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1 Introduction

Let Q be a bounded domain in R™. In this paper we study the gradient estimates of weak solutions for
the following non-homogeneous quasilinear elliptic equations with measure data:

—div (a(|Du|)Du) = p in Q, (1.1)

where y is a Borel measure with finite mass and a € C1(0, +00) satisfies the structure assumption

. . . ta(t) ta'(t)
0 <4 :=inf <su =: 8, < +00. 1.2
120 a(t) S iep a(t) (12)
Define
9(t) = ta(t) (1.3)
and

G(t) :/0 g(7) dT:/O Ta(r)dr fort > 0. (1.4)

Thanks to (1.2) we know that g(t) is strictly increasing and continuous over [0, +00), and then G(t) is
increasing over [0, 4o00) and strictly convex with G(0) = 0.
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It is easy to see that
G(t) =t? and G(t) =t%log(l +1)

for any p > 2,q > 2 satisfy the condition (1.2). Especially when a(t) = t*=2 (and then G(t) = t?/p),
(1.1) is reduced to the p-Laplacian equation

—div (|Du|P~2Du) = for p > 2.

As usual, the solutions of (1.1) are taken in a weak sense.

Definition 1.1. A function u € VVIIOE(Q) is a local weak solution of (1.1) if for any ¢ € C5°(£2) we
have

/a(\Du|)Du-D<pdx=/g0du.
Q Q

Here W% (Q) is the Orlicz-Sobolev spaces defined in Definition 2.5.

Elliptic equations of the type considered in (1.1) have been introduced by Lieberman [13], which can
be seen as the natural generalization of the p-Laplace equations. The local boundedness and Holder
regularity both of solutions and their gradients, Harnack’s inequalities and characterizations of De Giorgi
classes were proved for this class of equations. Cianchi and Maz’ya in their series of papers [9-11] proved
global Lipschitz regularity and obtained a sharp estimate for the decreasing rearrangement of the length
of the gradient for the Dirichlet and Neumann elliptic boundary value problems of

—div (a(|Du|)Du) = f in Q

with the similar condition (1.2) and weak assumptions on the boundary, where f belongs to some Lorentz
spaces or f € L'(Q). Furthermore, Yao and Zhou [20] investigated the local LP-type regularity estimates
of weak solutions for the following quasilinear elliptic equations

div (a(|Du|)Du) = div (a(Jf))f) in Q.

The elliptic and parabolic problems involving measure data naturally come from many interesting
phenomena in the area of applied mathematics, for instance, the flow pattern of blood in the heart [15],
and state-constrained optimal control problems [7,8]. For the p-Laplacian type elliptic equation

—diva(z,Du) =p in Q,

under certain natural conditions on a and §2, Phuc in [16] showed that the renormalized solutions satisfy
the bound

/|Du|qwdx<C/M1(,u)ﬁwdx
Q Q

for any g € (0,400) and any weight w in the A, class, where M is the fractional maximal function of

order 1 for u, defined as
rlpl(Br(x))

._ n
Ma(p)(x) = ig% B x € R".

Very recently, Byun and Park in [4] established the global gradient estimates for solutions of the elliptic

equations with linear growth and measure data in the setting of variable exponent spaces. We also refer to

[3,6] for the gradient estimates of more general p(x)-Laplacian type elliptic equations. On the other hand,

Baroni [2], Yao and Zheng [19] proved the pointwise gradient estimates via the linear Riesz potential and

the nonlinear Wolff potential for weak solution of (1.1), respectively.

Motivated by the works mentioned above, the aim of this paper is to establish an interior Calderén-
Zygmund type estimate in the setting of Orlicz spaces for a weak solution u to the problem (1.1). More
precisely, we want to prove that
(Q) = |Dul € L}, (),

loc

My(p)7% € L

loc
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where i, is the constant defined in (1.2), provided ¢ € ANV (see Definition 2.2). The technical approach
in our proof is based on the comparison L!'-estimates with the homogeneous problems, the Vitali-type
covering lemma, boundedness of the Hardy-Littlewood maximal operator in L?($2) and estimates of the
power decay of the upper level sets of the gradient |Dul.

