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ABSTRACT. In this paper, we establish a general discrete Fourier restric-
tion theorem. As an application, we make some progress on the discrete
Fourier restriction problem associated with KdV equation.

1. INTRODUCTION

Recently, the Fourier restriction problem has been widely studied (for
example see [10], [11], [1], [5], [3]). In this paper, we investigate the discrete
Fourier restriction problems. Let us first see the discrete Fourier restriction
associated with KdV equations. More precisely, we are going to seek the
best constant A, n satisfying

(1.1) ST 1F0 ) < Ap 1R ey

[n|<N
where f is a periodic function on T2, f is the Fourier transform of f on
T2, ie. f(¢) = Jre e~2m 8 f(x)dx, N is a sufficient large integer, p > 2 and
% + I% = 1. For any € > 0, Bourgain [2] showed that Ag xy < N¢. Later Hu

and Li [7] proved that A, v <. N5 for p > 14.
Bourgain [2] and Hu and L1 [7] conjectured that

Cp for 2<p<8,
Ap,N >~

1.2
(1.2) C&le_%—i_g for  p>8.

Clearly, p = 8 is the critical number. In this paper, we will make a slight

_8
progress of this conjecture. We will show that A4, v S N =07 for p>12.
It is easy to see that the study of A, is equivalent to the periodic
Strichartz inequality associated with KdV equation:

1
(1.3) H Z ane2m(xn+tn) - < Kp,N( Z ‘an‘2)2

In|<N In|<N
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In fact, we have A, y =~ Ki ~ by using the dual method. Later while
considering the Cauchy problem of the fifth-order KdV-type equations, Hu
and Li [8] studied the following Strichartz inequality

1
(1.4) H Z an627ri(9m+tnk) 2 ) < ICp,N( Z |an‘2)2’

In|<N In|<N

where k is a positive integer and k& > 2. They [8] proved that g v < N® if
2(k+1)

k is odd and K, y < N2 for p > pg where

[ (k=2)2F+6  ifkisodd,

Po= (k—1)2F +4  if k is even.

In (1.3) and (1.4), the discrete Fourier restriction problems are studied
in two dimensions when the Fourier transform is indeed restricted to the
curve (n,n3) and (n,n*). It is natural to consider a similar problem for
higher dimensions when the Fourier transform is restricted to the general
curve (n¥1, ... n¥a) where ki,--- ,kq are positive integers. Let K, qnN be
the best constant in the following inequality

1

27i(a1nF1 4 fagnkd) ( 2) 2

(1.5) H S ane e = Kpan S Jaal?).
[n|<N [n|<N

Our main result in the present paper is as follows.

Theorem 1.1. Let a,, be a complex number for all |n| < N. Let d > 1 and
ki, , kq be positive integers with 1 < k; < --- < kg=k. Set R = Zle k;.
Let Ky, 4N be defined in (1.5). Suppose p > k(k+ 1). Then for any e > 0,

we have
1_28

(1.6) Kpan Se N2U75)+,

where the implicit constant depends on ki,--- ,kq, p, €, but does not depend
on N.

Remark 1.2. In [9], T.D. Wooley adapted the efficient congruencing method
to prove that (1.6) holds for p > 2k(k + 1). And whenever p > 2k(k + 1),
one may take ¢ = 0 in (1.6).

Remark 1.3. In Section 3, we will show the bound in (1.6) is sharp up to a
constant e. One may conjecture (1.6) holds for all p > 28. Notice if k; = ¢,
i=1,---,d, then 2R = d(d + 1). Thus (1.6) is valid for p > 2R in this case.

By using Theorem 1.1, one could make some progresses on the previous
results. Applying Theorem 1.1 withd =2,k =1, ks =3andd =2, k1 =1,
ko = k(here k > 2), we may obtain the following corollaries.

Corollary 1.4. Let K, n be defined in (1.3). Suppose p > 12. Then for
any € > 0, we get
KP,N Sa N%(l—%)+s7
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where the implicit constant is independent of N. If p > 24, one may take
e=0.

Corollary 1.5. Let IC,, y be defined in (1.4). Suppose p > k(k+1). Then
for any € > 0, we have

Kp.n <. N%(l 2(k+1 )+a
where the implicit constant is independent of N. If p > 2k(k + 1), one may
take € = 0.

By settingd =k, k; =4, fori=1,--- Jk,ap,=1forn=1,--- N, a, =0
forn=0,—1,--- ,—N in Theorem 1.1, one obtain

(1.7) /Tk

for p > k(k 4 1), which is the Vinogradov’s mean value theorem proved by
Bourgain, Demeter and Guth [4] recently. (1.5) can be regarded as a weight-
ed version of (1.7) and (1.5) is apparently harder than (1.7). Notice that the
curve (tF1 tF2 ... tkd) may be degenerate, for example the curve (¢, %) has
zero curvature at point (0,0). It seems to be difficulty to use the method
developed in [3] and [4] to prove (1.6) for p > 28, since what they deal with
are hypersurface with nonzero Gaussian curvature or nondegenerate curve.
The proof of Theorem 1.1 is based on a key lemma from [4]. Bourgain et al.
[4] used this lemma to prove (1.7).

