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WEIGHTED VARIATION INEQUALITIES FOR DIFFERENTIAL OPERATORS
AND SINGULAR INTEGRALS IN HIGHER DIMENSIONS

TAO MA, JOSE LUIS TORREA, AND QUANHUA XU

ABSTRACT. We prove weighted g-variation inequalities with 2 < g < oo for differential and sin-
gular integral operators in higher dimensions. The vector-valued extensions of these inequalities
are also given.

1. INTRODUCTION AND RESULTS

We pursue our investigation of weighted variation inequalities for differential operators and
singular integrals. The one dimensional case has been studied in our previous article [I8]. In the
present one we consider the higher dimensional case. We show that most results of [I§] extend to
higher dimensions. However, the arguments in R? with d > 2 are more complicated than those in
the case of d = 1. This is particularly true for the weighted weak type (1, 1) inequalities. Their
proofs require a very careful geometrical analysis of the kernels in consideration. On the other hand,
one-sided weighted variation inequalities for one-sided differential operators were obtained in [18].
However, at the time of this writing, it is not clear for us how to show their higher dimensional
extensions.

Variation inequalities have been the subject of numerous recent research papers in probability,
ergodic theory and harmonic analysis. The first variation inequality was proved by Lépingle [17]
for martingales (see also [21] for a different approach and related results). Bourgain [I] proved the
variation inequality for the ergodic averages of a dynamic system. Bourgain’s work has been
considerably improved by subsequent works and largely extended to many other operators in

ergodic theory (see, for instance, [12] 14l [16]) and harmonic analysis (cf. e.g., [3} Bl [8, T3] 191 20]).

To state our results we need to recall some definitions. Let 1 < ¢ < oo and a = {as}+>0 be a
family of complex numbers. The g-variation of a is defined to be

o0
1
lallo, = sup (D" lag, — as,,,|7) ",
=0

where the supremum runs over all increasing sequences {¢;} of positive numbers. Let v, denote the
space of all functions on (0, co) with finite g-variation. This is a Banach space modulo constant
functions. The norm (or more precisely, seminorm) || ||, will be also denoted by V,: V,(a) = ||al|, -

Our first result concerns singular integral operators. Let K be a kernel on R? x R4\ {(z, z) :
r € R4}, We will suppose that K satisfies the following regularity conditions. There exist two
constants 4 > 0 and C' > 0 such that

C
(Ko): [K(z,y)| < [ERT for z # y;
Clz — z|°
(K2): [K(o9) = Ko £ 00 for o =g > 2o 2l
Clx —z|°

(K2): [K(y,z) = K(y,2)| < for [z —y| > 2|z — 2.

|x_y|d+5
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By a slight abuse of notation, we will also use K to denote the associated singular integral operator:

K(f)(x)= [ K(z,9)f(y)dy, zecR%
Rd
For any t > 0 let K; be the truncated operator:
K@) = [ Koy
|z—y|>t

Let K(f)(z) = {K¢(f)(z)}t>0. Thus K is an operator mapping functions on R¢ to families of
functions on R?. We will consider the g-variation of K f (relative to the variable t):

VoK ()(@) = IK(F) (@), -
Thus the operator V,K sends functions on R? to nonnegative functions on R<.

We next recall the definition of A, weights. Let w be a positive function on R.
e we A, (with1<p<oo)if

su z)dz ( / T 1dx Pl < 00,
p@L/ @

where the supremum runs over all cubes in R%; All cubes in this paper are assumed to be open
and with sides parallel to the axes.
e we A if M(w) < Cw for some constant C'.

Here M(f) denotes the usual Hardy-Littlewood maximal function of a locally integrable function:

M) 228|Q|/'f )Idy.

Muckenhoupt’s celebrated characterization of A, weights asserts that w € A, if and only if the
operator M is bounded on LP(R%,w) for 1 < p < oo, and w € A; if and only if M maps L*(R%, w)
to L1 (R4, w). We refer to [7] for more information.

As usual, f denotes the sharp maximal function of f:

1
pw = s ool [ 1007 [ aar
The space BMO(R?) consists of all f such that f# € L>°(R%) equipped with || f|l« = || £*]|co-

We are now ready to state the first result of the paper. The symbol A < B will mean an
inequality up to a constant that may depend on the indices p, g, d, the constants C, ¢ in (Kp)-(K2),
the weights w, etc. but never on the functions f on R? or the points z € R? in consideration.

Theorem 1. Let K be a kernel on R satisfying (Ko)-(Kz), and let 2 < q < co. Assume that the
operator VoK is of type (po, po) for some 1 < pg < oo:

/ (VK () (@) i < / f@)Pdz, Y f € IP(RY).
]Rd ]Rd

Then
(i) forw e Ay

w({z e RY:VK(f)(z) > A}) S %/R If(2)|w(z)dz, VY fe L'(R%w), ¥A>0;
(ii) forl<p<oo andw € A,
L k@) e@ie s [ f@Pu@ds, ¥ f e @),
(iii) for any weight w such that w=' € A;

1K (D) wll . < (| fwl s ¥ f € LR,

where L°(R?) denotes the space of bounded measurable functions with compact support. In
particular, V,K is bounded from L (R?) to BMO(R?).
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Note that a similar result was proved in [I1] independently and almost at the same time; however,
the result of [I1] concerns only smooth truncations of singular integrals. We would emphasize that
the above theorem is new even in the unweighted case. With regard to this, compare it with [3]
Theorem B]. The main interest of the weighted L>°-BMO boundedness in part (iii) lies in the fact
that it implies, by extrapolation, the type (p,p) estimate in (ii) (see [9]). On the other hand, (i)
and extrapolation yield (ii) too.

The proof of the above theorem can be adapted to the situation of differential operators. For
t > 0 let B; denote the open ball in R? of center at the origin and radius ¢. Given a locally
integrable function f on R? define

A (f)(x) flz+y)d fip,(y —z) dy, zeR™L

1
= — y e —
|Bt| B: |Bt| R4

These are the central differential operators on R?. The term “differential operator” refers here
to Lebegue’s classical differential theorem. Let A(f)(z) = {Ai(f)(x)}i>0. We then consider the
g-variation of the family A(f)(z): V4 A(f)(x) = [A(f)(2)]s,. Jones et al proved in [12] that the
operator V, A is bounded on LP(R?) for 1 < p < 2 and from L'(R?) into L1>°(R?). The following
theorem extends their result not only to all p > 2 but also to the weighted case.
Theorem 2. Let 2 < g < oco. Then

(i) forw e A4

w({z € RY: VA(f) (@) > ) < %/R f(@)w(@)de, ¥ fe L{RYw), VA > 0;
(ii) forl<p<oo andw € A,
/R VAW @) wla)de S / f@Pw@)ds, Y f € LR w)
(iii) for any weight w such that w=' € A;
Vel S lfwlls ¥ F e LERY),
In particular, V,A is bounded from LZ(R?) to BMO(R?).