The main result of this paper is stated as follows.

Theorem 1.2.  Let the structure assumption (1.2) be satisfied. If u € VV;E(Q) is a local weak solution
o (1.1), then for any Young function ¢ with ¢ € Ay N Vs, we have

Mi(p) ™7 € L

loc

(Q) = |Du| € L},.(9),

loc

with the estimate

/BT $(1Dul) dz < Co (/B

where i, is the constant defined in (1.2), 0 < r < Ry with Byr, CC  and C' is independent of v and p.

|Du| dz + 1> +C @ (M1(M)ﬁ(m)) dz,

0 Barg

This paper is organized as follows. In Section 2, we state some preliminary tools and known results
which will be used later. We will finish the proof of Theorem 1.2 in Section 3.

2 Preliminaries

2.1 Orlicz spaces

The theory of Orlicz spaces has been extensively studied in the area of analysis (see [1,14]) and plays
a crucial role in many fields of mathematics including geometry, probability, stochastic analysis, Fourier
analysis and partial differential equations (see [17]). For the reader’s convenience, we will give some
definitions on the general Orlicz spaces. Denote by ® the function class that consists of all functions
¢ : [0,400) — [0, +00) which are increasing and convex.

Definition 2.1. A function ¢ € ® is said to be a Young function if
o(t) . t

A o = A oy =0

Definition 2.2. A Young function ¢ € ® is said to satisfy the global As condition, denoted by ¢ € Ag,
if there exists a positive constant M such that for every ¢ > 0,

6(2t) < Mo(b). (2.1)

Moreover, A Young function ¢ € ® is said to satisfy the global V4 condition, denoted by ¢ € Vs, if there
exists a number a > 1 such that for every ¢ > 0,

o(t) < A% (22)
Example 2.3.
(1) ¢1(t) = (1+t)log(l4+t) —t € Ag, but ¢y(t) ¢ Va.
(2) ¢a(t) =et —t — 1€ Vs, but ¢o(t) ¢ As.
(3) ¢s(t) =tPlog(1+1t) € AyNVy, p> 1.
Remark 2.4. In fact, if a function ¢ satisfies (2.1) and (2.2), then
$(01t) < K07 ¢(t)  and  $(6at) < 2a65°$(t), (2.3)

for every t > 0 and 0 < 03 < 1 < 6y < +00, where 51 = log, M and f2 = log,2 + 1. These doubling type
conditions ensure that a Young function grows neither too slowly nor too fast.
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Definition 2.5. Assume that ¢ is a Young function. Then the Orlicz class K?(f) is the set of all
measurable functions g : 0 — R satisfying

/Q¢(|g|) dz < +oo.

The Orlicz space L?(9) is the linear hull of K?(Q2) endowed with the Luxemburg norm

lgllzs (o) Zinf{k‘ >0: /th (|9(k95)|) dx < 1}.

Furthermore, the Orlicz-Sobolev space W1?(Q) = {g € L?(Q2) : Vg € L?()}, endowed with the norm
lgllwr.e) = lglle) + IVallLe (o)

In this work we need the following lemma. Here the As N V5 condition is crucial.

Lemma 2.6 ([1]). Let ¢ be a Young function satisfying ¢ € Ao N'Vy. Then
(1) K®(Q) = L?(%).
(2) C5°(Q) is dense in L*(Q).
(3) LP(Q) C L?(Q) C LP2(Q) C LY (Q) with By = B2 > 1 as in (2.3).