Throughout this paper, the letter C stands for a positive constant and
C, denotes a constant depending on a. A <. B means A < C.B for some
constant C.. A ~ B means that A < B and B < A. For a set E C R?, we
denote Lebesgue measure of E by |E].

N
Z e2milaant-tagn®) pda Se NP—k(k+1)+e
n=1

2. PROOF OF THEOREM 1.1
Before giving the proof of Theorem 1.1, we first introduce some lemmas.

Lemma 2.1 (see Theorem 4.1 in [4]). For each 1 < n < N, let t, be a
point in (”771, «). Suppose Bg is a ball in R? with center cg and radius R.

—200
Define wp,(z) = (1 + %) . Then for each R > N?, each ball By in
R?, each a, € C, each p > 2 and € > 0, we have

d(d+1
<. (Na + NI (Z janf?)*,

where the implicit constant does not depend on N, R and a,.

=

wBR($)dx)
(2.1)

D=




4 XUDONG LAI AND YONG DING

Lemma 2.2. Suppose a,, € C and p > 2. Then for any € > 0, we get

1
( § : an e27rz(mln+:rgn +edrzgnd) p x)p
Td

] (NeJrN%(l )+ )( S Janl )

n|<N

(2.2)

where the implicit constant is independent of N and ay,.

Proof. We first notice that the function

§ : an62ﬂi(ibln+$2n2+"~+Idnd)
[n|<N

is periodic with period 1 in the variables x1,--- ,z4. By using Minkowski’s
inequality, making a change of variables and the above periodic fact, one

may get
1
) P

§ :a €2m(a:1n+a:2n +-txgn )

2 : an 6271'2 z1n+zon+- +:cdn)
Td

In|<N

§a0+(/
Td
+(

Td

Hence, to prove (2.2), it suffices to show that

)i
)

2mi(x1ntxon
_ne

D=

2 :a 627ri(x1n+x2n2+~-~+zdnd) p

(L% )

has the desired bound. Applying Lemma 2.1 with R = VdN¢, t,, = ~ and
Bgr = B(0, R) which is centred at 0, we may obtain

N
(v / | aetor ittt
n=1
1 d(d+1) N
<E <N€ + N?(I_T)‘H’;‘) <Z |an| )

n=1

Since wp,(z) ~ 1 on B(0,R) and [0, N|? C B(0, R), the left side of (2.3)
is bigger than
1
) 2

=
[0,vd]d

S =

wpg (T )da:)
(2.3)

[NIES

2mi(a1 +-taa(3) ) P
n
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By making a change of variables, z; = Nay,--- , 24 = N%yg, the above
integral equals to

pda) z

N
(24) <N—d2+ d(d;‘l) / ‘ Z an€27ri(oz1n+...—|—a,1nd)
AN n=1

where Ay = [0, N4 x [0, N%72] x --- x [0,1]. Notice that the function

N
KN(O() _ Z an€27ri(a1n+o¢2n2+-~~+adnd)
n=1
. . g . . . . . d(d—1)
is periodic with period 1 in the variables aq,--- , ag. Since Ay has N~ 2

number of unit cubes, by the periodic fact of Ky («), it follows that (2.4) is

equal to
(/.

which completes the proof. O

N

i d
" 2mi(aint-+agn®)
=1

pda) %,

n=

Now we begin with the proof of Theorem 1.1. We first show that the
proof can be reduced to the case py = k(k + 1), that is

27ri(oc1nk1+~--+o¢dnkd) < %(1_%)"‘5 2\ 2
(2.5) H 3 ane ooy S T S aal?)”.
In|<N [n|<N

Suppose (2.5) is true. Utilizing Cauchy-Schwarz inequality, we get

1
‘ j anQQﬂ-i(alnkl+m+adnkd) S N% ( E : |an‘2> 27
Loo(Td)
In|<N [n|<N

By using the Riesz-Thorin interpolation theorem (see for example [6]) to
interpolate (2.5) and the above L estimate, one could easily get the re-
quired bound of LP estimate for p > k(k + 1) in Theorem 1.1. There-
fore it remains to show (2.5). Consider positive integers ki, --- , kg with
1<k << kqy=Fk and denote by {ly,---,ls} the complement set of

{ki, -+ ,kq} in {1,2,--- [k}. Set R = ZZ=1 k,. Then we may see
(2.6) Zz ~“Likrn s
i=1 2

Note that pr = k(k 4+ 1) is an even integer, therefore we may set pr = 2u.
By using the simple fact fol e?™%Ydy = §(x), here § is a Dirac measure at 0,
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we have
(2.7)
2u
A:Z/ ) E : an62m(a1n L4 fagn’d) do
d
T nj<N
:/d( 2 CLne27rz(o¢1n 14-Fagn®d) § : ame 2mi(rm®l 4 4agm d)> da
T nj<n mI<N