Remark 3. In the above theorem, the family {B;};~¢ of balls can be replaced by the family
{Q+}+>0 of cubes, where Q; is the cube centered at the origin and having side length equal to t.

Fundamental examples to which Theorem [T] applies are the Riesz transforms. More generally, it
also applies to singular integrals with homogeneous kernels.

Corollary 4. Let Q be a function on the unit sphere S%=1 such that

Qe Li(S*™Y and Q()do(#) = 0,
gd—1
where do denotes surface measure on S, Assume in addition that Q belongs to the Hélder class

of order « for some a > 0:

sup 1) = Q)
01.0.€0 01— 02|

Q(z —y)/|z —yl)
|z — yl¢
Then for 2 < q < oo the operator V,K is bounded on LP(R%, w) for 1 < p < 0o and w € Ap, and

from LY(R%, w) to L (R4, w) for w € A;.

Let

K(z,y) = , x,yERd,x;«éy.

For the kernel K in this corollary, Campbell et al proved in [3] that V,K is of type (p,p) for
1 < p < oo and weak type (1,1). So the corollary follows immediately from Theorem [l Note
that the Riesz transforms R; are included in the family of singular integrals considered in the
corollary. Thus we get weighted variation inequalities for Riesz transforms too. Such inequalities
for Riesz transforms were already obtained in [8] but only for some special weights. More precisely,
if 1 <p < ooand w(z) = |z|* with —1 < & < p—1, then V;R; is bounded on LP(R%,w). However,
the result of [§] has the additional important feature that the relevant constant is dimension free.
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Let us give an application of Theorem [2] to approximate identities.

Corollary 5. Let ¢ : R? — [0,+00) be a radial and radially decreasing integrable function. Let
ei(x) = 770(%) and ®(f)(x) = {@t * f(x)}es0. Then for 2 < q < oo the operator Vo® is bounded
on LP(RY w) for 1 < p < oo and w € Ay, and from L*(R?, w) to LY»°(R%, w) for w € A;.

Proof. By approximation we can assume that ¢ is of the form: ¢ =), a;l B,, with aj >0 (the
sum being finite). Then

prx f(x ZalerklArkt( )(@);

whence
Ve®(f)() < llll1 Vg A(S) ().
Then Theorem [Zl immediately implies the corollary. |

In particular, for ¢(z) = e~17I” (resp. o(z) = (1+|z|2)~%/2), the convolutions {@t* f}+ give rise
to the heat (resp. Poisson) semigroup relative to the Laplacian of R?, up to a multiple constant.
For this two examples, the above corollary goes back to [4]

Both Theorems [I and ] can be extended to the vector-valued case. The following result for
the differential operators improves Fefferman-Stein’s celebrated vector-valued. Hong and Ma [10]
extend it to the case where the space £, is replaced by any UMD lattice.

Theorem 6. Let g > 2 and 1 < p < co.

(1) Let K be a kernel on R? satisfying (Ko)-(K2) and such that the operator V,K is of type (po, po)
for some 1 < pg <oo. Let1 <p < oo andw € A,. Then

o\ P/P p/p
/]Rd (;(Vq/C(fn)(x)) ) w(x)dx </ (Z|f" ) w(z)dx

for all finite sequences { fy}n>1 C LP(R?, w) with 1 < p < oo, and

w({x e R?: Z (VqIC(fn)(m)) > /\p} / (Z | fn(z ) pw(x)dx

for all finite sequences { fr}n>1 C L*(R%, w) and any A > 0.
(i) A similar statement holds for the operator V4 A in place of V,K.

Remark 7. The first version of this paper was written almost at the same time as [I8] in the fall
of 2012. All previous results were proved in that version except the weak type (1,1) inequality
of Theorem [6] which has prevented us from finalizing the paper (more precisely, the obstruction
concerned the proof of ([G.H]) below). It is only recently that Guixiang Hong pointed to us that an
argument of [I5] could help lift this obstruction. Note that the main result of [I5] is precisely the
part of Theorem [@l for the differential operators. Although adapted from the pattern set up in [12],
its proof differs from ours. So the overlap between the two papers is not significant.

The paper is organized as follows. In sections [2 and Bl we prove Theorem [l The proofs of the
two parts (i) and (ii) depend one on another. More precisely, the proof of (ii) depends on the
unweighted version of (i), and that of (i) on (ii). The proof of the weak type (1,1) inequality is
quite technical and requires a careful geometrical analysis of the kernel. This proof is much more
complicated than the corresponding one in the one dimensional case in [I8]. However, the proof
of the type (p,p) inequality does not differ too much from the one dimensional case. In sections @
and [Bl we present the proof of Theorem 2l This proof is similar to that of Theorem [II The last
section is devoted to the proof of Theorem

2. PROOF OF THEOREM [I} WEAK TYPE (1,1)

In this section we prove the weak type (1, 1) inequality of Theorem[Il In fact, only the unweighted
version of part (i), i.e., for w = 1 will be completely proved in this section. The full generality will
be completed in the end of section Bl This proof is long and technical. It is based on a careful
geometrical analysis of the truncated kernels of the singular integral. Although we follow the
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general pattern set up in [3], our argument is subtler than that of [3]. For instance, our treatment
of the long variation is quite complicated, while the one of [3] is rather straightforward.

As usual, the classical Calderén-Zygmund decomposition will play a crucial role in our proof.
Let us state it below for later reference (cf. e.g., [T, Theorem I1.1.12]). Given a cube Q@ C R? let
Q = 5VdQ, the cube with the same center as Q but 5v/d times the side length.

Lemma 2.1. Let f be a compactly supported integrable function on RY and X > 0. Then there
exists a finite disjoint family {Q;} of dyadic cubes satisfying the following properties

(i) |f] < X on QF, where Q = UQi;

1
(i) A< — [ |f] <29\
1Qil Jaq.

(iiii) Q C {z e R?: M(f)(z) > A} and {z € RY: M(f)(x) > 49\} C Q, where Q = UCNQZ';

%

Define
g=fonQ° and g= f on Q; for each i,
IQI Q:
b= b;, where b; = f—— g, .
2 U1 Jo, e
Then
(iv) f=g+0b;
) llgllo < 29X;
(vi) for each i, / bi=0and — [ |bi] <271\
Rd |Q| Rd

We also require the following elementary fact which is to be compared with Cotlar’s almost
orthogonality lemma (see [2] for the case r = 2).