(4) If g € L?(RY), then
/ o(lgl) do = /Oo [{z € RY : |g| > u}| dlo(u)]. (2.4)
RN 0

2.2 Maximal function

We use the Hardy-Littlewood maximal function, which controls the local behavior of a function. For a
locally integrable function f defined on R", we define its maximal function M(f)(z) as

M(f)(x) = sup ][B rwlay

r>0

If f is not defined outside a bounded domain €2, then we define

Maf = M(fxe)
for the standard characteristic function x on 2.

The basic properties for the Hardy-Littlewood maximal function are the followings.

Lemma 2.7 ([18], Chapter 1). If f € LP(R™) with 1 < p < 400, then Mf € LP(R™) and

1
clfllee < IMflize < Cllfllze-

If f € LY(R™), then
e R (MA@ > < S [1f@)] e

Lemma 2.8 ([12], Chapter 1). Let U be a bounded domain in R™ and ¢ be a Young function with
¢ € AyNVy. If f € L?(U), then Mf € L?(U) and for C = C(n,$) > 0,

1
& [ oinmar< [ omnaz<c [ o) aa.
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2.3 Technical lemmas

In this paper, we use the following version of the Vitali covering lemma, which will be a crucial ingredient
in obtaining our main result.

Lemma 2.9 ([5], Lemma 2.7).  Assume that C and D are measurable sets, C C D C By, and that
there exists an € > 0 such that |C| < ¢|By| and that for all x € By and for allr € (0, 1] with |CNB,(x)| >
¢|B,(x)| we have B.(x) N By C D. Then,

|C| < 10"¢| D).

We next give the following important results.

Lemma 2.10 ([19], Lemmas 1.3, 1.4).  Assume that a(t) satisfies (1.2) and G(t) is defined in (1.4).
Then we have

(1) For any t > 0 we find that

. G(ot)
< 0% and 07T < — 2 <GP0 0> 1. 2.
o) an <0 for any (2.5)

gie <

(2) G(t) € Ay N Vs.

Lemma 2.11 ([19], Lemma 2.1).  Assume that a(t) satisfies (1.2) and G(t) is defined in (1.4). Then
there exists C = C(n,iq, Sq) > 0 we have

[a(l€]) = na(|n))] - (€ —n) = CG(E—n|)  for any &,n € R™

In particular, we have

a([€) - €= CG(E])  for any & € R™.

Furthermore, we derive comparison L!-estimates for the gradient of the weak solution u to (1.1) in
localized interior regions.

Lemma 2.12.  Assume that u € W2 (Q) is a local weak solution of (1.1) with Byg C Q and (1.2). If

loc

v € WYY (BR) is the weak solution of

div (a (|Dv|) Dv) =0 in Bp,
{ ( <|U :|>u ) " a;& 26)
then there exists a constant C; = C1(n,iq,8q) > 1 such that
1
][BR |Du — Dov| dz < Oy [%Bizl%)} e
Proof.  Without loss of generality we may as well assume that R = 1 by defining
i(z) = R™'w(Rz), o(x) =R 'w(Rz) and ji(x) = Ru(Rx).
For k > 1 we define the following truncation operators
Tr(s) := max{—k,min{k,s}} and ®(s) :=Ti(s— Tk(s)), s € R.
Since u and v are weak solutions of (1.1) and (2.6) respectively, then by approximation we have
/B [a(|Du|)Dufa(\Dv|)Dv]~D<pda::/B pdp (2.7)
1 1

for any ¢ € L°°(By) N W% (B;). We divide into two cases.
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Case 1: |u|(B;) < 1.

