STEADY VORTEX PATCH WITH POLYGONAL SYMMETRY FOR
THE PLANAR EULER EQUATIONS IN A DISC
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ABSTRACT. In this paper, we construct two types of vortex patch equilibria for the two-
dimensional Euler equations in a disc. The first type is called the “N+1 type” equilibrium,
in which a central vortex patch is surrounded by N identical patches with opposite signs,
and the other type is called the “2N type” equilibrium, in which the centers of N iden-
tical positive patches and N negative patches lie evenly on a circle. The construction is
performed by solving a variational problem for the vorticity in which the kinetic energy
is maximized subject to some symmetry constraints, and then analyzing the asymptotic
behavior as the vorticity strength goes to infinity.

1. INTRODUCTION AND MAIN RESULTS

Let D C R? be a simply connected bounded domain. We consider a steady ideal flow in
D whose motion is governed by the following Euler equations:

(v-V)v=-VP in D,
V-v=0 in D, (1.1)
v-n=0 on 0D,
where v = (vy,v7) is the velocity field and P is the scalar pressure, n is the outward unit
normal of 0D.

Define the vorticity of the Euler flow w := 0,,v9 — 0,,v1 and take curl to both sides of
the first equation in (1.1). Thus it becomes the following vorticity equation

V- (wv) = 0. (1.2)
On the other hand, since v is divergence free, there exists a function v, called the stream
function, such that v = V¢ := (9,,1, —9,,%). The boundary condition v-n = 0 requires
1 to be a constant on dD and thus we can assume ¢ = 0 by adding a suitable constant
to ¢. Therefore by direct calculation it is not difficult to see that w and v satisfy the
following Poisson’s equation:

—AY = w, in D,
1.3
v =0, on 0D. (13)

So 1 can be expressed as
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P(x) = Cu(x) = /D G(x, y)w(y)dy, (1.4)

where G(z,y) is the Green’s function of —A with 0-Dirichlet boundary condition.
The energy of the flow in terms of vorticity w is defined as

E(w) = %/D/DG(x,y)w(x)w(y)dxdy. (1.5)

The research for dynamically possible equilibria of planar incompressible flows and their
stability analysis have been extensively studied by many authors; see [1, 2, 3, 5, 8, 9, 10,
12, 13, 14, 17, 27, 22, 24, 26, 28, 29, 30, 31] and the references therein. It is also worth
mentioning that in [32] the authors studied N+ 1 type vortex patch equilibrium numerically
based on contour dynamics, and stability is also discussed therein.

Since in this paper, we are going to deal with vortex patch solution, namely, the vorticity
of the fluid is a piecewise constant function, it is necessary to interpret (1.6) in a weak
sense. To do this we first reformulate the Euler equations (1.1) in terms of the vorticity as
follows

V- (wV*+Gw) =0 in D. (1.6)
We will mainly consider (1.6) instead of (1.1) in the rest of this paper.
Definition 1.1. We call w € L3(D) a weak solution to (1.6) if

/ wVHGw - Vodx = 0 (1.7)
D
for any ¢ € C§°(D).

To state our main results we need to introduce some definitions first. It is well known
that G has the following decomposition

G(x,y) = i111 !

2 x—y]

- h(X, y)a X,y € D7 (18)

where h(x,y) is the regular part of G. We will call h(x,x) Robin function of D.
Let k be a positive integer and ki, Ko, ..., kK be k non-zero real numbers. The corre-
sponding Kirchhoff-Routh function Hj, is defined by setting:
k
Hp(x1, -+ ,Xy) i= — Z kik;G (X4, X5) + Z K2 h(xi, %), (1.9)
1<i#j<k i=1
where (xy,---,x;) € D® =D x D x ---x D such that x; # x; for i # j.
*

In [28, 29], Turkington firstly proved existence of steady vortex patches in general bound-
ed domains. He introduced a weakly star closed subset in L> that contains all “isovortical”
patches, and by maximizing the kinetic energy on that subset he showed that any max-
imizer is in fact a steady vortex patch. He also considered asymptotic behavior of the
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maximizers as the vorticity strength goes to infinity and found that the limit is a point
vortex located at a global minimum point of the Robin function of the domain. Later Bur-
ton set up a complete theory on the extremization of the energy functional on “isovortical”
rearrangements; see [7, 8,9, 10]. In particular, he proved existence of maximizer, minimizer
and minimax solutions of the corresponding variational problems, including Turkington’s
result as a special case. But Burton did not consider the case when the vorticity strength
goes the infinity, which has practical interest and is closely related to the desingularization
of point vortices; see [30]. As an application of Burton’s theory and by using Turkington’s
asymptotic estimate, Elcrat and Miller [18, 19] considered that case and constructed steady
multiple vortex flows near any given strict local minimum point of the Kirchhoff-Routh
function.

A crucial assumption in [18, 19] is that the minimum point of the Kirchhoff-Routh
function must be strict, which is usually difficult to verify. In fact, there is no general result
that guarantees the existence of such minimum point except for several special cases; see
Remark 3.1 in [15]. For the simplest domain, an open disc, due to rotational invariance
of the Kirchhoff-Routh function, there is no strict local minimum point for more than two
vortices. To circumvent this difficulty, the authors in [16] improved the vorticity method
by adding some symmetry constraints in the variational problem. They constructed steady
vortex patches, each of which consists of a positive part and a negative part, concentrating
near two antipodal points respectively. Moreover, the combination of these two points is
the unique minimum point of the corresponding Kirchhoff-Routh function up to rotational
invariance.