Lemma 2.2. Let {hy ;}r jez be a family of vectors in a Banach space B and {A;}jcz a family
of nonnegative numbers with Y .., A;j < co. Assume that ||hy ;|| < w(k — ])Al/r with 1 <1 < 00

andw =Y. ,w(j) <oo. Then

jez

DD |l <wm oA

keZ jer JEL

JET

Proof. The proof is straightforward by the Holder inequality. Indeed, letting r’ be the conjugate
index of r, we have

DI bl <0 (Do wik )T/T(Zw(k—j)’r/r/llhk,jﬂr)

k€Z jeZL k€EZ jEL JEZ
< W' E E (k—75)A;=w" E Aj.
k€EZ jEL JEZ
Thus we are done. O

The following standard lemma will be used several times later on.

Lemma 2.3. Let w be a locally integrable nonnegative function on R, xq € R? and r > 0,a > 0.
Then

w(x)dx 1
T noara © ya MW)W) for y € zo+ B
~/|$ zo|>T |Z‘ — $0|d+0‘ ro ( )(y) f Yy 0

Consequently, if w € Ay, then

w(x)dx 1
»/z zo|>r W ’S T_aw(y) for a.e.y € xg+ B,
0
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Proof. We have

w(x)dx = 1 /
—_— <y E 274¢ w(z)dx
/|gc—mg>r |x - x0|d+a [(2371)11 25r<|z—zo|<25H1r }

s=0

Z 23+1 /|$ i w(z)dx]

=0
O‘M( Wy) for y € xo+ By.

The assertion is thus proved. g

Before proceeding to the proof of the weak type (1,1) inequality of the operator V4K, we need
more notation. For an interval I = (s, ¢] with 0 < s < ¢t < oo we denote by R; the annulus
{x eR¥:s < |z| <t} and let

Ki1(f)(z) = Ks(f)(@) = Ki(f) (@) = y K(z,y)lg, (z —y)f(y)dy.

Let f be a compactly supported integrable function on R and A > 0. We must control the
quantity w({z : VoK(f)(x) > A}) by [[f[lL1re,w)/A- By rescaling, we can assume that A = 2.
Keeping the notation in Lemma [ZT] (with A = 2), we have

w({z : VK(f)(@) > 2}) < wl{e : VK(9)(@) > 1)) + w({z : VKG) (@) > 1)).

We must control the two terms on the right hand side by [, |f(2)|w(z)dz. Tt is here for the good
part g that we require that w = 1. Thus if w = 1, then by the LP°-boundedness of V,K we have

w({z : VK(g)(@) > 1)) = [{z : VK(g)(@) > 1}] < / VK()" (@)de

S [ lo@prde s [ r@lds

We will prove the above inequalities for a general w € A; in the end of section [3
In the rest of this section, we again assume that w is a general A; weight. We will treat the bad
part and show

(2.1)

w({z: Vo K(b)(x) >1}) S /Rd |f (@)|w(x)dx
A preliminary step toward this end is the following
w{z: V,KO0)(z) > 1}) < w(Q) + w({z : x & Q,V,K(b)(z) > 1}).
By the doubling property of w and the weak type (1, 1) boundedness of M for A; weights, we have

<Z (@) <w({z eR: M(f )(x)>2})§/Rd |f (@) w(z)dz

So it remains to treat w({z € Q° : VoK (b)(x) > 1}). For clarity we divide this technical part of the
proof into several steps.

Step 1. Decomposition into interior and boundary sums. Given x ¢ Q choose an increasing
sequence {t;} such that

VIKO)) <203 1Ky, (0))|)

Note that the sequence {t;} depends on z, as well as the sets Z;(I) and Z(I) below. But for
notational simplicity we will not mention z explicitly in {¢;} or Z,(I) (k = 1,2), which should not
cause any ambiguity.

Let I; = (tj, tj41]. The intervals I;’s are pairwise disjoint. Note that K7, (b)(x) # 0 only if
x+Rj; meets some cube Q;. We consider two cases according to Q; C x+Rj; or Qm(x+8R1j) # .
For a given interval I let

L(H)={i:Q;Cxz+Rr} and ZLy(I)={i:Q;N(x+IR;) # 0}.
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Then
1/ 1/ 1/
Z | K1, (b (Ll X Kn@)@N) (] >0 Ko@)
J o i€Ti(Iy) J o i€Ta(Iy)
According to [3], the first sum on the right-hand side is called the interior sum and the second the
boundary sum. It then follows that

w({z € Q°: VKDY (x) > 1} <w({z € Qc Z‘ Z K, (bz)(x)‘ > % )
i ieTi(ly)

w({xeﬁC:Z| Z ij(bi)(x)}q> %})
J o ieTa(l;)

For the two last terms, we will use the ¢! and ¢2 norms instead of the £¢ norm, respectively:

1Y K@) <SS Ko i)

JjoieTi(Iy) J o i€Ti(Iy)
XY K@) < (X Y K@)
J €2 (1) J o i€Zx(1;)

Thus we are led to proving the following two inequalities

e e : Y| Y Ky e)@] > g < /|f Jw(y)dy.

J o i€Zi(Iy)
wr et 3| Y K1j<bi><m>|2>§}>s [ @)ty
J i€Ta(I)) Rd

The first on the interior sum is easy and will be done in step 2. The second on the boundary sum
is much harder and will be handled in steps 3-5.

Step 2. Estimate on the interior sum. Let ¢ € Z;(I;), that is Q; C = + Ryp;. Since b; is of
vanishing mean, we have

K, 0)(0) = | K@ y)biy)dy = / (K (z,9) — K (2, c))bi(y)dy,

R4 R4

where ¢; is the center of Q;. Therefore, for z ¢ Q by (Ky) we get
S Y K@@ <Y [ 1K@y - K] bildy
J €Ty (I;) i Y
19
S XZ: EEE / , 1bi(y)|dy

<Z|x_c|d+5/ F(y)ldy,

where [; denotes the side length of @Q);. Thus by Lemma 23] we deduce

w({z € 0 Zi > Ky b)) > 5)) 2 /Z\ S K (b)) |w(e)de

i€Z1(1;) 161’1(1 )

