¢7)) ‘

N N
= 12?](\1 — Z Cij cos — o + ’yjz) sinyj; + z; €os 2yj; sin 2,

J

= max |— C; COS 7,; Sin sin4
1<i<N Z; iji7j COS V44 SN Vj; + —= Z Yji
J

1 . € :
= 1235\[ ~ Zl Cijmim; sin 25; + N z; sin 4v;;
j= j=

N
1 (2y0)® | (2v)° 6
= x|y Z: Cijning <2'7ji — Ty T to ("5:)

(4, 4y;)?
+EZ<4%Z_ 'YJ) _'_(’;J‘) +0(’)/]6i)>‘
J

=1
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N
2
= 1252)](\[ Zl zjnzn] + 25) Yii — 3N Zl 1377177] + 85) 7]1
J= J
4 N
T I5N Cijming + 32e) 7j; + Z Cijning +¢) o (75) |
]:1 ] 1
Therefore,
al 1
2N Z Cagnin +2€) vji| = max, ‘N Z; (Cijning + 2¢) x4
: J:
1
>~ Z} (Cymjnmn; + 28) T
=
1<mln {Cijnin; + 2} N
= N TMj,
j=1
2 <m1ré {Cijmim;+2¢e}
which implies ||V f(¢)]|oe> —L=— a. It follows from Lemma |3.1| that we have
N N
1
1) = SIS 5 23 |Cigniny + 2]

As a consequence,
1
1£(e%) = F(@)]2 < CIVF(@)loo-
By Lemma (2), the convergence towards such an equilibrium is exponentially fast. [J

In the next Proposition, we will construct a “maximum” set of mutually orthogonal
binary patterns in {1, =1} for special N, which is an example for the above theorem.

Proposition 3.1. Let N = 2" n € N. There exist N orthogonal binary patterns.

Proof. We construct the orthogonal binary patterns using the idea of induction.
e For n = 1, we construct a set of binary patterns:

et=0 1, 2= -1]
e For n = 2, we set
52 1 [gl ,1 51,1]’ §2,2 — [_é—l,l é—l,l]7 52 3 [gl ,2 61,2]7 52,4 — [_51,2 51,2]'

e Suppose the conclusion is true for n — 1, i.e., there exist 2”1 orthogonal binary patterns

gn-Ll gn=12  en=12""" Then for n, we set
gn,l _ [fn—l,l gn—l,l]’ &-n,Q —_ [_én—l,l gn—l,lL fnS [gn 1,2 é-n—l,Q]7 571,4 —_ [_gn—l,Q &-n—l,Q]’
571,5 — [fn—l,?) gn—l,?:]’ gn,G — [_gn—1,3 gn—1,3]7 £n7 [fn 1,4 gn 1, 4]7 fn’S — [_gn—lA fn_1’4],
5n,2"—3 _ [gn—1,2"*1—1 5n—1,2"*1—1] gn,Z"—Q _ [_En—1,2"*1—1 En—1,2"*1—1]

n—1 n—1 n n—1 n—1
é-n 2" —1 [gn 1,2 §n71,2 ]7 gn,Z — [_€n71,2 gn 1,2 }

We obtain the desired orthogonal binary patterns {¢™*}Y | in {1, —1}". O
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Remark 3.2. (1) Proposition shows, there exist N orthogonal binary patterns in
{1, —1}N for N = 2", n € N. Note that in space RY, an orthogonal vector set consists
of at most IV vectors. Therefore, this is a “maximum” set of mutually orthogonal binary
patterns in {1, =1},

(2) If N = 2", let us consider the case that the set of memorized patterns consists of
{enk }]k\’:1 constructed in Proposition Then it is easy to see that

N
Cij= > €Mk =0, Wi#je{l,...,N},
k=1

which leads to 1<mi.2N{Cz’j77i77j +2e} =2 > 0 for any ¢ > 0 and any n € {1,—1}".
17]

Therefore, Theorem [3.2] is available.

(3) The conditions for stability in Section 3| (see Theorem and that in [24] are based
on the spectrum of some matrix. However, to calculate the eigenvalues of a matrix is a
difficult problem if the matrix is large. Therefore, simple conditions for stability that are
easy to verify, are highly desired. In the next section, we will study the special case when
the memorized patterns are mutually orthogonal and derive simple conditions for stability.

4. ORTHOGONAL MEMORIZED PATTERNS

In this section, we will consider the system with mutually orthogonal memorized
patterns {€¥} | ie., €8 - ¢ =0 for any | # k. Simple conditions for stability/instability
of a binary pattern will be derived in Subsection Then in Subsection we study the
equilibrium property and stability /instability of those states on the straight lines connecting
any pair of memorized patterns. Compared to the studies in Section and [24], an important
feature is that the conditions in this section are simple and easy to verify. In Subsection
we will demonstrate that a general case with nonorthogonal memorized patterns can be
transformed to the case of orthogonal memorized patterns.

Throughout this section, we will assume the memorized patterns {ﬁk}l]yz 1 are mutually
orthogonal, unless stated otherwise.

4.1. Stability /instability of binary patterns. As we see in Remark any binary
pattern can be stable if a large € is provided. This means the pattern retrieve process may
give any binary pattern and the effect of memorized patterns is suppressed. So, our interest
mainly lies in the case that the parameter ¢ is temperate. We will show that the phase-
locked states corresponding to memorized patterns are asymptotically stable and isolated
for any € > 0. Furthermore, we will give a criterion to determine the stability /instability
for any binary pattern.

Given memorized binary patterns {€¥}22 | the Jacobian matrix for linearization of

near ¢*(n) is

=T ~Comm + 3% FCusmm+%E ... xCivmn + 5
4 +Cormam + 32 =T ~Casmoms + 3 ... N Conmonn + %
n= - ’
e L 1o L oo L o
~NUNIINTL N NUYUN2INT2 N NUYUN3SINTS N N

- _ N L. o 26 ; f Q-
where T; = > 77 i ;,(5Cijninj + 5 )- For convenience we recall some notations:

1:=(1,1,....,0)" FE:=11" I=diag(1,1,...,1).
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Theorem 4.1. For eachl € {1,2,..., M}, p*(&") is an equilibrium of [2.1) with an eigen-
value spectrum of

—1—-2¢,...,—1—2¢,—-2¢,...,—2¢,0.

N-M M-1

Therefore, p*(€') is asymptotically stable for any e > 0.

Proof. The matrix Ag can be rewritten as follows
2¢e
ASZ = ng + NE — 25[,

where Jg: denotes the Jacobian matrix corresponding to € = 0, i.e., the part of Ag without
e. We recall from [I4] that the eigenvalues and eigenvectors of J. are given by

JaXi = —=X1, JaXo=—Xo,..., JaXn_m = —XN_01,
Ja X! =0x", Jax* =0x% . JaxM =oxM
where X% = (¢&fet, ¢bel, .. ,§]’€V§§V)T, and {X, Xy, ..., Xn_p} is a basis of the space
[span(Xt, A2 aMh)L
Note that
A xM =1 . XM =¢r. el =0 VEke{1,2,..., M}\{l},

and
Xox;=1-x=0,vje{1,2,....N - M},
which implies that EX" = NX" and EX; = EX* = 0(k #1). So we get

2
A& = Ja & + TEX! — 22! = 04" 4 2ex! — 2e2" = 0X",
2
AalXy = JaX; + NsEXj — %X = —X; — 26X = (—1 - 20)&;,Yj € {1,2,...,N — M},
2e
Aa XM = Ja 0 4 NEX“ —2e Xk = 0kl — 2e M = —2:XM Wk € {1,2,..., M}\{I}.