Our aim in this paper is to extend the result in [16] to the case with multiple patches
concentrating near some prescribed points. To state our main results, we need to introduce
more notations and terminology which will also be used later. From now on D will be the
unit disc centered at the origin in R2?, that is

D ={x=(z1,72) ER?*| |x]| = y/2? + 23 < 1}, (1.10)

and the regular part of G in this case is

1 1
h(x,y) = o In|y| o In |x

We shall use the following notation for convenience. For any measurable set A C D, I4
denotes the characteristic function of A, that is, I4 = 1 on A and I4 = 0 elsewhere, |A]
denotes the two-dimensional Lebesgue measure of A, and A denotes the closure of A in
the usual Euclidean topology.

Throughout the sequel we shall use the following notations. Let N be a positive integer.
For any x € D with x = py(cos Oy, sin 0y ), where [py, 0x] denotes the polar coordinates of
X, define

€"(x) := px(cos(bx + ). sin(6x + 6).

dm(i—1) GX),sin(47T(i —1)

Ri(x) := px(cos( I I

_ex))a izla"'aNa
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T;(x) = px(cos(w — 0x), sin(

It is easy to see that e'’(x) represents the anticlockwise rotation through 6 of x, R;(x)
is the reflection point of x with respect to the line 2, = (tan MN_”)xl, and 7;(x) is the

M_gx))7 j=1,---,2N.

reflection point of x with respect to the line x, = (tan ”(j]\?l))xl.

Let f be a real-valued function defined in D, define e(f)(x) := f(e’(x )) (f)(x) =
f(Ri(x)) for each i = 1,---, N and T;(f)(x) := f(T;(x)) for each j = 1,---,2N. Let
A be a subset in D, define e?(A) := {el%(x) | x € A} Ri(A) = {Ri(x) ] X 6 A} and
Tj(A) == A{T;(x) [ x € A}.

Now we are ready to state the main results of this paper. The first one is the following.

Theorem 1.2. Let N be a positive integer, K, u be two positive real numbers such that ji/k
is sufficiently large(depending only on N ). Then there ezists a Ao > 0, such that for any
A\ > \o, there exists a weak solution w* of (1.6) with the following properties:
(1) wh = Mgy — Yoy Mo with Q) = {x € D | Gw*(x) > 13} N By, (Qu1) and Q) =
{z € D| Guw*(z) < =1} N By, (Qi), where vy, vy are positive numbers depending on
A Qi=p (COS 2m (sz U gin 27 7’_1)> for some p € (0,1) determined only by N and /{/u,

Qn+1 = 0 and &y is chosen to be sufficiently small such that Bs,(Q;) N Bs,(Q;) =
ifl1<i#j<N+1;

(2) N =, NQN =k fori=1,---  N;

(3) e 122 1)(w’\)—w and R;(w*) =w* fori=1,---  N;

(4) Q) shrinks to the origin O and 2} shrinks to Ql foreachi=1,--- /N as A = +00,
or equivalently,

lim sup [x| =0, lim sup|x—Q;/=0,i=1,---,N.
ATH09 %) A0 e

Let us remark that Theorem 1.2 deals with N+1 type vortex patch equilibrium, in which
a central positive patch is surrounded by N identical negative patches. By the physical
meaning of w, Theorem 1.2 implies the existence of flow with one piece of fluid rotating at
the angular velocity of %/\ and another N pieces of fluid rotating at the angular velocity
of —%)\ which almost evenly distributed on the circle centered at the origin with radius
determined only by N for A large.

The second result is the following theorem which is concerned with the existence of 2N
type vortex patch equilibrium in D. More precisely, we construct steady vortex patches,
each of which consists of N positive patches and N negative patches whose centers lie
evenly near 2N different points on a circle centered at the origin radius determined only
by N. As before one can get the physical interpretation.

Theorem 1.3. Let N be a positive integer. Then there exists A\g > 0, such that for any
A\ > \g, there exists a weak solution w* of (1.6) with the following properties:

(1) w* = szl( 1! ANy with U} = {x € D | (=1)""'Gw(z) > 72} N By, (P,) for i =
1,---,2N, where T € RT depends on \, P; = p <COS ”(i]\?l) ,sin m;”) for some p €
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(0,1) determined by N, and &y is chosen to be sufficiently small such that Bs,(P;)N

By (Pj) =@ if i # j;
(2) /\|U_i)‘| =1fori=1,---,2N;
(3) o™ (W) = (=1 and T;(w?) =w? fori=1,--- 2N;
(4) for each 1 <i < 2N, U} shrinks to P; as A — +00, or equivalently,
lim sup |x — B = 0.

A—+00 eriA

The outline of proofs for the two results is as follows. First we calculate the minimum
point of the Kirchhoff-Routh function subject to some symmetry constraints. Then we solve
a variational problem for the vorticity in which some symmetry constraints are added in
the admissible class originally used by Elcrat and Miller in [19]. Finally by analyzing the
asymptotic behavior of the maximizers we show that they are in fact steady solutions to
the Euler equation.

This paper is organized as follows. In Section 2 we give proof of Theorem 1.2. In Section
3 we give a sketch of the proof for Theorem 1.3.