Yt /Q 1S () (z)de
<Sp _w(@)dr
sy vollf sl
< w(y)d
S [, Wy

< [ @l
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Step 3. Separation of the boundary sum into long and short variations. We will handle
this part by passing through long and short variations. For each j, consider two cases:
e Case 1: I; does not contain any power of 2;
e Case 2: I; contains powers of 2.
In case 1, I; C (2%, 2] for some k € Z. In case 2, letting m; = min{k : 2" € I;} and
n; = max{k : 2¥ € I;}, we divide I; into three subintervals: (t;, 2™3], (2™, 2"i] and (2", t;11]
(noting that if m; = n;, the middle interval is empty). Then
|1, (0)(@)]* < 3 (|K(,, 2m5(0) (@) + [K2mi 9m31(B)(2)[* + [K(2m5 ¢, (0)(@)]?).
We need only to keep the subintervals whose associated annuli translated by x intersect some Q);.
Accordingly, we introduce two collections of intervals:
e S consists of all intervals in case 1, and all (t;, 2], (2", t;41] in case 2 if their associated
annuli translated by x intersect some Q;;
e L consists of all intervals (27, 277] resulting in case 2 if their associated annuli translated by x
intersect some Q);.
Note that SUL is a disjoint family of intervals and for each I € SUL we have that x4+ R; contains
no any @; but meets some Q.
The above discussion leads to

(21 S Ene@P) P <va(Y Y K@)

J ’iGIQ(Ij) Iel iGIQ(I)

VAL Y Ko@)
IeS eIy (1)

The first sum on the right is the long variation and the second the short variation. Thus

Se 2 1 ~. 2 1
w{z e Q> | > K b)(@)] > 1) Sw{z e S K@) > il
J o i€Za(1;) IcL ieZx(I)
~_ 5o 1
+w({x € Q°: Z‘ Z Kr(bi)(z)|” > 5 ).
I€S ieZ(I)
The last two measures on the long and short variations will be estimated in step 4 and step 5,
respectively.
Step 4. Estimate of the long variation. Let I = (2, 2"] € £ (with m < n) and ¢ € Zx(I).
Then Q; intersects one (and only one) of the two spheres  + {y : |y| = 2™} and z + {y : |y| = 2"}.
If Q; interiects the former, then 2 > 2v/dl;. Indeed, there exists y € Q; such that ly — x| = 2™.
Since = ¢ 0, we have

l; l;
M=z —y|>|x—cl—|y— >5\/E§—\/E§ = 2Vd1;.
Thus for any z € Q;,
|z —af <ly—af+ |z -yl < 2"+ Vdl; <27,
lz—a| >y —a|—|z—y| > 2" —Vdl; > 2™,
Consequently,
m—+1
Q; Cx+ R(2n171’ gm+1] C U (3;‘ + R(Qk’2k+1]) .
k=m—1
We have a similar assertion if Q; N (z + {y : |y| = 2"}) # . Also note that if the latter case
happens, @; cannot intersect x + {y : |y| = 2™}. Hence
m+1 n+1
Q; C U (x+ R(Qk’2k+1]) or Q; C U (x+ R(Zk,2k+l]).
k=m—1 k=n—1

This shows that (; does not meet x + R(ox 9x+1] for any integer k € [m +1, n —1). Thus for such
a k we must have
K(gk’ 2k+1] (bl)(x) =0.



WEIGHTED VARIATION INEQUALITIES 9

Therefore, we deduce that

} Z K[(bz)(m)|2 SZX_:} Z K(2k72k+1](b1’)(x)}2

1€Z2(I) k=m i€Zy(I)
n—1
<2y (Y |[Kn)@)),
k=m ’LEIQ(Dk)

where Dy, = (2%, 28+1]. Note that if i € Z(I), then the above term Ko gr+17(b;)(2) # 0 only if
k =m or n — 1. We do this procedure for every I € £ and sum up all inequalities so obtained.
Consequently, we have

n(I)—1

SN Y ki@ <2Y. > (> [Knb)@))?,

Iel ’iEIQ(I) Iel k= m(I) ZEIQ(Dk)

where I = (27D 27(D]. For any k € Z, let Tox = Zo(Dy). Noting that the intervals in £ are
pairwise disjoint, we get

(2.2) SIS K@) <23 (Y Kb, (b)(2)])”.
IeL €Ty(I) kEZ €Iy
Thus
w({z € Q°: Z‘ Z K (bi)(z)] EBS —} / Z Z |Kp, (bs ) w(x)dz.
IeL ieTy(I) “kEZ i€Ta
Now let Z; = {i : [; = 27} (recalling that [; is the side length of Q;) and define
hij(x) = D |Kp,(b:)(@)|.
’L’EIQYkﬂIj
It is important to note that if hy j(x) # 0, then k& > j. We have
S K b)@)] <D0 (D (@)
k€EZ i€TIs k€Z j

Therefore, we are led to proving

iy (2)) (@) de < F@)lw
> (Chuste 3 o
e w d
22/@ F@)lw(y)dy

j i€Z;
def
=34,

J

Thus we are in the situation of applying Lemma (with r = 2). By that lemma, it suffices to
show

/~ hk7j(x)2w(x)dx < 2j*kAj
QC

for all k > j. Let z € Q°. By (Ko) and Lemma 211 we have

SCX el ¥ [ o

i€Zs xNL; 1€ZLo NI

_ i 1
< 9(d=Dk+j Z m/@”‘(yﬂdy

i€y kML,

i
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(recalling that c; is the center of Q;). Here we have used two facts. The first is that if Zy , # ()
(then necessarily k > j), then

(2.3) Yool > Q] 2t

1€Z1s,xNL; 1€Zo(Dy)NI;
The second one is that for i € Iy, N Z; # ()

1 1
24 _— .
(24) |z —c;| 2k

On the other hand, by the discussion at the beginning of the present step, we have
|m—clv| >2k 1, vieIQ’k[]Z:j.

Therefore, by Lemma

hg(@Pute)s 200 5 [ [ [ R ) ay

i . |z — ;|24
’Lel-gykﬁl-j v

gauk 3 / ol /| %W

ﬁc

This is the announced estimate on the weighted L? norm of hi,;. We have thus finished the proof
for the long variation part.

Step 5. Estimate of the short variation. The argument for this part is similar to that of the
preceding step. Let Sy = {I € S: I C (2, 28]} and define

gk] Z ‘ Z K[(bi)($)|2

I€S, i€l (1)NI;

The indices k and j again satisfy k£ > j. Then

SIS Ko@) =331 Y K@) <3 (Y grs@)™.
k J

I1€S QeI (I) k I€S, i€Ty(I)

Thus

w{ze®: S| Y Kib)@) >—} /Z| (b:) (@) Pw(z)dz

I1e€S eI (1) IeS ieZy(I)

S /ﬁ ; (;gk,j(ﬂf))QW(m)dm.