Therefore, p*(¢') is an equilibrium with an eigenvalue spectrum of

—1—-2¢,...,—1—2¢,—2¢,...,—2¢,0.
N-M M-1

The eigenvalue 0 is simple and it has an eigenvector 1, which is due to the global phase shift
invariance, i.e, p*(€!) 4 ¢l is still an equilibrium. So, p*(¢!) is asymptotically stable. [

Theorem tells that the memorized patterns {¢* }{y: , are asymptotically stable for any
€ > 0. This motivates the following definition.

Definition 4.1. An equilibrium of (2.1)) is called e-independently stable if it is stable for
any € > 0. We say a binary pattern n is e-independently stable if ¢*(n) is e-independently
stable.
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Next we discuss the stability of other binary patterns. We find that the quality
M

> ()

k=1
is important for this problem. We first gives a bound for this quality.

Proposition 4.1. Let n € {1,—1}" be a binary pattern, then we have Zﬁ/lzl(fk-n)Q < N2.

Proof. In space RV, the set of orthogonal vectors {gk}gi ; can be extended to an orthogonal
basis {€1,&2,..., &M M+ NV satisfying ¢ - ¢ = N, € {1,2,...,N}. (For | ¢
{M +41,..., N}, the component of ¢ is not necessarily 1 or —1.) Note that 7 is a linear
combination of the basis, say

n=aé +a®+- - +ane.

Then we obtain

N
o= aE &=a &F=aN, k=12..M

N N
non=> a&-&=N> d.
=1 =1

Since n-n = N, we have Zkle(gk -n)? = N? E,]y:l a and Zfil a? = 1. Hence,

M M N
gk'T]Q:NZ a2§N2 CL2:N2-
k k
k=1 k=1 k=1

O

Lemma 4.1. Let n € {1,—-1}" be a binary pattern. If leyzl(ﬁk )2 < N2, then the
equilibrium ¢*(n) is unstable for any € € (0,e,), where &, is given by

(41) _ N2—2£1(§k‘n)2'

En = a
T e 2(N? = (€ m)?)
Proof. For any [ € {1,2,..., M}, we let y = (&in1,Em, ..., E\nn)T. Then

TAny
N N %
:_Z Z ( 1377177] )fﬂhﬁmz Z Z ( zynznj N)dﬁzéénj
i=1 j=1,j#i i=1 j=1,j#i
1 XN 1N XN
== %> D, Cymmj—22(N-1+=> > Cytig L= Z Z Elmictn;
i=1 jfl»jii 1=1 j=1,5#1i i=1 j=1,j#i
N N
Z Z Cz]nﬂ/] N Z C“n”h o 26 Z Z 1]6@6] N Z sz‘fz‘fz
=1 j=1 i=1 j=1

+ 275 Z ;ff”zfﬁm - %E ; Emicimi
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——1§:(§’f %+ M — 2e(N gj M+§(§l- )2 — 2
- N k=1 k: N !
=- 1%(&’“ )2 —2eN + (sl €2 4 2 (gl )2
- N k=1 ! N
S (e m)? =25 (N2 = (¢l m)?)
- ¥ .
Here we used
N N N N M M N N M
SN Cuymng = 3D ehekmy =30 (D ekn) (Yo ) = D¢
i=1 j=1 i=1 j=1 k=1 k=1 i=1 j=1 k=1

Mgk,
If Zfﬂw:l(fk -n)? < N2, we denote ¢} := % > 0. Then for any € € (0,¢]) we

have yT A,y > 0. By the minimax principle for eigenvalues [26], we find that A, has a
positive eigenvalue. Note that e, := maxjc(1 2. ) €], therefore, p*(n) is unstable for any

e € (0,ey). O

According to Remark any binary pattern 1 becomes stable if € is sufficiently large.
The following lemma tells that the € leading to stability of 7 is a continuum.

Lemma 4.2. Let n € {1,—1}" be a binary pattern and o > &1 > 0. If p*(n) is stable for
(2.1)) with €1, then ¢*(n) is stable for (2.1) with ;.

Proof. For convenience, we denote the energy function in (2.2)) by f-(¢), i.e.,

N N M c N N
ZZZQ@ cos(¢ %)-WZZCOS%%
i=1 j=1 k=1 i=1 j=1

It follows from Lemma we have

fer(@) = f (¥"(m) 20, Voo € N(¢"(n)).
For any 9 > €1, we can get by Lemma [3.]

fea(0) = fo2 (0" (1) = fer(0) = fer (0" (0))
We apply Lemma again to see that ¢*(n) is stable for (2.1)) with es. 0

Proposition 4.2. For anyn € {—1,1}" and § = (61,62,...,06n5)T € RV, we have
M

> [(€" - (nocosd)? + (¢F - (nosind))?| < N2,
k=1
where n o cosd = (1 cos dy,m208 g, ..., My cosdy)T and n o sind is similar.

Proof. We prove this estimate by a similar way as in Proposition The orthogonal
vectors {€F }M | can be extended to an orthogonal basis in RY

¢her, . eM M Y
satisfying &' - ¢/ = N,1 € {1,2,...,N}. Suppose nocosd and i osin§ are expressed as
nocosd =bi&t + bo? + -+ byeN,
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nosind = 1€ + e + -+ + eneV.
Then we have
N

8- (nocosd) =Y bi(e" &) = b F =0 N, k=1,2,...,M,
=1

E

¢F (nosind) =) &)=t F =N, k=12,... M,

o~
I

1

N
7 0 cos §||3= (170 cosé) - (nocosd) = szfl ¢ = NZblz,
1=

N
|7 osind|3= (osiné) - (1 osind) chQ§l ¢ = NZCIQ.

Note that
N N N
|n o cos 8]|3+||n o sin d]|3= Z(n] cos §;)? Z n; sind;) Z cos? §; +sin? ;) = N,
Jj=1 7j=1 7=1
we obtain N S b? + NN, & =N,ie LN (b? + ¢?) = 1. Hence,
M M M
> [(EF nocosd) + (€8 (nosind))?| = ST(BEN? + EN?) = N2 D0 + )
k=1 k=1 k=1
N
<N?Y (b7 +¢f) =N,
=1

Now we can give the main result for the stability of arbitrary binary patterns.
Theorem 4.2. Let n € {1,—1}" be a binary pattern.

(1) If Zﬁl(ﬁk -m)? < N2, then there exists a critical strength €, > 0 such that ©*(n)
is unstable for e € (0,e;) and p*(n) is stable for € € (e}, +00). Moreover, g, > &,
where &, is given in (4.1)

(2) If Z]k\/[:l(fk -n)2 = N2, then n is e-independently stable, i.c., it is stable for any
e>0.

Proof. (1) This assertion follows from Remark Lemma {4.1] together with Lemma
(2) Suppose
M
SOk = N2
k=1
Then we can calculate the value of the energy function f in at ©*(n) (denoted by ¢*
with component ¢7),

N N M c N N
Flo ) = =555 DD D &€y cos(e; — ) — 7 D D cos2(e) — )

i=1 j=1 k=1 i=1 j=1

M
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1 N N M N N
k ¢k
=g D2 EEmn e > D]
i=1 j=1 k=1 i=1 j=1
1 M 5
k 2 2
=—— - —N
21\[}4:21(5 ) AN
Ly N
2N 4
_ N &N
2 4

For ¢ € N(¢*), we denote
5j:<pj—90;, jZl,Q,...,N.