2. PROOF OF THEOREM 1.2

In this section, we give the proof of Theorem 1.2.

Throughout this section we choose k& = N + 1 in (1.9), where N is a given positive
integer. We also assume that x; = —k fori =1,---, N and ky; = p for two given positive
real numbers x, p. From (1.9), the Kirchhoff-Routh function is

N
Hyii (X1, Xny1) = —K’ Z G(Xi,Xj) + Q’WZG(Xz',XNH)
i#£5,1<i,j<N i=1

(2.1)

N

+ Z KQh(Xi, Xi) + /L2h(XN+1, XN+1)-
i=1

For the discussion in the sequel, define

8N+1 = {<X17 ce 7XN+1) c D(N+1) |XN+1 = 07
| | (2.2)
om(i—1) . 2r(i—1
Xi:p(cos ”(ZN ) sin WN )),1§i§N,pE(O,1)}.

2.1. Constrained minimum point of the Kirchhoff-Routh function. First we show
that Hy.1 has a unique minimum point on Sy 1, which depends only on N, provided that
u/k is sufficiently large.

Lemma 2.1. There exists Cy > 0, depending only on N, such that for any pu,x > 0 with
w/k > Cy, there exists a unique minimum point for Hyy1 on Syi1.
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Proof. On Sy41, Hy1 is the function of p for p € (0,1). To prove the lemma, it suffices

to show that lim, ,o+ Hyy1 = +00,lim, ;- Hy,1 = +oo and Hyy, is strictly convex in
(0,1) if u/k is sufficiently large.
By direct calculation, we get

HN+1(X17 e 7XN+1)

N N
= Z K°G(xi,%5) + 2 Z KpG (X, Xy41) + Z K2h(x, %) + P h (XN 41, X4

1<i#j<N, i=1 i=1
N
1 1 1 X;
= QKM; {—% In [x; — xXnp1] + %111 || + %lﬂ XNt1 — W@
1 1 1 X
2 j
1<i#Aj<N
N
+ R Z h(xi, %) + p*h(xXn 41, XN 11)
i=1
= Ay + Ay + As.
For simplicity we write x; = p <cos 2”(]"\71) ,sin 2”(;;1)) fori=1,---, N, then we get
27(i — 7) X; 1
i — %] =2p" (1 —cos —— |, i~ =p— -,
Ix; —x;| =2p ( cos —— ) X P p 5
Xj [_ o, 1 2m (i — j) _ 1 2
X; — W =p =+ ? — 2COST, h(0,0) = 0, h(X,X) = —%ln(l — ’X‘ )
It is easy to check that
N 1
Ay = 25 2
m p
1 21 (i — j) 1
2 _ 201 _ J/ i
Ay = —K Z [ 47T1n<2,0 (1 — cos I )>+27T1np
1<i#j<N
1 2m(1 —
+ Eln (p2 + — — 2 cos( W(ZN ‘7))>},
Nk?
Az = — In (1 - p?
3 ot Il( p ) )
from which we obtain
N 1 1 2m(1— g
Hyi1(p) = ;:M ln; — K? Z {— Eln (2p2(1 — COS W))
1<i#j<N

(2.3)

1 1 1 27 (i — j) Nk?
—Inp+—In(p*+= —2cos(——22)) | — In(1 — p?).
T o np+47rn(p+p2 sy ))] o L =p7)
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Denote v := pu/k, then

2 1 2 S
HNH(IO):F&_{_QN’YIHP— Z [—lnp—gln(2—2008—W<ZN j))+1np

2 1<iZj<N
1 1 2m(e — g
+ Eln (* + o QCOSW(ZT]))] — Nln(1 —p2)1

K> 1 27 (i — j)
:%{—QNvlnp—Nln(l—pQ)— Z [—§1n(2—QCOST)

1<i#j<N

1 1
+§ln(p2—|—§—2c:os

=)

KJQ
= gf(p)a

where

f(p) = —2Nylnp— Nln(1—p*) - Y {—%m<2—2w¥ﬁ%%ﬂ)

1<i#j<N

1 1 2m(1 — g
+§ln(p2+ﬁ—2cos¥>}

1 1 27 (i — §)
— 2 2 2
_—Nln(pV(l—p))—ﬁ Z 1n<,0 —I-E—QCOST)

1<i£j<N
1 21 (i — 5)
+§ Z IH(Q—QCOST).

1<i#j<N

Using the above expression of f(p), it is easy to prove the following properties:

(1) Tim, 3 f(p) = 400, lim, 0+ f(p) = +00
(2) f"(p) > 0 for p € (0,1), provided ~ sufficiently large.

Since the proof is elementary we will not go into details here. Indeed, as parameter
sufficiently large, one shows that the function f/v is a small C? perturbation of a strictly
convex coercive function —2N In p, and hence is itself convex and coercive.