= E E anl...anuaml...amu

|n1‘7"' ,|nu|§N7 |m1‘7"’ 7|mu‘§N
u u
k’l k?1 kd kd
xé(Z(ni -m; ))5(2(711 —m, ))
i=1 i=1

Thus (2.7) equals to the number of integral solution of the system of equa-
tions

u
St —mky =0

i=1
(2.8) wo Ny

Zl(”z —m;*) =0

1=

Ini| < N,|m;] < N,i=1,---,u,
with each solution counted with weight a,, -+ an, @my - Gy -
For each solution (ni,---,mny, my,---,my) of (2.8), there exist integers

hj,j =1,---,k, such that (ni,--- ,ny,mi, - ,my) is an integral solution

of the following system of equations

u

Z(nl - ml) — hl
=1
u
Z(n% - m?) = hg

(2.9) &=
u f N
1=

Ini| < N,|mi] < N,yi=1,---,u,

where hj = 0 if j = k; for some i = 1,--- ,d. By the last condition of (2.9),
it is easy to see that |h;| < 2uN7 for j =1,--- , k.

On the other hand, for each integral solution (N1, My, M1, My,
of (2.9) with |hj| < 2uN/ for j = 1,--- ,k and h; = 0 if j = k; for some
1 <i<d (ny, - ,ny,m1,---,my) is also an integral solution of (2.8).

Now we define

. 2 )
A(h) — / ‘ Z an627rz(a1n+oc2n2+m+ocknk) u627rz(—a1h1—~--—ozkhk)da‘
™ ni<N
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By using orthogonality, the above term is equal to

g g anl...anurm...amu

Inil,s|nul SN [mal,fmu | <N
X 5(2(%‘ —m;) — hl) 5(2(”5 —my) —hk:)>
i=1 =1

which counts the number of integral solution of (2.9) with each solution
counted with weight ay, - - - ap,@m, - - - Gm,. Combining above arguments,
we conclude that

A= > o Y A

by, |<2uNt |hys | <2uN's

where h in the sum also satisfies h; = 0 if j = k; for some ¢ = 1,--- ,d.
Obviously, |[A(h)| < A(0). Hence we obtain

|y [<2uN"t [l |<2uN's
P
N%WH)—ﬁNPkE( > !anl2>2k,
In|<N

N

where in the last inequality we use (2.6) and apply Lemma 2.2 with p =
k(k + 1). Hence we establish (2.5) which completes the proof of Theorem
1.1.

3. SHARPNESS OF THEOREM 1.1

1 28
In this section, we show that N207%) s the best upper bound for K, 4 v

when p > 2R. Therefore Theorem 1.1 is sharp up to a factor of N=.

Proposition 3.1. Let K, 4N be defined in (1.5). Suppose p is an even
integer. Then there exist constants C1, Co such that

prl,N > max {Cl, CzNé(l_%)}‘

Proof. Set p=2u. Let 1 <ky <ky <---<kgand K = ki +---+kg. Define

2u

A N,Z e ‘ 27Fi(()41nk1+...+adnkd) d ‘
(N, 2u) /Td |Z e .

n|<N




8 XUDONG LAI AND YONG DING

By using orthogonality, A(N,2u) counts the number of integral solution of
the following system of equations

Z(nkl - mkl) = Oa

=1
(3.1) .

Z(nfi — mfd) =0,

i=1

|ni| < N,|m;] < Nyi=1,---,u,

Notice that the system of equations (3.1) has (2N + 1)* number of trivial
solutions. In fact, for each (ny,---,n,) with |n;] < N, i=1,2,--- ,u, one
may choose (my,- - ,my) = (n1, -+ ,n,). Hence we have
(3.2) A(N,2u) > CN*.

Define the set Q2 as
1 .
QN:{O{GTd|OZZ| SW7Z:1’ ,d}
Then we have |Qx| ~ N~% If a € Qy and |n| < N, then

§ : e27ri(a1nk1+--~+adnkd) > )Re § : 627ri(a1nk1+~-~+adnkd)
In|<N In|<N

> Z cos(2m(arnft + - - + agn®)) > CN.
In[<N

Now we conclude that

(3.3)
A(N, 2’11,) Z / ‘ Z eQﬂi(alnk1+...+adnkd)
N al <N

2u
da > CNP|Qy| > CNPH,

Recall K, 4 v is the best constant for the following inequality

‘ 2 : an€27ri(041nk1+~--+adnkd)

In|<N In|<N

1
Choosing a,, = 1 for all [n| < N, then we have K, g n > N_%(A(N,p))i.
Combining the estimates (3.2) and (3.3), we may get

l(l_ﬁ)
Kp,d,N > max {01, CyN?2 P }
which completes the proof. 0
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