Then
cos(ipj — @) = cos(¢] — ¢} +3; — &)
= cos(p; — ;) cos(d; — 6;) — sin(p; — ;) sin(d; — d;)
= n;nj (cos d; cos d; + sin d; sin &;) .
We have
1 XN o NN
_ kck N & o
o) = =55 2 £1€5 cos(pj — i) — 137 D D cos 2w — #i)

i=1 j=1

1= 114
M= Tz 1M

N N
k ¢k . . 3
&§'Eimin; (cos & cos d; + sin d; sin d;) — N Z; 221 cos 2(pj — i)
=1 j=

N N M
fzkff??mj' €08 0;j COS 0 — === Z Z Z fféfnmj sin d; sin 6;

Il
Ml
2|~
-

N
Il
—
.
Il
—

I
5|
=
-

@
Il
—
<
Il
—
e
Il
—
-
Il
—_
<
Il
—
e
Il
—

cos 2(p; — i)

=
=
M=

i=1 j=1
1 Q- 2 1 s P ey
:_w;(g (10 cosd)) _m;(g - (nosind)) —M;;COSZ(‘PJ'_S%)
1 M c N N
=~ D |(€F ocosd) + (€ (nosind))?| — D7D cos2(ps — @)

ES
Il
—
-
Il
—
.
Il
N

3

mNQ = f(¢*(n)).

Here we used Proposition and cos2(p; — ¢;) < 1. By Lemma ©*(n) is stable. O

%

!
=/ -

Remark 4.1. Theorem [{.3 tells that the binary patterns can be classified into two types:
e-independently stable or not. A question naturally arises: if there is any e-independently
stable binary pattern other than the memorized patterns ¢ We will give an example in
Subsection which shows that there can be some “extra” e-independently stable binary
pattern other than the memorized ones.
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Let P{—1, 1} denote the power set of {—1,1}?. We define a mapping G : P{—1,1}¥ —
P{1, —1}N which carries a set of memorized binary patterns to the corresponding set of
e-independently stable binary patterns. Therefore, for a set of mutually orthogonal binary
patterns {€!,..., &M} we have

M
Gy ({eh- €)= {n {1, -1 | Yo m? = N?}.
k=1

In the following context, we regard the patterns n and —n as the same one. Next we study
the monotonicity of this mapping and begin with the following proposition.

Proposition 4.3. Let € {1,—1}" be a binary pattern. Then S0 (€F-n)2 = N2 if and
only if there exists (a1, as, ... ,ay) € RM such that n = ch\il aipk.

Proof. (Necessity) Let n be a binary pattern satisfying Zkle(gk -n)? = N2. For the set of
memorized orthogonal patterns {§k}£4: 1, it can be extended to an orthogonal basis in RN:

51 527"‘7£M7£M+1""7£N

which satisfy ¢ - ¢ = N,1 € {1,2,...,N}. Then there exists (a1, ...,an,a1,...,an) €
RN such that

M N
n=> a+ > ah.
k=1 k=M+1

ACCOI‘dng to Zl@il(ﬁk 77)2 = N? and fk -n=arN,k=1,2,..., M, we see ZQJZI(Z% = 1.

Note that N
SETRE ST ST RN ol I

k=M+1 k=1 k=M+1
then we obtain Zk:MH ak =0, ie, ap = 0,k = M+ 1,...,N. Consequently, n =
Z;@V[d ar€".
(Sufficiency) Let n be a binary pattern satisfying n = Z]k\/[:1 apéf ar, €Rk=1,2,..., M,
then we have N =n-n = Eﬁ/le a2 N, and so Ekle a2 = 1. It is easy to see that Z,]y:l(&k .
M
n)? =31 aiN?= N2 O
Theorem 4.3. Let My < My and let {&*, ..., M .. M2} be a set of mutually orthogonal
patterns. Then

Gy ({&,....eM)) c Gy ({€h ..., M, L e

Proof. Foranyn € Gy ({51, . ,ng}), by Propositionwe see that there exists (ai,...,an)
such that n = 224211 apé®. Let ap, = 0for k = My+1,..., My, then we have n = Ziw:ll aptk =
ijl ap&®. Applying Propositionagain we obtain g € Gy ({fl, oM ,fMQ}). O

Theorem 4.4. Let N; € N and let {€*}M < RY and {€¥})L, < RN*M be two sets of
mutually orthogonal binary patterns such that

& = [¢",¢"]
for some €5 € {1, =1} Then
Gvim (1€, < Jon (e ).
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Proof. For any 11 € Gn4n, ({él,...,éM}), we let 77 = [n,7] with € {1,—1} and 7 €
{1, -1}M. We define a mapping T : 7j +— 1. We prove the desired result by showing that
T is an injection from Gy, ({él,...,fM}> to GN<{§1,...,§M}). We first show that
T(n) € Gy ({{1, . ,§M}>. As M (€8 - 7)? = (N + Ny)?, Proposition tells us that

there exists (a1,as,...,ay) € RM such that 7 = Zﬁ/le apE®. Note that 1 (£¥, resp.) is the
vector consisting of the first N components of 7 (¥, resp.), therefore we have

M
n=>_ a.
k=1

Applying Proposition we obtain T'(7) =n € Gy ({51, e ,§M}).
Next we show T is an injection. Suppose 7,¢ € Gnin, ({él, . ,éM}> satisfy T'(7) =
T'(S). Denote
n= [nvﬁ]a <= [96]7 with 7, ¢ € {_171}N'
By Proposition there exist (a,as,...,ay) € RM and (b, bs,...,byr) € RM such that
Mo Mo
7= al", <= be"
k=1 k=1
Then we have T(7) = S0 apcF and T(S) = S0, bpek. Since €1,..., &M are linearly
independent, T'(77) = T'(<) implies that ap = by, for k = 1,2,..., M. This tells that  =¢. O
In the following context, a set of binary patterns {&* M RV constructed by
&8 = [¢",éM

is called a [lift of the set of binary patterns {&* ,]y: , C RN. Next we prove that we can
construct a lift to avoid the “extra” e-independently stable binary pattern.

Theorem 4.5. Let {5’“}%21 C RN be a set of mutually orthogonal patterns. Then there
exist N1 € N and a lift {€¥}2, < RN such that

G, ({51,...,§M}) — (&L, éMy,

Proof. By choosing suitable N7 we can construct a set of mutually orthogonal patterns
{e, ..., €M} c RM whose first M components ff (j=1,2,..., M) satisfy

) 1, | £k, )
(4.2) 6}“2{_1 iik (k=1,2,...,.M~1), and &M =1.