Thanks again to Lemma 2:2] we only need to show

/ﬁ gk (@) ?w(x)de < 297FA;,
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where A; is the same as in the previous step. For z € Q°, by Z3), @4) and the discussion
following (Z4)), we get

gk,] S 22dk Z Z / r+R1 |b )|dy)
Z,;

IeS, €Zx(I)NZ;

522—1@2( Yo ( X [t

I€SK €T (I)NZ; i€l (I)NZ;
_ ; 1
s20 00 S o [ L ()il
1€8k i€To(I)NT; Qi
1 T—ci|>2k—1
< gDk 3 Z W / Lo, ()b ()| dy
I€SKieTo (1 ‘ Qi
]lw ci|>2k-1
< old- 1)k+]Z ‘|x—|c e Z/ erry (1) |bi(y)|dy.
i€, * IES;,

Since the intervals in S are disjoint, so are the associated annuli. Thus

_ ; ]lz—ci 2k—1
gy (x)? < 20Dk Z T /Q 1bi(y) |y

]1 k—1
d—1)k \ i >2
20t 50 el [,
€T Qi

Integrating over Q¢ and using Lemma 23, we then get the desired weighted L2 norm estimate of
gk,;- Hence, the estimate for the short variation is done.
Combining the results proved in all preceding steps, we get

wl{o €8 VKO @) > 1) S [ @@
SO
w(fe VKB > 1) S [ [f@ul)ds
Rd

This is the announced weighted estimate for the bad part b. Together with the unweighted estimate
for the good part g in the beginning of this proof, we finally prove the unweighted weak type (1, 1)
of V, K.

The weighted weak type (1, 1) of V /K will be proved in the end of section Bl |

Remark 2.4. The LP° boundedness in the assumption of Theorem [I] and the unweighted weak
type (1,1) of V,K just proved imply, via Marcinkiewicz’s interpolation, that V4K is of type (p,p)
for any 1 < p < pp.

3. PROOF OF THEOREM [Il TYPE (p,p) AND L*°-BMO BOUNDEDNESS

This section is devoted to the proof of parts (ii) and (iii) of Theorem [Il For a function f on
4 and r > 1 let M,(f) = M(|f|")"/". Both (ii) and (iii) will easily follow from the following
inequality

(3.1) (VoK) S M.(f)

for 1 < r < min(pg, ¢). Assuming (B1)) for the moment, let us show (ii) and (iii). Let w € A,. It
is well known that w € A,/, too for some r > 1. Then by [T, Theorem IV.2.20], we have

[ k@) wleyis £ [ (0K )@) 0@
R4 R4
< [ 0n@@) e < [ 1@
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Thus (ii) is proved. On the other hand, assume that w=! € A;. Choose r > 1 such that w™" € A;
too. Then for any cube @@ we have

Tclﬂ/QIf<y>|rdy< wa||;rclg|/Qw<y>rdys ol wi@)™ for aezeQ.

It follows that
VK)ol S (M (D], S (| Fell.,

This is the desired estimate in (iii)

Now we must prove (3.1). To this end fix a compactly supported integrable function f on R?
and a point zo € RY. We want to show

(VK () (20) S My (f) (o).

Recall that

V() = s [ k() - iy [ vk @

where the supremum runs over all cubes ) containing xy. Fix such a cube @ and let ¢ denote its
center. Write f = f1 + fo with f1 = f]lé and fo = f]léc. Then

& [ e - o / V(s

|Q|/}VIC —VK(f2) (e ‘dx

< @/qulc(fl)(ﬂf)dm—F @/QIIIC(fz)(m) — K(f2) ()| o, d
o Dy + Ds.

We must show that max(D1, D2) < M, (f)(xo). This is easy for D;. Indeed, by the Holder
inequality and the L"-boundedness of V, already observed in Remark 24 we have

D < (ﬁ /Q Wikt @) a) " 5 (ﬁ /Q ) S M () o)

To handle Dy we will show

S M (f) (@), VzeQ.

r

(3.2) |K(f2)(z) — K(f2)(c) .

This will imply Dy < M,.(f)(xo) since || [|s, < [/ ]|o, for 7 < ¢. Fix an increasing sequence {¢;} ;>0
of positive numbers and let I; = (¢}, tj41]. Then

K, (f2)(z) — K1, (f2)(c) = /Rd (K (2,9)1r,, (z —y) — K(c,y) LR, (¢ — y)] f2(y)dy
- [ K@) - K]t (@ - ) )y

+ | Klew) [Lr,, (@ —y) = 1r,, (c = y)] fa(y)dy
def
= o + ﬂj.
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The first term «; is easy to estimate. Indeed, by (K;) and Lemma 23]
oo N1/ [eS)
(O oy M) <>yl
=0 =0
<Z/ K(e) L, (@~ )l f2(p)ldy
< Z / s b, - )y

1
Sloof [ sl Wldy
ly—c|>1 |y - c|d+5
S M(f) (o) < Mr(f)(20)-
where [ denotes the side length of Q). Thus

(33) (D" las)"" £ M (f) o).
=0
To deal with the second term /3; we introduce the following sets
(3.4) J={j:tiq1—t;<l|z—c|} and Jo={j: tjy1—t; >|z—c}.
Then
(3.5) [1r,,(z —y) = 1g, (c—y)| < 1g, (z —y) +1r, (c—y),j € ]
and

‘]]‘RIj (33‘ - y) - ]lle (C - y)| < ]lR(tj,tj_Hz_c\](x - ) + 1R(tj+l,tj+l+‘m—c‘](x - y)

+ ]lR(tj,thm—cu( y) + ]lRuJH tiyFle— ru( Y),j € Ja.
We first consider the part on J;. By (Ko) and the Holder inequality
SIS Y ([ K enl(tn, @ =)+ 1n, (e =) 2
JE€JL JEJL
T— 1 T
< 3 (1, — 1) / g (L, (2 =) + 1 e~ )2 (w)]
Jen RrRd |Y C

—_ rT— 1 ks
Sl UL [ (i (0 =) + L (o= ) o(0)

_ aldr
= aly—c|

For any y € @C let j(y) be the unique j € J; such that ¢t; < |z —y| < t;41 (if such a j exists). Here
we have used the pairwise disjointness of the annuli Ry,’s. Then

tityy+1 S tjy) + v —cf <20z —y[ Sy — .