Thus, there must be a unique global minimum point p € (0,1) of Hyy1(p) on Syi1,

which completes the proof of Lemma 2.1.
O

2.2. Variational problem. From now on we assume that p/k is sufficiently large such
that there is a unique minimum point of Hy,; on Syi1, say (@1, - -, Qn, Qn+1), wWith

Qi =p (cos 2W(Ji\7_1),sin %(]iv_l)> fori=1,--- N and Qn4+1 = 0. p is uniquely determined
by N and u/k.
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We also choose dy > 0 sufficiently small such that
Bi = B(Sg(@i) cC D,Z = 1, ,N‘I— 1,

Bs,(Qi) N B5,(Qj) = 2,1 <i#j< N +1, (2.4)
By, (Qi) CC{(p.0) | Zu — 2 <cp <2l 2y =1 .. N,

Here [p, 0] represents some point in polar coordinates.
Define the following admissible class:

N+1
M’\(D) = {w € L*D) |w= Zwi,suppwi CB,0<wni1 <A -A<uw; <0,

=1

/ wi(x)dx = —k fori=1,--- N, / w1 (X)dx = p,
D D

i27r(i—1)

e~ (w):wandRi(w):wfori:1,~~,N}.

Remark 2.2. Tt is easy to see that M*(D) is not empty when X is sufficiently large. In fact,

N
Mp.,0 =AY Is., ) € MND),
i=1

where \re? = Kk, Ame3 = p. By the symmetry of w and Green’s function G, we also note
that for any w € M*(D), the stream function 1 := Gw satisfies
§2m(i=1)

e N (¥) =, Ri(¥) = 9.

Let E(w), the energy of the vorticity w, be as defined in (1.5). First, we show the
existence of maximizers of E(w) on the admissible class M*(D).

Lemma 2.3. There exists w* € M*(D), such that E(w*) = sup,cymp) B(w).

Proof. Since G(x,y) € L'(D x D), we have

s [ [ Gy sy )y < [ [1etyxay <400 (25)

which means that F(w) is bounded from above.

Now let {wy,} be a maximizing sequence of E, that is, lim,, o E(wn) = SuP,epmp) E(w).
Since |w,| < A and the unit disc of L>°(D) is sequentially compact in weakly star topology
in L>(D), there exists w* € L>(D) such that w, — w* weakly star in L>(D)(up to a
subsequence). Now we show that w* € M*(D). In fact, by the definition of convergence
in weakly star topology,

lim [ wy(x)p(x)dx = /Dwk(x)gb(x)dx, for any ¢ € L*(D). (2.6)

n—oo D



STEADY VORTEX PATCH 9

1) By taking ¢ € L'(D) such that suppy C D\ UNTB;,(Q;) in (2.6), we get
0

/ wWw(x)p(x)dx = lim | w,(x)é(x)dx =0, (2.7)
D n—oo D
which implies
N+1
suppw® C U Bs, (Qi). (2.8)

i=1

Define w} = w*Ip, (q,). Taking ¢ = I, (@, € L*(D) in (2.6), we get
50(Qi)- 50 (Qi)

/Dw,f‘(x)dx = /Dw’\(x)gb(x)dx = lim [ w,(x)o(x)dx = —K,

n—0o0 D

fori=1,---,N and

[ Anix = [ oix= lim [ w,06ix =

n—oo D

(3) Now we prove 0 < wy,; < dand =X < w} <0 ae. inDfori=1,---,N. First,
we prove wi,; < A a.e. in D. Assume that | {x € D | w},,(x) > A} | > 0, then
there exists d; > 0 and gy > 0 such that ‘ {x|wyi(x) = A> 0} ‘ > go. Take
¢ = I{xeD|wg+1(x)—>\>51} € LY(D) into (2.6), then we get

02 lim [ (6 = Noxax = [ (60 - 1) 6(x)ix 29)

>(51‘ {X | w]>{[+1(X) —A> 51} } > 5150,

which is an obvious contradiction. Thus we get wy, 41 < Aae. in D. Similarly, we

can prove wy, 1 > 0 a.e. in D. Other conclusions can be proved similarly.
27r(z

(4) We prove €'~ ~ (w’\) = w)fori = 1,---,N. For any xo € D, by taking ¢ =

N

L — (i in (2.6) f 11
= [[BS(XO) [Bs (e 2 )(XO))] in (2.6) for small s > 0, we get

0=lim [ w,(x)p(x)dx = /DwA (x) p(x)dx

1 A 1 A
=— wt (x)dx — — i w™ (x) dx,
5% J B (xo) 7% . (55 (x0))
that is,
1 A 1 A
— wt (x)dx = — o w™ (x) dx.
w52 Ba(xo) T2 B, (ei2 (N 1) (Xo))

By Lebesgue’s differential theorem, we get

27r(z 1)

e v (w)(x0) =w(x0) aein D. (2.10)
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Similarly, we can also prove R; (w*) = w* a.e. in D fori =1, N.

Therefore, we get w* € M*(D). To finish the proof, it suffices to note that E is weakly
star continuous on M*(D). In fact, since w, — w” weakly star in L>°(D), we deduce that

w, — w” in weak topology in LP(D) for any p > 1, so we get
Gw, — Gw” weakly in W?P(D). (2.11)
By Rellich’s compact embedding theorem, we get Gw,, — Gw? in LP' (D), where p’ = p%l.
Therefore
lim F(w,) = lim [ w,(x)Gw,(x)dx = / wt (x) G (x) dx = E (w?) (2.12)
which completes the proof.
O

Remark 2.4. From now on, we use 1* := Gw* to denote the stream function of w*. More-
over, since W??(D) is continuously embedded into C*(D) for a € (0,1), we know that
Yr e CY(D).

A

2.3. Profile of w”. In this subsection, we show that the maximizer w” is in fact a vortex

patch and has a explicit form.