Here, (£.2) gives only the first M components of {€!,...,6M} and the other Ny — M
components should be constructed so that {¢!,...,£M} are mutually orthogonal. (The
existence of such Ny and {¢!,...,M} is justified in Subsection ) We claim that any

binary pattern in Gy, ({él, . ,éM}) must coincide with a pattern in {él, . ,éM}. Let
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1 € Gn, ({él,...,éM}>, by Proposition there exists (ay,...,ap) € RM such that
n= 224:1 akfk. Then we have Zlﬂle a% =1 and each component of 7 is —1 or 1, that is,
(4.3) 1) + a2 + -+ ané)| =1, vie {12, M}

Substituting (4.2)) into the first M equations of (4.3), we obtain

|—a1 +ag+az+ - +ay-1+aml =1,
lay —ag +az+---+ay-1+ay| =1,
la1 + a2 —ag + -+ ap—1 + am| = 1,

(4.4)
lay +ag +az+ - —ap—1+ay| =1,
lar +ag+az+ - +apy—1 +apm| =1
Now we claim that there exists kg € {1,2,..., M} such that aio = 1. Suppose not, we have

az # 1 for all k£ € {1,2,...,M}. We combine the first and last equations in (4.4]) to see
a; = +1 or 0. In view of ai # 1, we have a1 = 0. Similarly we combine the second and last
equations in , together with a% = 1 again, to find that as = 0. Note that we can repeat
the same argument to obtain a3 = a4 = --- = apy—1 = 0. Then we recall to find finally
that |aps|= 1, which contradicts to a3, # 1. Therefore, there exists kg € {1,2,..., M} such

that a%o = 1. SiPce Zyz} az = 1, we obtain 7 = :i:éko. This proves the claim since we do
not distinguish £¥ and —¢&*. B
We now construct a lift {¢¥}2, of {¢*}M by
g =[¢", ",
Note that {¢*}M  and {ék} , are sets of mutually orthogonal binary patterns, then so
does {€¥}M . By Theorem we find that

G (1€, 81| < Jom (181, 813).
Now the claim above tells that Gy, ({fl, . ,éM}> = {€',...,€M}. On the other hand, by
Theoremwe find {€,..., €M} C Gnan, ({{Nl, .. ,EM}>. Therefore, we have
G, (€0 8) = (81, 6,
U

4.2. Instability of middle states. In [14], Holzel et al. considered the case e = 0 and
proved that any point in the straight line connecting *(£¥) and ¢*(&!) is an equilibrium.
Under some conditions they also claimed that ¢*(£¥) is neutrally stable (see [14, Theorem
2.3]). To simplify the notations, in this subsection we use ¢** to denote ¢*(¢*) and use go;‘fk

to denote cp;-‘(fk). For (2.1) with e = 0, Holzel et al. proved the following result.

Lemma 4.3. [14] When e = 0, ©** are non-isolated and they are part of a single, connected
set of degenerate stationary states which comprises all straight lines connecting any pair
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©*F p* in phase space defined by

(4.5) O*F +u(p — ™), VueR.
In this subsection, we will study the system with € > 0. Let
ou = 0" + u(p” — o**)

and we use (¢,); to denote the j-th component of ¢,. For two binary patterns ¢k and &,
we set

)

Jii={Ge{1,2,... N} = ¢ & = by,
Toi={j e {1,2,...,N}| & £ &, ¢k = by,
Tyi={j€{1,2,...,N}| &t = & &k £ ¢by,
Joi={j e {1,2,..., N}| & # &l &b 2 eky,

then J; # 0 since 1 € J;. We use |J| to denote the cardinality of a set J, i.e., the number
of elements in J.

Proposition 4.4. The patterns & and € are orthogonal if and only if | J1|+|J4|= |J2|+|J3|=
4.
Proof. Since &* and ¢! are orthogonal, we see
|Ji|+|J2|+|J5|+|Js|= N, and  |Ji|—|J2|—|J5|+|Js|= 0.
The result immediately follows. O

According to Proposition [I.4] at least one of J and Js is not empty. Without loss of
generality we may assume that Js3 is not empty in the following.

Proposition 4.5. ¢, is not an equilibrium if u € (—%,0) U (0, 3).

Proof. Tt follows from Lemma [4.3] that for any i = 1,2,..., N,

1 N M
= DY ek sin((p); — (pu)i) = 0.

j=1k=1
Therefore, it suffices to show that there exists ig € {1,2,..., N} such that

N
(4.6) > sin2((pu); — (Pu)ig) # 0.
j=1
Since
g 0, &=¢k
‘@jk - Soik = {7‘( gjk ” fk
) j )

According to the global phase shift invariance, we can choose the representations of ¢**:
T 7T 77
o= (0,2 (1-ebeh), T (1-eheh). . S (1-ebeh)).

and without loss of generality we can make a similar choice for ¢*'. We claim that ¢, is
not equilibrium point if u € (—%,0) U (0, §). It is easy to see

o T g T :
ik = §<1_5{€g3’?>, it = 5(1—&5;), Vj=1,2,...,N.
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This implies 2(@}’“ — k) = ek (gl - ff) = 0 or £27, and therefore,

N
S sin2 ((p); — ()
j=1
(4.7) :zN:sin2 ([«p}*’“ +u(ef — wj’“)] - [ﬁk +u(p) - @?’“)D
j=1

N
= sin [2u(¢}' - ¢} - ol + 1)
j=1

Let ig € J1, we can find

o) =t =l vl Vi€

0 =it = (P m) — el = el — i T Vi€
o) — o = — (e M) =g~ — T, Vi€
o — i = (P + ) — (Pl +m) = ol — ol Vi€ Ja
We substitute into to find

(4.8)

N
Z sin2 ((¢u)j — (Pu)io)
j=1

N
= sin [2U(90;fl — ot 4 @?ﬂ
j=1

= Z sin 2u0 + Z sin 2um — Z sin 2um + Z sin 2u0

jeN jEJ2 JjEJ3 JEJs
= (|J2|—|J3]) sin 2u.

e Case 1: If |Jo|—|J3]# 0, we obtain
N
ZSin2 ((Sou)j - (‘pu)io) # 0,
j=1

in view of u € (—3,0) U (0, 3). In other words, 4 justifies (4.6)).

e Case 2: If | Jo|—|J3|= 0, we obtain |Jo|= |J3|= % by Proposition In this case we need
to find another iz) to justify the desired estimate (4.6]). Let iz) € J3, we deduce that

(4.9) o = =iy — iy —
We substitute (£8) into (4.7) and use (£9) to find that for u € (—3,0) U (0, 3)
N

S sin2 () — (pu)y )

j=1
N

=3 sin [2u(ejl = ¢ — o3l + 1)
j=1
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:Z sin [2u (goz‘é — ik — goz + @ff)] + Z sin [QU (gofé — o — gojé + @jf)}

NS JEJ2
+ Z sin [2u (goz‘é - gpff -7 — cpjé + gojf)] + Z sin [2u (gofé - tp;"f - QDZ + @j&kﬂ
JE€J3 JE€J4

=|Ji|sin 2um + | Ja|sin dum + 0 + | J4|sin 2un
=sin 2ur (|J1]|42|J2|cos 2um + |J4])

. N N
=gin 2um 5 + 5 cos 2um

N
=5 sin 2um (1 4 cos 2um) # 0.

We now Combine Case 1 and Case 2 to see that ¢, is not an equilibrium if u € (—3,0) U
(0, 3)- 0
Theorem 4.6. ¢, (u € R) is an equilibrium if and only if u = 3, m € Z.