Thus by Lemma

(d—1)(r—1)

d—1)(r— 1 r ¢ 1 r

> ey / —— Ln, (2 = )| fa(y)"dy = / SO\ o ()" dy
icn R |y — | ly — ¢l
1

< - Td

< | =g

1
< - r
~ /ch|>l ly — cld+r=1 @)l dy
ST (M (f) (o))"
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This yields the desired estimate on the terms containing 1 Ri, (x —y). Taking = ¢, we get the
same estimate for the terms containing 1p, (¢ —y). Therefore,

(3.6) (318,17 S Mo(f) (o).

JjE€J

The part on Js is treated in a similar way. Indeed,

SIS S (IRl n =)+ Ln o= ) 2

JEJ2 jeJ2
S o= el Yty I — e} 00D
JEJ2
1 s
. ly—c|>1 |y — | (]lRtj’fﬁ‘m—C‘ (@ —y)+ LRe, 5 t1amc (c =) f2(y)]"dy.

Since the family {x + Ry, ¢, y|2—c|}jes, s disjoint, for any y there exists at most one j € Jp such
that ¢; < |z —y| <¢; + | — ¢|. Denote such a j still by j(y). Then we have t; + |z — | S |y —¢]
as in the preceding case for J;. Thus we conclude as before that

(3.7) (318107 S Mo(f) (o).

JEJ2
Combining (33), B:6) and B1), we get
(YKL () (@) = K, ()@ )" < M) (wo):

j
Taking the supremum over all increasing sequences {t;} yields (3:2). We have thus proved part (ii)
of Theorem [Il O

End of the proof of part (i). Let us go back to the full generality of part (i). As already
noted in section [ the only missing point is the weighted estimate for the good part ¢ in (1.
The ingredient for this estimate is the weighted type (po, po) of V4K with respect to any weighted
w € Ap,. Now part (il) makes this at our disposal. So for w € A; C A, by the properties of g in
Lemma 1] and the weak type (1, 1) of the maximal operator M, we have

w({e VK@) > 1) < [ VK@) @uleds < [ la@)re)ds

< [ @@ +w@) 5 [ 1f@h)ds
Thus (ZI) also holds in the weighted case, so we have proved part (i) too. Thus the proof of
Theorem [I] is complete. U
Reexamining the proof of Theorem [Tl we get the following

Remark 3.1. Assume that V,K is bounded on LP°(R9) for some 1 < pg < oo.

(i) If the kernel K satisfies (Ko) and (K3), then V,K is bounded on LP(R%,w) for 1 < p < po
and w € A,, and from L*(R?, w) to L (R4, w) for w € A;.

(ii) If the kernel K satisfies (Ko) and (K;), then V,K is bounded LP(R? w) for py < p < oo and
w € Ap/p,

4. PROOF OF THEOREM 2l TYPE (p,p) AND L*°-BMO BOUNDEDNESS

In this section we prove parts (ii) and (iii) of Theorem [2] As in section[3] it suffices to show

(4.1) (VeA())* S Mo (f)

for r > 1 close to 1. Fix a compactly supported integrable function f on R? and a point zo € R%.
Let @ be a cube containing zy. Let ¢ and [ denote respectively the center and side length of Q.
We then decompose f as f = f1 + fo with f1 = f]l@ and fy = f]l@c. The part on f; is treated by
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using the boundedness of V,.A4 on L2(RY) from [12]. For the part on f we will prove the following
pointwise estimate

(4.2) [A(f2) (@) = Af) ()|, S Mr(f)(wo) VaeQ,

which, in turn, will imply @I]).

Fix 2 € Q. Note that A;(f2)(x) = 0 for t < I (in fact, for t < 2v/dl). So only the values of ¢
greater than [ are relevant. Given an interval I = (s, t], put A;(f) = A:(f) — As(f) as before for
singular integral operators. Let {¢;}; be an increasing sequence with to > I. Set I; = (¢;, t;j+1].
Then

(4.3) A (£2)(@) = Apy (£2)(c) = & + .
where
&= R [n, (s —2)—Tn, (y - ))dy,
|Btj+1| R4
w= (51~ L) e, 00~ s, =y

To handle the £;’s. we use the partition given by ([84). Then we have to show

(4.4) (S 16N S M) (o) and (31610 < Mo (f) (o).

jedr jE€J2

Let us deal with only the part on J;. Using ([B.5]), we need only to consider the terms on z since those
on ¢ are their special cases when z = c. Let j(y) be the unique j satisfying ¢;¢,) < [y — 2| < t;()41

for a given y € Q°. Then

Z |Bt1+1| ‘/ fa(y ]lRI( —x)

dyr—1 r
~ Z |t Jrl|alr thrl t]) ,/]Rd |f2(y)| ]]'RIJ- (y—x)dy

JjeJ1

5|m—c|r71 thrT 1/ | f2(y |]1R1( —x)dy

JjeI j+1

St [ 1R =y
J(y)+1
1

_ ar—1 r
Sle—df / 1) o=l
< (Mo(f) (o))"

This finishes the estimate on the &;’s
Now we turn to the 7;’s. Observe that

|]lBtj (y - 33) - ]lBtj (y - C)‘ < ]IR(tj,thz—cH (y - 33) + ]]‘R(tj,tj+\m—c\](y - C)

Recall that ¢; > [ > |z — ¢|/V/d for every = € Q by the assumption on the sequence {t;} at the
beginning of the proof. Then by the Holder inequality

‘ fz(y) (15, (y — ) — 1, (y — z0)]

r—1
((t —|—|IE—C|) _td / |f2 ]]'R(t tj+lw— r\](y_x)+]lR(tj,tj-Hn:—cH(y_c))dy'
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Hence as before, we deduce

r |z —
ZW | <Z td+r 1 |f2 ]]‘R(t tile— c\](y_x)+]]‘R(tj,tj+\mfc\](y_c))dy

1
<o o / ) _ay
ly—c|>1 |y - c|d+r71

S (Mo (f) (o))"
Therefore, we have treated both §; and n; in (£3]). Combining this inequality with (@3] and (£4),
we finally get
m1/r
(145 (£2)(@) = A (F)(@)"" S My(f)(wo):
J
whence ([@2]). Thus parts (ii) and (iii) of Theorem [ is proved. O

5. PROOF OF THEOREM [2} WEAK TYPE (1,1)

This section is devoted to the proof of the weak type (1, 1) inequality of Theorem[2l This proof
is similar to the one presented in section 2l So we will only give the main lines and indicate the
differences.

Let w € A; and f be a compactly supported integrable function on R?. We want to show

w{z : VgA(f)(x) > A}) S /f de, VY X>0.