Lemma 2.5. Let w* be a mazimizer of E(w) on M*(D), then there exist vy, vy € RF
depending on X\, such that

N
A _
w _)\]{XED|w>‘(x)>ué}ﬁBN+1 )‘Zl{xeDW(wa?}mBi' (2.13)
i=1

Proof. Define w}* = w*Ip,, then obviously w* = Zf\:{l w;. It suffices to show that wy ., =
M (xe Dl (x)>13}nBy,, fOT some vy € R, since we can use similar methods to calculate w?.
For any 21, 2o € L*°(D) satisfying

(suppz1, suppz C By,

21,22 20, ae. in D, [ 2 (x)dx = [, z(x)dx,
Ri(z1) = 21, Ri(z2) =25 fori=1,--- N,
eiw(zl) = 2z, B (29) = 2o fori=1,--- N,
21=0 in D\{xeD|wx)<A—a},

=0 in D\{xeD|w\(x)>a}.

(2.14)

\

where a > 0 is sufficiently small, we define a family of test functions w, = w* + s(2; — 23),
s > 0. It is easy to check that if s is sufficiently small(depending on a, |||z (py and
||22]|Lo(p)), then wy € M*(D). So we have

dE(wy)
ds

lo—o+ < 0. (2.15)
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Repeating the previous argument we get

/D U (%) 21 (x)dx < /D (%) 22 (x)dx,

from which we deduce that

sup P (x) = inf MMx).
{xeDw(x)<A By 1n{(p.0)0<0< Z } {x€DIAx)>0 By 110{(p0)0<0<F }
Therefore, if we define
vy = sup P (x) = inf Mx),
{x€D|w>‘(x)<)\}ﬂBN+1ﬂ{(p,9)|0<0<%} {x€D|w>‘(x)>0}ﬂBN+1ﬁ{(p,9)|0<9<%}

it is easy to check that

wr=X ae in ByuN{(p0)|0<8<Z}n{xeD]|v*x)>13},
A=0 ae in Byun{(pd)|0<f<Ein{xeD|*x)<1p}.

Taking into account the symmetry of ¥* and w?, we get

{wf{,H =\ ae. in Bygn {x €D | yMx) > V{]\},

2.16
why =0 ae in Byan{xeD|p\(x) <1y}, (2.16)

or equivalently,
Wy =M
N+1 {xeD[y(x)>1) }nBr 11
By using strong maximum principles and the definition of 1}, we get 1} > 0
Finally, using similar methods we can also prove that there exists some v} € RT such
that

A
Wi = _)‘I{xeD\wk(xK—uf}mBiv
fori =1,---, N. Thus, we complete the proof.

g

2.4. Limiting behavior. In this subsection, we analyze the limiting behavior of w? as
A — 400. To begin with, we need the following estimates for w*. For convenience, we will
use C' to denote various positive numbers independent of A in the rest of this section.

Lemma 2.6. Lezf2wA be a n;,aximz'zer obtained in Lemma 2.3. Then

(1) B(w") > —8=Ine; — Z—Wlnag — C, where ey = /3= and ey = \/E ;

(2) vy > —£Iney+ C and v} > —4Iney + C

(3) dzam(suppw ) < Rey fori=1,---, N and diam(suppwy ) < Rea, where R is a
positive number independent of )\,

(4) There holds

1
lim | —— Mx)dx — Q;| =0
A_l)IJquoo‘ /{/DX%(X)X Q

Xw dx
=[xt

) f07” i:17"'7N7

=0.
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Proof. The proof is analogous to that in [28]. The key point is to estimate the total energy
E(w*) and the energy of the vortex core.
Note that TAe? = k, A3 = p. Firstly, taking test function & into E(w), which is

N N+1
ot = _Z/\IBgl(Qi) + Wiy = Z&J?, (2.17)
i=1 i=1
we get @* € M*(D) for X sufficiently large. Therefore E(w*) > E(&?), or equivalently,
1 N+1 N+1
B 25 [ [ 6y @0y alivlxdy
D JD i=1 j=1
L N )
=53 [ [cxy@mamixy+5 Y[ [ cxnadmixdy
i=1 1<iAj<N+1

N N
1 1 BV 1 VI
22 o [ [ -yt (ydxdy = 53 | [ nxy)aiiad)axdy

DY /D /D Glx, )3 () (3 dxdy + /D /D G5 Y)Y ()3, (3 )iy

1<i#j<N+1

1
=0+ 1+ 15+ 5 / / G(x, y)wj\vﬂ(x)wﬁ,ﬂ(y)dxdy.
pJD

(2.18)
Since supp; = B, (Q;), we get
N
1 1 3 3 Ng?
L > 3 ;—%ln 251/])/])w{\(x)w;‘(y)dxdy =~ Ine; + C. (2.19)
By the choice of dy, we get
LN
pl<g> s | [ aen| [ @ <c
1 i—1 Xy€suppBs, (Q;) D D (2.20)
VELEDS (6| [ @i | [ sy <c
1<i£j<N+1 XGB(SO (Qi)’yeBSO (QJ) D D
By combining (2.18), (2.19) and (2.20), we obtain
Ew') z-——hea+C+3 G (X, y)wy 1 (X4 (v)dxdy. (2.21)
A7 2J)pJp
Similarly, taking a test function & = — S M. (@) + Mb.,(@xy,) Into (2.17) and
combing (2.18), (2.19) with (2.20), we can get
2 12
E(w)‘) > — Iney — =—1Iney, — C,

4 47
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which proves (1)
To estimate v}, we divide F(w?) into two parts:

Y R—
=T (w )+&yf /W X)W1 (X)dx

where the energy of vortex core T7(w ) is defined as

Z / x) + 1) w (%) dx.