Proof. By Lemma again, it suffices to show that for any ¢ € {1,2,..., N} we have

N
ZSin?((‘Pu)j — (¢u)iy) = 0.
—1

The proof is divided into three steps.
e Step 1: For any u € R, there exist v € [—1 5 2) and z € Z such that ©v = v + z. We claim

that ¢, is an equlhbrlum if and only if ¢, is too; this means that we only need to consider

©u with u € [-3 3 5) instead of u € R. Indeed, we have

sin2((0); — (2
=sin2 ([ +ulej' = )] - [soz*’wu(w;fl—go:k)])

([t + 06t = o)+ 2t = 059)] = [+ o(ett = 9%) + (et = 9] )
=sin (2| ()" + v(¢}' - wz*’“)) — (e + e —ot))| + 2205 — o3 — i+ i)
—sin2((p0); ~ ()

This implies that ¢, is an equilibrium if and only if ¢, is too.
e Step 2: We show that ¢, is an equilibrium if u € {—%, 0}. For u = 0, it’s obviously true.
Ifu= 2, we use the relation ([1.2)), i.e.,

P _ ¢D
= 07 gj_é-l’ p:1’27""M7
n, € #EP

—=sin 2

*p +PD
‘90]‘ ¥

to derive

sin2 () — (e =sm2 [ (w4 = 1 (61— t) ) = (it = 3 (w1t - ¥) )]
=sin |3 (o} — 1) - (o' = )] = 0.

which shows that ¢, is an equilibrium.
e Step 3: In Propositionwe proved that ¢, is not an equilibrium if u € [—%, %) \ {—%, 0}.
Combining Steps 1-3 yields the desired results. O
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Next we study the stability of equilibriums ¢, in (4.5) with v = %, m € Z. In order to
classify these equilibriums, we define an equivalence class as follows:
[¢] :=={@| Fq = (q1,q2,...,qn) € ZV, such that $ = ¢ + 27q}.
Proposition 4.6. Given ¢, = o +u(p* — o**) u = 5, m € Z. We have
(1) if m = 0 (mod 4), then @, € [¢**],
(2) if m =1 (mod4), then ¢, € [p1],
2
(3) if m = 2 (mod 4), then @, € [p*],
(4) if m = 3 (mod 4), then p, € [g@g]

Furthermore, if ¢, and @, are taken from the same equivalent class, then p,, is stable if
and only if p, is stable.

Proof. The assertions (1)-(4) are obviously true and we omit the proof. The last statement
holds true due to the 27 periodicity of the system. ([l

If m = 0 (mod4) or m = 2 (mod4), ¢, coincides with the stable equilibrium ¢* or ¢**.
For the state ¢, with m = 1 (mod4) or m = 3 (mod 4), in this context we call a middle state
of p*! and ¢**. Next, we prove the instability of middle states. Therefore, the existence of
such equilibriums does not matter much in applications.

Theorem 4.7. If the memorized patterns {§k}£/1:1 are mutually orthogonal, then for any
k,le{l,2,...,M} with k # 1, the equilibriums p1 and @3 are unstable.
2 2

Proof. We only show the proof for the instability of @1, and the proof for ¢3 is the same.
2 2
The linearization matrix J = (J;;) of (2.1]) at 1 is given by
2

N N
Jii = *% > Cijcos ((@%)j - (90%)1') - ?\,j > cos2 ((80%)3' - (60%)1') :
J=13#i Jj=1,j#i
Jij = %Cz‘j cos <(90%)j - (w%)i) + %0082 ((‘P%)j - (cp%)z-) ., J#

We will show JX* = 2eX* to see that 2¢ is an eigenvalue of J, which implies the desired
result. Note that for p =1,2,..., M we have

*p  p *p _ kp %f?ff - %7 SD;p = (P:p -7,
#j P 1 D ¢P 1 P Pi Lepep | 1 *p *p
cos—— = 5@@ + 2 S = = 3586t v =g+,
* *
0, ‘Pjp = ‘Pz‘p-

Let
(p"fl:(p’f‘l—ﬂ' Sp”fl:@’f‘l{-ﬂ'
Ilzz{a,j)]{ h_7 or { L7 }

ot =gt —m ot =i+

L L Ko ol
I := {(i,j)’ { P TTT { "% T },

(P;k:@;kk_ﬂ' @;k:@:k+ﬂ
Ii={@9)|ef = ¢ or ¢t =gt}

Then, for any j # i, we obtain

)) = cos ((pj _H‘Dj _ ‘pil +‘Pz‘k>
i) =

cos ((3); — (o3

2 2
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I N L L
= COS COS — Sin Sin
2 2 2 2

(3¢ + >@$ﬁw—> (3ekel - H(f%k—% (i,j) € Ih
(e + DB+ 1) — (38 + DBk - 1), (i,)) e b
(l

5+ 35 5’“6’“ 3); (i,7) € I3
5EhEl+ gsfff, (i,5) € Ih
- 2€l§ £k§k+ 27 (Zvj) EIZ'
(3&56E+ D GEREF+3), (i,4) € Is.
This implies
(3¢t + %f;%b&fg;, (i,§) € I
cos ((123); = (¢1):) €h¢} = Gl + D, (i.4) € I
(365 + D(3ekel + Hgkel, (i) € I3
3(&er +€reh), (.)€ L
= { 3(&lek + kel (i,7) € I
(4.10) T oolok o thil e kel o chel :
' 4(5 &G +€j§i+§i£j+€i€i)7 (i,J) € I
(3&heh+ éfﬁ?&f)éﬁ“d, (i,5) € Ih
= <%5l§%'€§k 1yeke, (i,4) € I
(38 + )5 é’“&’“ DEre, (i,5) € Isp

= cos ((SD%)] - (80%) ) 51 fz,
and

(411)  cos2((p1); = (p1)) = 2008 (1), = (01)i) =1 = gfelehel, vj #i.

Therefore, the ith component of JX* is given by

RS % o ol
i Z Cij cos <(90%)] - (80%)1) - cos 2 ((gp%)] - (30%)2) £re
J=Li# J=15#i
N
+ Z |: C’L] Ccos ((90%)] - (90%)7,) + NCOSQ <(SO%)] — (SO§)1>:| é‘fé‘j
Jj=1,j#i
S ol 26 % Lol
=-N Z Ci;j cos ((90%)]_(90%)1> gzgz_ﬁ Z cos 2 (4)0%)]_(@%)1) 303
J=1,j#i j=1,5#i
LS kel 2 Lol
+ N Z ‘Cij cos ((‘P%)J - (‘P%)z) 56+~ | Z ‘cos2 (((p%)J — (90%)1) &5E;
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% & % &
Lol ek ok ehgl Lol ek ok ek gl
= N ijfifj §G&&+ N Zfﬁiﬁj & &5
= =

N
2e
--ES g+ 25
]71
kel _ B, Kl _ kl :
where we used (4.10)), (4.11]) and £~-¢" = 0. This is JX 2e X", Hence, ¢ 1is unstable. [

Remark 4.2. In this section, we have studied the stability/instability of equilibriums cor-
responding to binary patterns or states in the straight lines connecting a pair of memorized
patterns. However, it is still possible for a non-binary stable equilibriums to emerge (we call
non-binary if it does not correspond to any binary pattern). Therefore, an open question is:
can we avoid the non-binary stable equilibriums by introducing a lift ?

4.3. Nonorthogonality and orthogonality. In this subsection, we discuss the case that
the memorized patterns are not mutually orthogonal.

If the M memorized patterns are mutually orthogonal, Theorem tells that each of
the memorized patterns {€F } | is e-independently stable. Then a question is, whether the
memorized patterns are still e-independently stable if they are not mutually orthogonal ?
The following example gives a negative answer.

Example 4.1. We set the memorized patterns {¢1,£2, &3} as
gd=p 11 -11 -1 1 -1, &=11 -1 -1 -1 1 -1 -1],
GS=n11 -1 1 -1 -1 -1 -1],

and we consider the stability of &' by Theorem . Calculating the eigenvalues of D —
2¢eE + 2e N1, we obtain

166 +4, 16648, 16e+38, 16e+8, 16+ 8§,

V196e2 — 68 +17 1 V196e2 — 68 +17 1

9e + — =, 99— - -

2 2 2 2
There exists a positive €, > 0 such that the last eigenvalue in the above list is negative for
€ (0,e4) and positive for ¢ > e,. Therefore, ©*(£Y) is unstable if ¢ € (0,e4), and the

memorized pattern €' is not e-independently stable.