Let f = g+b be the Calderén-Zygmund decomposition of f given by Lemma 2] with the associated

dyadic cubes {Q;}. We keep all notation introduced in section 2 relative to this decomposition.
As in the end of section [, the good part w({z : V4 A(g9)(x) > A/2}) is estimated by the

boundedness of the operator V,.A on L?(R¢, w) proved in section @ For the bad part we need only

to majorize the part of w({z : V,A(b)(z) > A/2}) outside of €2¢. Thus our remaining task is to
show the following inequality

w({z € 0 VAD)(@) > 5 }) L@@

Considering 4f /) instead of f, we can assume that A =4 in the rest of the section.

We start our majorization of w({z € Q¢ : Vg A(b)(z) > 2}) with an analysis of A7(b;)(z) for an
interval I = (s, t]. Clearly, A;(b;)(z) = 0 if Q; is outside of the ball  + B;. On the other hand,
since b; is of vanishing mean, A;(b;)(x) = 0 if @Q; is contained in the ball  + B, or in the annulus
x+ Ry. Thus A;(b;)(x) # 0 only if @); meets the boundary of x + R;. This is a difference with the
singular integrals: the interior sum disappears. So we denote Zo([I) simply by Z(I):

ZI) ={i: Q;:N(z+ ORy) # 0}.
Z(I) depends on z too. But for notational simplicity, we omit = as an index in Z(I) as well as in
the sequence {¢;} below.
Now for every x € Q¢ choose an increasing sequence {t¢;} such that

V'A <2 Z|At17t1+1 )| )1/q'

Let I; = (t;, tj+1]. By the above analysis, we have

Y An(bi)(x)

i€Z(I;)
Then "
VeAB) @) <2(D0| S0 A i) @)]*)".

J o i€Z(Iy)

Thus we must show
w((ze@: 3| Y Ay (b)) >1})§/ F@)w(z)ds
i i€Ty) Re

Like in the case of singular integrals, we will do this via long and short variations.
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Let £ and S be the two collections of intervals associated to {t;} introduced in step 3 of section2l

Then
(1 X A@@ ) < VB3| X Arba@)*)"
J o i€Z(I;) I1eL +eZ(1)
+V3(XY TS A @))
IeS ieZ(I)
Hence
w{re® 3| S ALG)@)F > 1) <w(r e Y| S Arh) >%)
J i€Z(Iy) I1eL eZ(1)
w({z € Q°: ZiZAI >11—2).
IeS iez(1

We first deal with the long variation. The geometrical analysis made at the beginning of step 4
in section [2 remains valid now. Maintaining the notation there, we then have

2

D | Z Arb)@)|" <2301 7 Ap, (b

IeL ieZ(I kEZ i€Ta
Recalling that Z; = {i : [; = 27}, define again

hij(@) =Y |Ap,(bi)(@)].
’L’EIQYkﬁIj

In order to apply Lemma [Z2] we have to estimate hy ;(x). Note that the argument in step 4 of
section [ for this estimate is purely geometrical except one place where (Ko) of the kernel K is
used. Now the corresponding differential operator kernel is

1 1
Byerr] Ip, ., (r—y)— Bl Ip, (z—y)

and
1

Ap, (bi)(w) = m e

Thus we still have

Lp,, ., (x—y)bi(y)dy — 1, (z — y)bi(y)dy.

1
|Bar| Jra

A0 (0@ < 3z [ @y

i

Then as in step 4 of section 2, we deduce
L mstapuas s2ta, =24 Y [ s
¢ i€L;
Therefore, by Lemma [2.2] we get the desired estimate on the long variation:

w({xeﬁC:Z| Z Ap(b;) ()| ? > 1_12 )

IeL ez(I)

/QZ thj wxdx

kez j

S / @ty

We turn to the short variation. Define

i@ =31 Y Aw)@)?

I€S, €eZ(I)NZ;

(recalling that Sy = {I € S : I C (2%, 2¥*1]}). As in step 5 of section @] and the above argument
for the long variation, we need only to show the following inequality

]1 T—c; 2k 1 ~c
gr5(2)? S 204Dk 3 x—7|c>|2d/Q f(y)dy, Vo er
i€T; v

i
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Let I = (I(I), r(I)] € Sg. Then
1 1 1
= 1 —Y)0; S 1 —y)b;
|Br(n)| Jra mi (@ = )bily)dy + (|Br(1)| |Bz(1)|) /Rd Buny (@ = Y)bi(y)dy

AP i) (@) + AP (b) (@),

@ =X Y APe@) a=12

I€S, ieT(I)NT;

Let

Then g j(z) < g,i )( )—|—g(2)( ). Thus we are reduced to estimating g( )( ) and 91(423)(:16) separately.
The estimate of gk’ j( x) is done in the same way as before for the singular integrals, since the kernel

of A(Il) behaves like a singular kernel as far as such an estimate is concerned.
Compared with the situation of section 2 the second term is new. We have

AP 001 5 "G [ o

Thus by (Z3)),
2 1 2 2
9@ S srrme 20 (=D X [ lw)lay)
I€Sy, €T (I)NZ; ¥ @
1
S SGaR BN GOERINIGED DN R / y)ldy)
IeSy i€ (1)NZ; i€Z2(I1)NZ;
(d 1)k+j
S “9(2d+1)k Z ) — 1l Z/ |b )|dy
IeSy €T
2(d 1)k+j
5 22dk Z/ |dy
i€Z;
1 k-1
< o(d=Dk+j Zlr—ci|>2k 1 / du.
Z |x—c|2d Q|f(y)| Y
€L i

Here we have used the fact the intervals I in Sy, are disjoint subintervals of (2%, 28], So
ST (r(h) —U(D) <28,
I€Sy,

Therefore, we obtain the announced estimate of gk’j(ﬂj). Along with Lemma [Z.2] this yields

w({z e Q°: Z‘ Z Ar(b;) ()] ‘> 1_12 )

1eS iez(I)
5> (S ousto) wlo)i < | il

This is the desired estimate for the short variation. Thus we have proved the weak type (1,1)
inequality of Theorem O

6. PROOF OF THEOREM

This section is devoted to the proof of Theorem [l We will only consider the case of singular
integrals, that of the differential operators being handled in a similar way.

First note that Theorem [l clearly holds for p = p thanks to Theorem [[I Then we deduce the
type (p,p) inequality for any 1 < p < oo by extrapolation techniques described in sections IV.5
and V.6 of [7] (see, in particular, Remark V.6.5 there).