(2.22)

Note that
N+1

/W\ WN+1 dX—Z// X, y)w WN+1( )dxdy

=Z | [ Goeyatixon sy + /D [ Gttt yidy 22

<cC +/ / G, V) 41 ()i 41 () dxdy.
D JD

Repeating the same argument as in the proof of lemma 3.5 in [14], we can get that

0<Ti(w Z/ (Y (x) + 17) wi(x)dx < C. (2.24)
Combining this with (2.21), (2.22), (2.23) and (2.24), we can get
2 1 K

vy = N (E(wk) — Ty (w?) — ) /DQbA(x)w]’},H(X)dx) > —5- Ine; +C. (2.25)

Similarly, taking a test function & = SN W + M., (@n.) s in (2.17), we obtain
i
vy > ~5 Iney + C. (2.26)

Now using the same idea as in [28] we can estimate the diameter of the support of each

w}. Without loss of generality, by the symmetry of w* and *, it suffices to prove the

case of i = N + 1. For any x € suppwy,;, by Lemma 2.5 we know 1*(x) > 1. By the
definition of 1* and (2.26), we get

—ﬂln52+0§u3
s

N
1
< —%/ In [x — ylwi (y)dy — / h(x, ¥)w 1 (y)dy + Z/ G(x,y)w; (y)dy-
D D i=1 YD
(2.27)
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Since h € C®(D x D) and G € C®(By41 X B;) fori=1,--- | N, we have

‘ / (%, )k (7 >dy\< w0y [ havlay <€,
D

X yGBN+1

x€EBN+1,yEB;

[ cyimay] = x| 66yl [ —ay <c.
D
Thus from (2.27), we get

——/ In |x — ylw 1 (y)dy > — - Iney + C,
271— D 27T

namely,
€2
In ———w dy > C. 2.28
| e 2:29
On the other hand, for any fixed R > 1, by rearrangement inequality we get
€2 A H
In ——wy.(y)dy < / In 2 \dx = (2.29)
/19R52(x) x —y| B0 X 2
Combining (2.28) and (2.29), we obtain
€
cef Py [ ey
D\Bpe., (x |X yl D\Bpe, (x)

which gives

C
(")N 1( )dy_
/D\BREQU ’ In R

Taking R > 1 sufficiently large, we have for any x € suppwy, 41
1
/ Wi (y)dy < 1 (2.30)
D\BR€2 (x)

thus for any x € suppwy 1, fBRag( )WN+1( y)dy > 3u/4. Using the same calculation as in

28], we can get
diam(suppwy ;) < 2Re,. (2.31)

By similar methods we can also get diam(suppw]') < 2Re; fori=1,---, N.

From now on, we have proved (3) of Lemma 3.4, which shows that the support of each
piece of vorticity w? concentrates on some point as A tends to infinity. Since suppw (x) C
B;, we obtain that up to a subsequence

1

— —/\lim Xwi)‘(x)dx:ii, for i=1,---,N,
X K A=+ Jp (232)
— lim XWA 1 (X)dX = Xn41.

M A——+o00 D
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271'(7, 1) A
we obtain Xy41 = 0. Moreover, since €'~ ~  (w?) =

QW(]V U sin QW(J’V U) for some py € (0,1),

for some %; € B;. Since R;(w?) = w?,

w? and R;(wt) = w?, we obtain X; = pq <cos

i=1,--- N.

In the following, we show that (Xi,---,Xy41) € DWW+ is a minimum point of the
Kirchhoff-Routh function Hy,; on the set Syyq N {(Xl, o Xny1) € DIV | x; € Bi}.
Thus combining with Lemma 2.1, we can easily deduce x; = Q; fort =1,--- N+ 1. In

fact, for each zy € By such that zy = p(1,0) for some p € (0,1), we take the following test
function

= —/\ZI ( 2m(i-1) O)) + /\]BEQ(O) = Z(D@)\

It is easy to check that @*(x) € MA(D) for A sufficiently large. Therefore E(w?) >
E(&"), or equivalently,

N+1 N+1 N+1 N+1
// (x,y Zw Zw dxdy<// (x,y Zw Zw Ydxdy.

(2.33)

On the one hand, by using the rearrangement inequality we have

N+1 N+1

//nyzw Zw )dxdy
_NZH// G(x, y)w} (x)w) (y)dxdy + Y // (%, ¥)w; (%) (y)dxdy

1<i#j<N+1

_NZH //1n|x—y|w<> y)dxdy - NZ// e s
1<z¢]<N+1// (%, )7 (x)w; (v )dxdy

<NZH //1n|x—y|w<> y)dsdy - %// () (<)) 3 by
+ > // (%, y)wi (x)w; (y)dxdy.

1<i#j<N+1

(2.34)
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On the other hand, it follows from the decomposition of G that
N+1 N+1
/ / (x,y Z w; Z Wj y)dxdy

N+1 N+1

—Z //hllx—ylw (x)@} (y)dxdy — Z// x, )@ ()@ (y)dxdy (2-35)
iy / / (5, ) () (y ) dxdy.