Example shows that the general case is indeed different with the ideal case with
orthogonal memorized patterns. This means that the nice theory in this section is not
available when we consider a general case. Next, we will explain that a pattern retrieve
problem with nonorthogonal memorized binary patterns can be transformed into a related
problem with orthogonal memorized binary patterns by introducing a lift.

Let {¢¥}M < {1,-1}M N; € N be a set of binary patterns which are not mutually
orthogonal. The basic idea is as follows: First, we construct a set of mutually orthogonal
patterns {5’“} w1 Which is a lift of {ﬁk 1 by adding some components for each pattern.
Let us denote the dimension of patterns {fk} by Ny (Ng > Np). We now use {£¥}M | as the
memorized patterns to produce a system with Ny oscillators for pattern retrieve. For
a defective pattern n with dimension Ny, we also lift the dimension to produce a “larger”
defective pattern 7. After a pattern is retrieved using system with memorized patterns
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{gk}g/[: , and defective pattern 7] , we remove the No — Ny elements to obtain the recognized
pattern. In Subsection [5.4] we will use a simulation to illustrate the above framework.

In the following, we just show that the required lift (with mutually orthogonal binary
patterns) does exist. Let {€F}M | C {1, 1} be a lift of {¢*}M . For ajas...ap with
ar € {0,1},k € {1,2,..., M}, we define

Jilag...aM = {] € {1727 s aNl}‘ gjl = (_1)(115%75]2‘ = (_1)(125%7 s 753]\4 = (_1)aMé{w} )
Py = {31 10 1N: 20000 0] € = ()88 = (-1 8. 8 = (1)o@t}

Then we have

Z ’J(;ag...aM‘: N17 Z ’ngag...aM’: N2 - Nl'

aiaz...aps a1az...aps
a;€{0,1} a;€{0,1}

To simplify the notations, in the following context we will omit the subscript “a; € {0,1}".
For any k,l € {1,2,..., M}, by Proposition we see that &F - € = 0 holds if and only if

Z (|J51a2...aM|+|‘]31a2...aM|) + Z (|Jal,1a2...aM|+|J(31a2...aM|)

a1az...apns a1az...apns

ap=a;=0 ar=a;=1
1 2 § : 1 2
= Z (|Ja1a2...aM’+’Ja1a2...aM’) + (’Jmag...aM‘_HJalag...aMD
ai1az...apnr a1a2...apns
ap=0,a;=1 ap=1,a;=0
No
PR
that is,
N.
Z |nga2...a1\/1|+ Z |‘]31a2...aM = 72 - Z |J01,1a2...a]u|_ Z |J(11a2...aM|7
a1ag...apng a1ag...apng a1a2...an a1a2...ans
ar=a;=0 ap=a;=1 ap=a;=0 ap=a;=1
N.
Z |J31a2...aM|+ Z |Jc%1a2.,.aM’: 72 - |J31a2...aM’_ Z ’Jc;az,..aM"
a1az...anr a1az...anr a1az...anr a1az...anr
arp=0,a;=1 ar=1,a;=0 ar=0,a;=1 ar=1,a;=0

For each pair (k,1), there are two linear equations as above in which |JZ ,, . |'s are the
unknowns. So, there are 202, = M(M — 1) linear equations with 2" unknowns. It is
easy to see that taking an appropriate No, the equations have a solution. So nonorthogonal

binary patterns can be transformed into orthogonal binary patterns.

5. NUMERICAL SIMULATIONS

5.1. Orthogonal memorized patterns. We consider a network with N = 16 oscillators
and M = 3 memorized orthogonal patterns {¢!,£2,¢3} with e = 0.03

1 &S 0.03 &
@i:mzlzgigjsnl(@j_@i)—F16;Sln2(g0j—g0i),121,2,...,16.
1= — J=

The memorized patterns {¢1, €2, €3} and the defective pattern 7 are shown in Figure |1 We
apply the two-step process and after the initialization stage the phase shifts will evolve
towards a distribution reflecting the pattern n. We see from Figure [I| that 7 is a slightly
defective copy of &', and Figure [2| shows that the final state reflects ¢! since m! = 1 and

m? = m? = 0, where m* denotes m(¢£¥). We notice that there is no e-independently stable
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binary patterns except the memorized patterns {¢!, €2, ¢3} by examining the condition in
Theorem

FIGURE 1. The memorized patterns ¢!, €2, ¢3, and the defective pattern 7.

1
m!
— — m?
0.8 [
0.6
0.4
~
0.2 oo~
0 T —
0 20 40 60 80 100

FIGURE 2. 7 correctly identified ¢!.

Next, we do a simulation with N = 16 oscillators and M = 7 memorized mutually
orthogonal patterns {fk}zzl, shown in Figure |1| and Figure We choose ¢ = 0.03 and
initial data ¢(0) € [0, 7]

(0.74, 0.25, 3.76, 3.80, 3.24, 0.05, 4.33, 5.94, 5.49, 0.71, 2.23, 1.52, 3.52, 3.85, 1.89, 5.01).

In Figure [4] we can see that o(t) converges to *(7) and it is easy to verify that this 7
is e-independently stable by Theorem since ZZ:1(fk -7)? = 162. This example shows
that an extra e-independently stable binary pattern 7 emerges with the memorized patterns
{¢*(€F)}7_,. This gives an answer for the question in Remark

&t & & &

FIGURE 3. Mutually orthogonal patterns &4, ¢%,¢6,¢7.
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1 T — — m’
;// —- - f:'l'.'
0.8 T
0.6 / - ::
I P (i) i
Ny
12N 1 |1 [ |1
0.2 \“\ 101 [ |1
_ 111 |1
D - I i ——
1 (1 1 1
0 50 100 150 200
(a) (b)
FIGURE 4. ¢(t) converges to ¢*(7).
€]0.05]0.10]0.15 ] 0.20 | 0.25[0.30 | 0.35| 0.40 | 0.45 | 0.50 | ... | 0.75

number | 6| 6] 6| 6| 14| 14| 14| 14| 110] 15776 | ... | 65536

TABLE 1. The number of stable binary patterns for different values of e.
Here, the six stable patterns for small ¢ are £¢1, 62 and €3,

5.2. Varying e. In this subsection, we use simulations to examine how the values of &
influence the dynamics.

First, we consider again the mutually orthogonal memorized patterns {¢', €2, £3} shown
in Figure We examine the stability of binary patterns by computing the eigenvalues
of Jacobian matrix. For given €, we count the number of binary patterns at which the
Jacobian matrix has (N — 1) negative eigenvalues (0 is an eigenvalue due to global phase
shift invariance). Table|l|shows, as the strength ¢ increases, the number of (asymptotically)
stable binary patterns is gradually increased. This is consistent with Lemma On the
other hand, this means that for different binary patterns n; and 72, the critical strengths

*

N )
Em and Ep, Can be different.

Next, we do simulations to show how the strength e influences the dynamics. In Figures
we illustrate the trajectories of ¢(¢) with respect to time ¢ for different ¢ and different
retrieved patterns £F. They show that the convergence typically become faster as the
strength e increase. For the solutions in Figure [6] we make a table for the phase differences
@;(t) — p1(t) at t = 100, see Table 2l Note that for different €, the values ¢y, are equal
or differ by 27; this means that the solutions converge to the same binary pattern. Then
an interesting future problem is how does the basin of a stable binary pattern changes
according to different choices of € 7
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10 10

)
I

) 0 20 40 60 80 100 ) 0 20 40 60 80 100
t t
(a) e =0.05 (b) e=0.35

FIGURE 5. ¢(t) converges to ¢*(£2).