We are thus left to prove the weak type (1,1) inequality. This proof is similar to but more
complicated than that of the same inequality in the scalar case presented in section We will
follow the structure of that proof. The steps 1-5 mentioned in the sequel are those in section
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Let f : R? — ¢ be a compactly supported integrable function, so f = {f,}.. Let ¢ be
the function given by ¢(z) = ||f(z)||, (the norm here is, of course, that of ¢*). We now apply
Lemma 2] to A = 2 and ¢, and keep all notation introduced in section In particular, f is
written as the sum of its good and bad parts: f = g+ b. Both g and b take values in £7. We set
9 =A{9n}tn, b = {bn}n and b; = {b,;}». Note that each b, ; is supported on the cube Q; and its
mean vanishes.

We must show

w({xERd:Z(VIan >1} / | f (@)l pw(z)dx

n

w({xERd:Z(VIC >1} / | f ()| pw(z)dz

n

The first inequality on g is proved by the type (p, p) of V4K already observed above. The measure
on the left hand side of the second one is split into two parts, one on (2 and another on Q°. The
part on 2 is estimated as in section 2l Thus it remains to show

(6.1) w({z €853 (VK(ba)@)” > 1}) /Hf )|yl

n

To this end we will follow steps 1-5 and indicate only the necessary modifications.
As in step 1, for every ¢ Q and n choose an increasing sequence {tn;} such that
1/
Vqlc(bn)(m) S 2(2 ‘K(tnyj,tn1j+1](bn)(m)|q) q'
J
Let I, j = (tn,j, tn,j+1]. Choose r such that 1 < r < min(g, p). Then

(SIS K, 0@ 17) < (LX) Y Kaytu@1)

J o i€Zi(In,j)

+ (Z [Z | Z an’j(bmi)(m”q}p/q) 1/p

J i€Ta(In ;)

(NI Y K bo@]))

J i€Zi(In,j)

+(Z[Z| Z Kfn,j(bn,i)(x)rr/r)l/p

i€Za(In,;)
' A(z) + B(a).
Thus @) is reduced to
(62) w({o €@ : A > 51 S [ 1@l
and
(63) w({oe®:B@) >3 5 [ 15@lu@d

By step 2, we have

S| Y K (bes) \sz_c'dﬁfiun(yndy.

J i€Ti(In)

Thus by the Minkowski inequality,

X s [, Wl

As in step 2, we then deduce ([E.2)).
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The proof of (@3] on the boundary sum is more complicated. As in step 3, for each n we
separate the boundary sum into the long and short variations:

(Z‘ Z Kln,j(bn,z ) 1/T<31/T Z | Z KI nz 1/T

J o i€Ia(In,j) IeL, i€Zx(I)

+31/r Z| Z K (bys) 1/7’

1€8, i€Tx(I)

Accordingly,
B(z) <37 (Bi(z) + Ba(z)),

where

50~ (ST | ¥ mtnge1)"

n  I€L, i€Zx(I)
B = (LIX ] X Kitb@l17)”
n  IES, i€Ts(I)

Thus (E3)) is split into two inequalities

(6.4) w({o e @) > 7 h) < [ 1@lue)
and
(6.5) w({z € Q°: By(z) > 31/T, / | f(x)]| pw(zx)

We now apply ([2.2) to each £, (with r instead of 2). Let Z3, be the subset associated to L,
defined just before (2:2]). Then we have

ST Kibna)@)| <277 | > K, (bni)(x)

IeL, i€Za(I) kezZ €1y,

YYD [Knu)@)

kEZ j i€Iy,NI;
Therefore, by the Minkowski inequality (recalling that r < p),

(DX X Ko@)

k€Z j  m €Iy, N,

(Z (> hwy (CC))T) UT,

keZ j

Bl (3)

Z/\

where
1
hei(@) = [ Y (K wa)(@)]]"".
n zGIQ kﬁIj
Hence
w({xeﬁC:Bl() 1 31/r’ / Z Zh;” "w(z
k€Z j

However,

@) S 5 [0 [ Bastwlan))”

n  ieIy, nz; 7@

<m0 X [ bl

n i€la(Dy)NI; Qi

1
< >k Z / 16: ()| Ay

1€Z2(Dy)NTL;
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We can now apply the argument in step 4 to get the following inequality
/~ hij(@) w(z)de <20 DUPA k> g,

where
8= [ 1@t
€L
Therefore, by Lemma 22] we deduce

LS (E @) v £ 3585 < [ 1@l
kez  j J R
Combining the preceding inequalities, we get ([6.4).

To complete the proof of Theorem [B] it only remains to show (@3). It is this part that had
prevented us from completing the paper since its first draft was written in the fall of 2012. We are
very grateful to Guixiang Hong who kindly communicated to us the following argument, inspired
by [15].

By the weak type (1, 1) of the Hardy-Littlewood maximal function with respect to A; weights,
@©3) will follow from the following inequality

(6.6) | By(x)"w(x)dz S Zw(@l)

Qe .
Let Sy = {I €S, : I C (2%, 28+1]}. As already observed before, for I € S, and i € Tr(I) N Z;,
we have that k& > j and 2F < d(z, Q;) < 2¥*!. Now choose a such that (d — 1)/r" < a < d/r’.
Then for any I € S, 1, by the Holder inequality,

‘ Z K[ Z Z 2(k 7) OtT|KI 'n,'L Z Z 2(]‘*]@)0(’#)%/
€Ly (1)NI; J<ki€Zy(I)NZ; J<ki€Zy(I)NZ;

For every i € Zo(I) N Z;, Q; is a dyadic cube of side length 27 and intersects the boundary of the
annulus = + Ry; so the number of a disjoint collection of such cubes is controlled by 2(4—1#=7),
Thus by the choice of «, the second double series on the above right-hand side is convergent.
Therefore, letting Uy = {i : I; < 2% d ( Qi) < 2811 we then deduce

Z | Z KI 77,1 Z Z Z Z(k_j)aqKI(bn,i)(x)V

I€Sy . €T (I)NI; IESn e J<ki€Zz(I)NZ;
S S e S Kylba)@)"
€Uy I€Sn 1
s o2 ( [ i)
€Uy

Then by the Minkowski inequality and Lemma 2T we have

T<§:§21“Wk“d(/‘w<>mwf

k 1€Ug

S3T S gt

k icUy
Using the properties of A; weights and by the choice of «, we finally get

Bs(x dx < Zl(d )T Z Zk(o‘_”l)r/~ w(z)dx

fizF o, Qen{z:d(z, Q:)<2k+1}

hS Zlgdia)r Z gkla=d)r gkd inf gy (x)

T€EQ;
k:2k>1; ¢

< l(dfa)rl(afd)rer inf
SO LT Jinf w(a)

SO inf ww) <) w(Q).

Qc
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This is the desired inequality ([@.6]). So Theorem [l is completely proved. O
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