1<i#j<N+1

Combining (2.33), (2.34) and (2.35), we get

N+1
Z / / G(x,y)w y)dxdy — Z / / X, y)w; (%)@} (y)dxdy
1<i#j<N+1
. (2.36)
/ / (x,y)w y)dxdy — Z / / X, y)w; (x)w (y)dxdy.
1<z;é]<N+1
Using (2.31), (2.32) and taking A to infinity, we get
j2n {2r(N=1) _ _

_HN+1 (Z07e N(ZO)v"' , € N (Z0)70> S _HN+1 (X17X27"' aXN-i—l) (237)
for any zg € {z € By | z = p(1,0),p € (0,1)}. By (2.37), we obtain that (X;,%s, - ,Xn41)
is a minimum point of Hy,1 on Sy1N {(xl, e XN+1) c DWW | x; € B; } Thus we get
po = p by Lemma 2.1. Namely, x; = Q; fori =1, - N + 1. O

2.5. Proof of Theorem 1.2. Before proving Theorem 1.2, we give a lemma from [11],
which is a criterion for weak solutions of (1.6).

Lemma A. Let w € L%(D). Suppose that w = f(v) a.e. in D for some monotonic
function f: R — R, then w is a weak solution of (1.6).

Now, we are able to prove Theorem 1.2. The basic idea is to show that w” satisfies the
condition in Lemma A if X is sufficiently large.

Proof of Theorem 1.2. Tt suffices to show that w” is a weak solution of (1.6). First we show
that

sup [¢*| < C. (2.38)
0B,

By Lemma 2.1 and Lemma 2.6, for dy = %0, there exists \g > 0 such that for any A > ),

dist (suppwf‘, (‘)Bl) > 0y.
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Thus for each x € 0By,

N+1 ‘

01| [ Goey) Y@y
i=1
1/ A A
=l—— [ In|x—ylw ydy+/hx,yw ydy—ir/Gx,y w
5 [ mix =ity + [ eyt + [ G Y
< —i/ In|x — ylw}(y)dy| +
- 27 Jp !
/wi\(y)dy-ln52 + max |h(x,y)]
D xEBBl,yESUppw{‘
N+1
/W?(Y)dy‘
D

+ max IG(x,y)| - Z

x€0By ,yeU; L' B; i—2

[ i y>wi<y>dy\ '

/D w?(y)dy’

1
<
2T

Kk 1n 52
- 2T
where we use the regularity of G and h and the fact that the integral of each w? is —x and
L.
Similarly, we can prove that |¢*| < C on UN$'0B;. Thus 1 is harmonic in D \ UN 1B
and by the maximum principle it is easy to deduce that

W <C  in D\ UNT'B;.

+C,

Combining (2) in Lemma 2.6 we get that, there exists A\g > 0 such that for each A > A,
there holds

{xe€D|yx) >V0}F‘|BN+1 {xeD |y x)>15},
{x € D |y x) —ul}mUB_{xeDwA < -1} (2:39)

Recall that by Lemma 2.3 w* has the following form

N
W= )\[{XED|1,Z)>‘(X)>V6\}QBN+1 —A Z I{XGDW’)‘(X)<_V%}mBi'
=1

Taking into account (2.39) we get for each A > A,

/\]{xeDh,M >t T )‘]{xeDwk )<—vi }

Applying lemma A, we get that w? is a weak solution to (1.6), which completes the proof
of Theorem 1.2.
0
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3. PROOF OF THEOREM 1.3

In this section, we give the proof Theorem 1.3 by solving a variational problem for
the vorticity and studying the limiting behavior. Throughout this section, we will choose
k = 2N in (1.9), where N is a given positive integer. We also assume that x; = (—1)""!
for each ¢ = 1,---,2N. The construction is similar to the one for Theorem 1.2, so we only
sketch the proof and emphasize the different parts.

Let us start with the minimization of H,y on the following subset of DZN)

Vo = {(Xl,...,xm) e DV |x,=p (cos(ﬂ(i]\; 1)),sm(7r(i]\; 1))> ,1<i<2N, pe (0,1)}.

We have

Lemma 3.1. There exists an isolated minimum point (P, - - -, Pon) for Hany on Vay.

N
by the symmetry of the Green’s function, the Kirchhoff-Routh function Hsy can be written
as

Proof. For any (X1, -+, Xan) € Van With x; = p (cos(”(ijgl)), sin(w(i_l))> fori=1,--- 2N,

N N
Hon(x1, -+ ,Xon) = — QNZ G(x1,X2i-1) + QNZG(Xszi) + 2Nh(x1, %)

=2 i=1
I:Bl + BQ + B3.
Note that
1 ‘X]HXI—';c—]‘Q‘ 1 p\/pQ—i-p%—QCOS W(i];j) 1 1
Glxix) = ol — — 2 = T h(xx) = ol
2m |x; — ;] 2m 2psin T4 21 1-p
so we get
N &N pt+1—2p%cos 2Tr(22fv 2) N I 4+ 1 —2p%cos 2”(;\[_1)
Blz—— 1 71_(21 2) :——Z 71-(1 1) ,
4m 2 4p? sin® SN 27 P 4p2 sin® ~
B 2N il pt 41— 2p?cos QW(QZ D) i +1—2p? COSF(QJZV D)
9 =—— :
dm = 4p? sin® W(?Nl Py 4p? sin* ”%ZN L)
N 1
B3 =—1In
T 1—p?
By direct calculation, we have
Hyn(p) = By + By + Bs
Nl ﬂ 4p? sin® ’T( D, Hp4+1 2p? cos”@;V ). 1
=—1In
2m is P+ 1 —2p*cos 2l 1)Z 1 4p? SmQﬂ(m D) (1 — p?)?
N
= ——1Ing(p),