10 10

"

o
2 . . . .
0 20 40 60 80 100 40 60 80 100
t t
(a) e =0.05 (b) e=10.35

FIGURE 6. ¢(t) converges to ¢*(£3).

£ D12 D13 D14 D15 D16 P17 D18 P19
0.05 0 3.1416 | 3.1416 0 0 —3.1416 | —3.1416 | 3.1416
0.35 0 3.1416 | 3.1416 0 0 —3.1416 | —3.1416 | 3.1416
el ori0 | P11 | Y112 | Priz | Pru $1,15 $1,16
0.05 | -3.1416 0 0 3.1416 | 3.1416 6.2832 6.2832
0.35| 3.1416 0 6.2832 | 3.1416 | 3.1416 6.2832 6.2832

TABLE 2. ¢1j := @;(t) — ¢1(t) at t = 100 for the solutions in Figure [6]

5.3. Recognition with non-binary initial patterns. In this subsection, we do simula-
tions to show how our model can be used to recognize a binary pattern (black-white
image) from a given non-binary “pattern” (gray scale image). The idea was briefly intro-
duced in Section [l
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As a typical image file format, the bitmap image is a grid made of rows and columns
where a specific cell (pixel) is given a value that measures its color. For a typical gray
scale image, the value is called the gray scale which is set in [0,255]z (the set of integers in
[0,255]) where 0 stands for “black” and 255 for “white”. So a gray scale image is a vector
P = (p1,p2,...,pN) in [0,255]5 where N is the number of pixels. For each cell we identify
an oscillator so that we can make a system with N oscillators, where the memorized
patterns {£1, €2,..., &M} should be given according to the real situation. In order to use a
gray scale image as an initial data for , a reasonable way is to perform a transformation
from [0,255]z to [0, ], which is equivalent to extend the binary patterns in {—1,1}¥ to
non-binary patterns in [—1, 1]N . For this aim we employ two continuous and monotone
maps g and f

0,255z % [-1,1] L5 [0, 7).
Then we produce an initial phase data ¢° € [0, 7] by ¢? = (f o g)(p:)-
In our simulation, we use the simple maps
2 s

g@)i= gz =1, [(2) =

For simplicity we take N = 16, and use the orthogonal memorized patterns {&!, &2 €3}
shown in Figure [I|again. Figure[7| gives three non-binary patterns (gray scale images) 71, 72
and 73 where the gray scales are denoted by values in [—1, 1]. We will identify each of them
a memorized pattern by and the initial phases are

2007 1257

(x+1).

¢ (m) = (0 5 0O 07 #m 7 m 00 =5 0O = © w m),
157 2007 157
0
—(0 7 0 = 707 0 8 &0 0 X
pl)=(0 m 0 op m 0m 0 5 m 0w om0 5 O
2007 2007 1707 1837
0
= (=2 0 0 =" =T 0 Ty,
) = 55 T 255 " " 255 T 255 )

In Figure [§] we see that the three gray scale images have been successfully identified.

™ 12 03

-1 geop| -1 -1 (IR ) coopl 2 |1 |12
1|1 |1 |1 11 1 |1 A a1 |1
-1 -1 1 1 |1 _
El15) E1200) 1 1 . 1
1 1 1 1 1 1 e [ L 1 1 1| as

FiGURE 7. Gray images

5.4. Extending nonorthogonal memorized patterns. In this subsection, we give an
example to illustrate that the case of nonorthogonal binary patterns can be transformed to
the case of orthogonal patterns by extending the dimensions, as proposed in Subsection

Consider N1 = 63 and M = 3. The memorized nonorthogonal patterns {¢!, &2, &3} are
shown in Figure [0 and two defective patterns {¢i,c} are given in Figure Notice that
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1|, — 1 JE—
i —m! g — = 1 T
—_ = m { HI" - ”‘2
0.8 0sl/ 05 o
/ - m
0.6 06 0.6
0.4 0.4 04| .
N
0.2 0.2 0.2 ~
P I T — 0 op T R
0 20 40 60 80 100 0 20 40 60 80 100 o 20 40 60 80 100

(a) (b) (c)

FIGURE 8. ¢&1,€2,¢3 are retrieved with defective patterns 11,12, 13, respectively.

the defective patterns ¢; and <o are obtained by wiping the black cells in two rows of the
pattern £3.

Next we will use the framework in Subsection 3] to retrieve one of the memorized
patterns that is closet to the defective ones. We extend the memorized patterns {¢!, €2, ¢3}
to {51,52,53} shown in Figure Note that the dimension of each pattern is extended
to Ny = 180 and the new patterns {51 52 53} are mutually orthogonal. We now develop
a network Wlth 180 oscillators using {51 §2 53} as the memorized patterns. According to
Theorem [4.2[ we know that the patterns {fk |54 »—, are asymptotically stable for any € > 0.
In order to perform the pattern retrieve with defective patterns {s1,%2}, we extend them
to new patterns {1, %} with 180 cells, shown in Figure Here we extend the defective
patterns by adding No— N cells and each of these extra cells is given a “gray scale” in [—1, 1]
which is the average of that in the extended memorized patterns {{1 e, 53} To retrieve
a binary pattern we are using the recognition process with non-binary initial patterns as
in Subsection Figure show that §~3 is retrieved which gives the pattern &3 after
removing the extra cells.

£ 1 f‘J E.-x
1 (1|1 |1 |1 |11 1 (1|1 |1 |1 |11 1 (1|1 |1 |1 |11
1111 11111 111 111 111 111
111 11111 1 1111 1 1 1111 1
1111 11111 1]1 |1 |11 1 1]1 |1 |11 1
1111 11111 111 )1 (1 111 111 111
1111 11111 1111 11111 1]1 |1 |11 1
1111 11111 111 1 (1 (1)1 1 1111 1
111 111 1 1 111 111
1 (1|1 |1 |1 |11 1 (1|1 |1 |1 |11 1 (1|1 |1 |1 |11

FIGURE 9. Memorized nonorthogonal patterns &', €2, £3.
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<1

FIGURE 10. ¢, ¢ differ from &3 by two rows, respectively.

EE

él
11 1‘1‘1|1‘1‘1|1‘1|1‘1

1 1|1‘1‘1|1‘1‘1|1‘1|1‘1

are extended to or-

thogonal modes &1, 52, §~3.

FIGURE 11. Nonorthogonal binary patterns €l,62,¢3
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FIGURE 12. ¢, are extended to

6. CONCLUSIONS

In this paper, we study the dynamic properties of oscillators networks for binary pattern
retrieve. We first give sufficient conditions for the stability of binary patterns when the



KURAMOTO OSCILLATORS FOR BINARY PATTERN RETRIEVE 33

1 1
p—— e
S m ——
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056 [ 0.6
[ A
! i
0.4 f1 04
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02y " 021
0 s —_— e, e ———————— e ] 0 — e —
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(a) (b)

FIGURE 13. &3 is retrieved with defective patterns & or &.

memorized patterns are general. Then we focus on the special case that the memorized
patterns are mutually orthogonal. Several results are given for the stability of binary pat-
terns for which a significant advantage is they are simple and easy to verify. Finally, we
give a new idea that the case with nonorthogonal memorized patterns can be transformed
into the case of orthogonal binary patterns by extending the dimension. We also suggest
to use this model to recognize a binary pattern (or a black-white image) from a non-binary
pattern (typically a gray scale image).