If 2+ i, > n (recall that u — v € Wol’G(Bl) and then v — v € W, *™(By)), then from Sobolev’s
inequality we have u — v € L*°(By). By selecting ¢ = v —v € L>®(By) N Wol"G(Bl), from Lemma 2.11
and Sobolev’s inequality we find that

/ |G (Du — Dv)| dz < Cllu — v|| o (B,)|1|(B1) < Cl|Du — Dv||p2+ia(B,)-
B,
Then from (2.5) we have

|Du— Dol ., = / \Du — Dof?* da

<C |G (Du — Dv)| + 1dx
By
< C||Du — DU||L2+ia(Bl) +C,

which implies that
||Du — DU||L2+’ia(Bl) < C' and then / \Du - DU| dx < C
B

by using Holder’s inequality. Therefore, we may as well assume that 2 + i, < n. Then by selecting the
test function ¢ = Ty (u — v) € L°(By) N W;%(By), from (2.7) and Lemma 2.11 we have

/ G (Du — Dv)|dz < CHul(By) < Ck,
Dy
where Dy, := {z € B; : [u(z) — v(z)| < k}, which implies that

/ |Du — Dv*™* dz < / |G (Du — Dv)| 4+ 1dx < Ck
Dy, Dy

and then
/ |Du — Dv| de < Ck (2.8)
Dy,

by using Young’s inequality. Moreover, testing (2.7) again with ¢ = ®p(u — v) € L>(B;) N Wol’G(Bl)
and using Lemma 2.11, we find that

/ G(Du—Dv)| dz < C [ |uldz<C,
Ck Bl
where Cy, := {x € By : k < |u(z) — v(x)| < k+ 1}, which implies that
/ |Du — Do|*™" da < / |G (Du — Dv)| +1dz < C. (2.9)
Ck Ck

From (2.5), Holder’s inequality, (2.8), (2.9) and the definition of C}, we find that
1
-1l 244 #tia
/ |Du — Dv| dx < C'|Cy| ™~ 2Fa </ |Du — Du|*™* dx)
Ck Ck

1
§C|Ck|1 2+lz‘a gnl)(/ |u711|n71 dl’) ,
Ch

kn—1 (1 2Fiq

which implies that

oo
/ |Du — Du| dsr:z/ |Du — Dv|dx + Z/ |Du — Dv| dx
B1 DkO Ck

k=kq
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1 n— 1(1 2+La)
< Cho+C Z ] </C |Du — Dyl dx)

71

k=ko
o0 1 P iy (= og57)
<Chot+C|S ()] (Z / \Du — Dol dm)
k=ko k-1
o 4 7= =2 (-)
ko K1 B

in view of Sobolev’s inequality. Considering the fact that

i) g 7 (1— 1,)<1

n—1 n—1 241,

in view of 2 4+ i, < n and then choosing kg € N large enough such that

1
oo 2+ia
71 <
Z n(ltia) =

k‘:ko n—1

C

3

N | =

we obtain

/ |Du — Dv| dx < C.
B

Case 2: |u|(By) > 1.
Let

and

where
= (|pl(Br)) ™= > 1. (2.10)

Then it is easy to check that
|al(B1) = 1.

Moreover, a (t) satisfies (1.2) and a(z) € VV;OCG(Q) is a local weak solution of

div (a (|Da|) Da) = i1
If 2+4, > n (recall that u—v € Wol’G(Bl) and then @ —o € W, > (By)), then from Sobolev’s inequality
we have & — U € L. Moreover, testing (2.7) again with ¢ = @ — o € L>(B;) N W% (B;), and using
Lemma 2.11 and Sobolev’s inequality, we find that
A‘Q‘i“/ G (Du— Dv)| dx < Cllii — o 3 il (B)
B,
< O‘|Dﬁ_DﬁHL2+'ia(Bl)~ (2.11)

Then from (1.2), (2.5), (2.10) and (2.11) we have

1Da - Dot s, = [ 1DG - Do do

1

<CA 2 / |G (Du — Dv)| 4+ 1dx
B
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< C||Da — D'D”L’”'ia(Bl) + C,

which implies that
||D”L~L7D’L~}||L2+1:Q(Bl) < C and then / |D727Df)|dx < C
B

by using Holder’s inequality. Therefore, we may as well assume that 2 4+ ¢, < n. Furthermore, similarly
to Case 1 we find that

/ \Da — D#| dx < C,
B

which finishes our proof. O

The following lemma is indeed essentially a little variation of Lemma 5.1 in [13].
Lemma 2.13 ([2], Lemma 4.1).  Let v € WhC(A) be a solution to

div (a(|Dv|)Dv) =0 on A CR".