21
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where
N 4p sin2 7r(z 1) Nt 41— 202 cos 71—(21'_1) .
g & — 2p* cos Qﬂ(]l\f 2 i=1 4p?sin® 7r(QZNI) (1—p?)? (3.1)
L1 1<P t1o2ptcos ) T sin? o |
_Hz o(p* +1—2p%cos 2“(]; DY p2(1 — p2)2 41-[Z _sin? ™ glNl)
Since cosw < 1 for each i =1,--- N and cos Tr(zlv D~ 1 for each i — _ 9. N,

we know that there exists 6 > 0, such that p* + 1 — 2p®cos (2;\, U > § and P+ 1 -

TI'(’L 1)

202 cos ZU) > § for any p € (0,1). Taking into account (3.1), we get

lim g(p) = 400, lim g(p) = +oc.
p—0t p—1-
On the other hand, since g is continuous and nonnegative in (0, 1), g attains its minimum

n (0,1). Since the numerator and denominator of g(p) are both polynomials, it is easy
to check that each minimum point of g must be isolated. Therefore, there must exist a

p € (0,1) being an isolated minimum point of Haoy(p). Let P :=p (COS ”(i]\?l),sin ﬂi_l))

N
fori =1,--- 2N, then (P, -, Pay) is an isolated minimum point of Hon (X1, -+, Xan)
on VQN.

[l
Let (Py,- -+, Pay) be an isolated minimum point of Hyy obtained in Lemma 3.1. Since

P, # P; for i # j, we can choose a sufficiently small §, > 0 such that Bs,(P;) CC D for
i=1,---,2N and Bs,(P;) N Bs,(P;) = @ for i # j. Moreover, since (Py,- - -, Pay) is an
isolated minimum point of Han, by choosing a smaller &y, we assume that (Py,- - -, Poy) is

a unique minimum point on Von N {(Xl, o XoN) € DPN) i x; € B50<P7;)}.
Define the following admissible class

2N
K\(D) = {w eL®D)|w= Zwi, suppw; C Bsy(F),

i=1

w; = w]Béo(pi), / w(x)dx =1, 0 <w; <X ae. in D,
D

o7 ) = (1) and i) = for i = 1+ 2N}

Note also that K, (D) is not empty when X is sufficiently large.
Now we consider the maximization of F(w) on the admissible class K,(D). By exactly
the same as the one in Lemma 2.3 we can prove

Lemma 3.2. There exists w* € Kx(D), such that E(w*) = sup,e, p) E(w).

Similar to Lemma 2.5, we can also obtain the profile of w? obtained in Lemma 3.2.



Lemma 3.3. There exists 7™ € R* such that for eachi=1,--- , N,

)

Woi—1 = )\I{XGD|1[))‘(X)>TA}HB<SO(P2i—1)7 (3.2)
N )

Wo; = _)\I{x€D|w/\(x)<77‘/\}ﬂB§O(PQi)‘

As in Lemma 2.6, we can obtain the following limiting behavior of w* as A — +oo0.

Lemma 3.4. Let e = ,/ﬂ—l)\. Then

(1) E(w) > —Xne - C;

(2) ™ > —5=Ine — C;

(3) there exists R > 0 not depending on \, such that diam(suppw?) < Re fori=1,---2N;
(4) for each i =1,--- 2N, we have

lim xw)(x)dx = P;, (3.3)

where C' is used to denote various constants independent of \.

Remark 3.5. By (3) and (4) in Lemma 3.4 it is easy to check that for A sufficiently large,
{x €D |y x) > 1} N By, (Poi1) CC Bsy(Paim1),
{x € D|¢x) < =7} N Bsy(Pa;) CC By, (Pai),

for each i = 1,--- , N. In other words, the support of w? is strictly contained in Bs,(F;).

(3.4)

Now we are ready to prove Theorem 1.3.

Similar as the proof of Theorem 1.2, it suffices to show that w? is a steady vortex patch.
By Lemma 3.4 and using the same analysis as in proof of Theorem 1.2, we get that there
exists A\g > 0 such that for A > Aq, there holds

{x € D| 9 x)> 71} N Bsy(Poi1) = {x € D | Y(x) > 7},
{x €D |y x) < =7} N Bs(Po) = {x € D |vx) < —7}.

Moreover by Lemma 3.3, we obtain that w* has the following form:
N N

A _
w? = A Z I{x€D|w>‘(x)>‘r’\}ﬂB50(Pgi,l) A Z I{x€D|w>‘(x)<77—/\}r‘|B50(Pgi)'
i=1 i=1

(3.5)

Thus we obtain that for A > )y, there holds

A
W = A[{XGD|1/;>‘(X)>T>‘} - )‘I{xeD|¢A(x)<—7A}'
By Lemma A, we finish the proof of Theorem 1.3.
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