ACKNOWLEDGEMENTS

The authors appreciate the editor(s) and two anonymous referees for their careful reading
and comments. The constructive comments are very helpful for us to improve the paper. X.
Xue was supported by Natural Science Foundation of China (grants 11731010 and 11671109)
and Z. Li was supported by Heilongjiang Provincial Natural Science Foundation of China
(grant LH2019A012).

REFERENCES

1. Absila P.-A. and Kurdyka K.: On the stable equilibrium points of gradient systems. Syst. Contr. Lett.,
55, 573-577 (2006).

2. Aonishi T.: Phase transitions of an oscillator neural network with a standard Hebb Learning rule. Phys.
Rev. E, 58, 4865-4871 (1998).

3. Aonoshi T., Kurata K. and Okada M.: Statistical mechanics of an oscillator associative memory with
scattered natural frequencies. Phys. Rev. Lett., 82, 2800-2803 (1999).

4. Aoyagi T. and Kitano K.: Retrieval dynamics in oscillator neural networks. Neural Comput., 10, 1527-
1546 (1998).

5. Bolte, J., Daniilidis, A. and Lewis, A.: The Lojasiewicz inequality for nonsmooth subanalytic functions
with applications to subgradient dynamical systems. SIAM J. Optim., 17, 1205-1233 (2007).

6. Choi Y.-P., Ha S.-Y., Jung S. and Kim Y.: Asymptotic formation and orbital stability of phase-locked
states for the Kuramoto model. Physica D, 241, 735-754 (2012).

7. Dong J.-G. and Xue. X.: Synchronization analysis of Kuramoto oscillators. Commun. Math. Sci., 11,
465-480 (2013).

8. Dorfler F. and Bullo F.: On the critical coupling for Kuramoto oscillators. STAM. J. Appl. Dyn. Syst.,
10, 1070-1099 (2011).

9. Follmann R., Macau E. E. N., Rosa E. and Piqueira J. R. C.: Phase oscillatory network and visual
pattern recognition. IEEE Trans. Neural Netw. Learn. Syst., 26, 1539-1544 (2015).



34 X. ZHAO, Z. LI, AND X. XUE

10. Ha S.-Y., Ha T. and Kim J.-H.: On the complete synchronization of the Kuramoto phase model. Physica
D. 239, 1692-1700 (2010).

11. Ha S.-Y., Kim H.-K. and Kim S.-W.: Emergence of phase-locked states for the kuramoto model in a
large coupling regime. Commun. Math. Sci., 14, 1073-1091 (2016).

12. Ha S.-Y., Li Z. and Xue X.: Formation of phase-locked states in a population of locally interacting
Kuramoto oscillators. J. Diff. Eq., 255, 3053-3070 (2013).

13. Heger D. and Krischer K.: Robust autoassociative memory with coupled networks of Kuramoto-type
oscillators. Phys. Rev. E, 94, 022309 (2016).

14. Holzel R.-W. and Krischer K.: Stability and long term behavior of a Hebbian network of Kuramoto
oscillators. SIAM J. Appl. Dyn. Syst., 14, 188-201 (2015).

15. Holzel R.-W. and Krischer K.: Pattern recognition minimizes entropy production in a neural network of
electrical oscillators. Phys. Lett. A, 377, 2766-2770 (2013).

16. Hopfield J.J.: Neural networks and physical systems with emergent collective computational abilities.
Proc. Natl. Acad. Sci. U.S.A., 79, 2554-2558 (1982).

17. Hoppensteadt F.C. and Izhikevich E.M.: Pattern recognition via synchronization in phase-locked loop
neural networks. IEEE Trans. Neural Netw., 11, 734-738 (2000).

18. Hoppensteadt F.C. and Izhikevich E.M.: Synchronization of laser oscillators, associative memory, and
optical neurocomputing. Phys. Rev. E, 62, 4010-4013 (2000).

19. Hoppensteadt F.C. and Izhikevich E.M.: Synchronization of MEMS resonators and mechanical neuro-
computing. IEEE Trans. Circuits Syst.-I Fund. Theory Appl., 48, 133-138 (2001).

20. Kuramoto Y.: Chemical oscillations, Waves and Turbulence. Springer-Verlag, Berlin, 1984.

21. Li Z. and Xue X.: Convergence of analytic gradient-type systems with periodicity and its applications in
Kuramoto models. Appl. Math. Lett., 90, 194-201 (2019).

22. Li, Z., Xue, X. and Yu, D.: On the Lojasiewicz exponent of Kuramoto model. J. Math. Phys., 56(2015),
0227041 .

23. Lojasiewicz, S.: Une propriété topologique des sous-ensembles analytiques réels. in Les Equations aux
Dérivées Partielles, Editions du Centre National de la Recherche Scientifique, Paris, 1963, 87-89.

24. Nishikawa T., Hoppensteadt F. and Lai Y.-C.: Oscillatory associative memory network with perfect
retrieval. Physica D, 197, 134-148 (2004).

25. Nishikawa T., Lai Y.-C. and Hoppensteadt F.: Capacity of oscillatory associative-memory networks with
error-free retrieval. Phys. Rev. Lett., 92, 108101 (2004).

26. Roger A.-H. and Charles R.-J.: Matriz Analysis. Cambridge University Press, 234-239 (2013).

27. Wagner A., Wright J., Ganesh A., Zhou Z., Mobahi H. and Ma Y.: Toward a practical face recognition
system: robust alignment and illumination by sparse representation. IEEE Trans. Pattern Anal. Mach.
Intell., 34, 372-386 (2012).

28. Xu B., Liu Q. and Huang T.: A discrete-time projection neural network for sparse signal reconstruction
with application to face recognition. IEEE Trans. Neural Netw. Learn. Syst., 30, 151-162 (2019).

29. Yoshioka M. and Shiino M.: Associative memory storing an extensive number of patterns based on a
network of oscillators with distributed natural frequencies in the presence of external white noise. Phys.
Rev. E, 61, 4732-4744 (2000).

(Xiaoxue Zhao)

SCHOOL OF MATHEMATICS

HARBIN INSTITUTE OF TECHNOLOGY, HARBIN 150001, CHINA
E-mail address: zhaoxiaoxue@stu.hit.edu.cn

(Zhuchun Li)
SCHOOL OF MATHEMATICS AND INSTITUTE FOR ADVANCED STUDY IN MATHEMATICS
HARBIN INSTITUTE OF TECHNOLOGY, HARBIN 150001, CHINA

FE-mail address: 1izhuchun®@hit.edu.cn

(Xiaoping Xue)
SCHOOL OF MATHEMATICS AND INSTITUTE FOR ADVANCED STUDY IN MATHEMATICS
HARBIN INSTITUTE OF TECHNOLOGY, HARBIN 150001, CHINA

E-mail address: xiaopingxue@hit.edu.cn



	1. Introduction
	2. Preliminaries
	3. The stability of equilibrium: General case
	4. Orthogonal memorized patterns
	4.1. Stability/instability of binary patterns
	4.2. Instability of middle states
	4.3. Nonorthogonality and orthogonality

	5. Numerical simulations
	5.1. Orthogonal memorized patterns
	5.2. Varying 
	5.3. Recognition with non-binary initial patterns
	5.4. Extending nonorthogonal memorized patterns

	6. Conclusions
	Acknowledgements
	References