Then for every ball Br = Br(xg) C A the following De Giorgi type estimate holds:

sup |Dv| < C’]l | Dol dx.
Bry2 Br

3 Proof of the main result

In this section we will finish the proof of Theorem 1.2. Hereafter we set 0 < r < Ry with Byr, CC €.

Lemma 3.1.  There is a constant N = N(n,i,, s,) > 0 so that for any € > 0, there exists a small
§ =6(e) > 0 such that if u € VV;S(Q) is a local weak solution of (1.1) in Bg, C Q with

By N {z : M(|Du))(z) < A} N {a s My (1) ™ (2) < SA} # 0, (3.1)

then we have
[{x € By : M(|Du|)(z) > NA} N B,| < ¢|By|. (3.2)

Proof.  From (3.1), there exists a point zy € B, such that

1
T+ia

][ |Du|dz < A and 7"][ d|p| < 0A (3.3)

BP(IO) Bp("EO)

for all p > 0.
Since By, C Bsy (), it follows from (3.3) that
Bs, 1

][ |Dul dx < | Bsr (o)l | Du| dx

Bu, |Bar|  |Bsr(z0)| J|Bs, (20)]

< 2"

Likewise, we also have

THa
(rf d|p|> < 20N
Buy

Then we are under the hypotheses of Lemma 2.12. This implies that there exists a constant C' =
C(n,iq,54) > 1 such that

f |Du — Dv|dx < C2"0 ),
By,
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where v € WG (By,.) is the weak solution of (2.6) in By,. If follows from Lemma 2.13 that
Dol < € |Doldo
Byr

<C |Du|dz + C |Du — Dv|dx
B4T B4r
< C2"(1 4 6)A < C2" TN := NoA.
Write N = max{3",2Ny}. We claim that
{z € By : M(|Dul)(xz) > NA} C {x € B, : M(|Du — Dv|)(z) > NoA}. (3.4)

To show this, we take z1 € {z € B, : M(|Du — Dv|)(z) < NoA}. If 0 < p < r, then B,(z1) C Ba,, and
so we have

][ \Du| dz <][ (|Dv| + |Du — Do|) dz
By (z1) By (1)
< 2NpA < NA.

On the other hand, if p > r, then B,(x1) C Bsy(z,). From (3.3), we find

|Du|de < ——= |Du| dx
][Bp(xl) |Bo(z1)] J By, (20)

Thus (3.4) now follows. Then we estimate

1
B ||{x € B, : Mp, (|Du]) > NA}|
1
< WHQ: € B, : Mp, (|Du— Dv|) > NoA}|
C
< — |Du — Dv|dx < Cd < e,
NoA By
by taking § such that the last inequality holds. O

The contraposition of Lemma 3.1 can be stated as follows.

Lemma 3.2.  There is a constant N > 0 such that for any € > 0, there exists a small § = 6(g) > 0 so
that if
H{z : M(|Dul)(x) > NA} N B,| > ¢|B;|,

then we have

B, C {z: M(|Du|) > \}U{z : My(p) T (z) > 6A}.

Now fix €, which will be determined later and take the corresponding § > 0 given by Lemma 3.2 and
set

g1 = 10™e.
Denote
pi(t) = {z € B, : M(|Dul)(x) > t}],
pa(t) = [{w € By : My () 777 () > t}|
and

2C /
A= —— Duldx+1]. 3.5
: mms(% | ) 9
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Let u € I/Vllof(Q) be the local weak solution of (1.1). It follows from the weak (1 — 1) estimate and (3.5)
that

p1(NXo) = {z € By : M(|Dulf)(z) > NAo}|

C €|B1|
< —— Du|dz < Bi].
NAO/BT uldr < S0M < ¢lBy

Using Lemma 2.9 and Lemma 3.2, we can get

p1(N1o) < e1fp1(Ao) + p2(0X0)] < 111 (Ao) + p2(8X0),

where €1 = 10”¢ < 1. By induction, we deduce
(N F1) < p1(Xo) + Y el ua(N'6) (3.6)

for every integer m > 0.

Now we can prove our main result.

Proof of Theorem 1.2.  According to the standard arguments of measure theory and Lemma 2.8, we

[ supur < [ smupup)

- / 13 (V) d[p(V)]

observe that

/\0 oo
_ / (N dis(0)] + / () dig(N)].
0 A

0

Moreover, we find from (2.3) that

Ao
/0 (N dl6(V)] < ()]0 < 1216

C
NBIE (/B Dl et 1)
< C(e) (/B \Dul d + 1)
< ()0 (/B \Dul dz + 1) .

In a similar way we have

N™HLIN,
/ 1 () di$(V)

Nm )\U

A T dis)] =

0

N

e i1

[O(NFENg) = G(N™No)] 1 (N Ao)
0

3
I

(N N) 1 (N Xo).

NE

<

X

0

3
Il

Since

c
|B | B4R0

< C(e)é (/B \Dul dz + 1) ,

(N Ao)p1(Ao) < |Q[¢) ( | Dul dx + 1)
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we obtain from (3.6) that

/ ¢(|Dul) dz < C¢ (/ |Dul dx + 1) +
B Bayg,

<c¢>/ |Duldz +1 ) +
Bayg,

(;5 Nm+1>\0)lll1 (Nm)\o)

Mg

m=1

Mg

(N No)eT 11 (Ao)

m=1
00 m—1
+ ) BNTTIN) Y e ua (NG
m=1 =0

= .[1 -|— IQ -|— I3.
Estimate of Is. Observe that

I < C(X)[Q > MNTDA

m=1
< CPA) QMNP Y " (NFrey )™
m=1

< Co (/ |Du|dx+1> ,
Byr,

by choosing €; small enough satisfying N%1e; < 1.

Estimate of Is. From (2.3) we have

M8

m—1
Is= > ¢(N™ X)) > el pa(N'6Xo)
=0

1

3
I

,_.

m—

MN = HDBG(NING )™ g (NP6 No)

M8

1 ¢=0

< Q/)(NZ)\O)MQ(NZ(S)\O) Z MN(m*i+1)51€;n—1—i

m=1i+1

'M8ﬁ

s
Il
o

KNP G(NAJua(N'x) D (NPey) ™
=0 m=i+1

<O (N o) pa(N'G).

=0

Moreover, we observe that

/ 0 (M0 () do = / " () g0V
_ / 7 ) d )] + /5 °° (V) d [B(V)]
o NEFLsN

> 112(000)B(600) + p2(N) d[p(N)] .-

im0/ NE6Ao

Choosing N = max{2Ny, 3", 2a} and using (2.3) again we obtain that

[ o (M™% @) do

11
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> p2(0X0)B(6X0) + > na(NFF10X) [6 (NF11020) — ¢ (NM60)]
k=0
> 12(620)B(0X0) + [1 = 20/ NPT >~ pip(NFF15X0) ¢ (N*H5)
k=0
B1 B1 2
> GrHa®a)o0a) + ST 3 iV 56 (V)
05
> = D H2(N*0X0)e (N* o)

k=0

where M is the constant defined in (2.1). Combining the above estimates, we get

Is < CY (N Xo)a(N'6Xo)

1=0

<o o(Mi(w™e @) de.

Bur,

Therefore, we conclude that

/BT¢(|Du)dx<C¢ /Bm Duldz+1) +0 [ o (M) ™e (@) de.

0 Barg

This finishes the proof. O
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