Existence of Steady Multiple Vortex Patches to the Vortex-wave System

Daomin Cao?, Guodong WangP

“Institute of Applied Mathematics, Chinese Academy of Sciences, Beijing 100190, P.R. China
b Institute for Advanced Study in Mathematics, Harbin Institute of Technology, Harbin 150001, P. R. China

Abstract

In this paper, we prove the existence of steady multiple vortex patch solutions to the vortex-
wave system in a planar bounded domain. The construction is performed by solving a certain
variational problem for the vorticity and studying the asymptotic behavior as the vorticity
strength goes to infinity.
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1. Introduction

The evolution of an incompressible inviscid fluid is described by the following Euler equations

(1.1)

v+ (v-V)v=-VP,
V.-v=0,

where v is the velocity field and P is the pressure. In the planar case v = (v1,v3) and we
introduce the scalar vorticity of the fluid as follows

W = (911}2 — (921}1. (1.2)

By taking the curl on both sides of the first equation of (1.1), we obtain the following vorticity
form of the Euler equations
Ow + v -Vw =0. (1.3)

In the whole plane, the velocity can be recovered from the vorticity via the Biot-Savart law,
that is,
1 J(x —vy)

t) =K t) (= ——
V(LE7 ) *W(SC, ) m R? |1‘—y|2

w(y, t)dy, (1.4)
where J(a, b) := (b, —a) denotes clockwise rotation through 7/2 of the planar vector (a,b) € R?,
and K(z) = —%“;—lﬁ is called the Biot-Savart kernel. (1.3) and (1.4) mean that the vorticity w
is transported by a divergence-free velocity field induced by itself.
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In some cases the vorticity is sharply concentrated in N small disjoint regions, where N is
a positive integer, then its time evolution can be approximately described by the point vortex
model (see [22] for example), an ODE system that can be written as follows

N
d .
;tz: N wK(zi—aj), i=1,-.N, (1.5)
PRy

where x; is the position of the i-th point vortex and k; is the corresponding vorticity strength.
According to the point vortex model, for each point vortex located at x;, the velocity it induces
is ki K (-—;), and it moves in the velocity field induced by all the other N —1 point vortices. The
point vortex model and its relation with the Euler equations have been analyzed extensively;
see [13, 23, 27, 30] for example.

Now it is natural to consider the mixed problem, that is, the vorticity consists of a contin-
uously distributed part and a finite number of concentrated vortices. Marchioro and Pulvirenti
[25] first studied this problem and they called it the vortex-wave system. In the whole plane the
vortex-wave system can be written as follows

Ow +v-Vw=0,

dﬁi = K *w(z;,t) + Z;V:Lj;éi kiK(x; —xj5), i=1,--- N, (1.6)
V:K*w—i—Z?:l/st(-—mj).

Throughout this paper we call w the background vorticity. System (1.6) means that the back-
ground vorticity is transported by the velocity field induced by itself (the term K xw) and the N
point vortices (the term Z?:l kK (-—x;)), and each point vortex moves by the velocity induced
by the background vorticity (the term K *w(z;,t)) and all the other N — 1 point vortices (the
term E;\;mzl ki K (- — x;)). By constructing Lagrangian paths Marchioro and Pulvirenti in
[25] proved an existence theorem for initial background vorticity belonging to L!(R?) N L>°(R?).
More existence and uniqueness results can be found in [4, 20, 21, 26].

In this paper, we will be focusing on the steady vortex-wave system in a bounded domain,
the precise form of which will be given in the next section. In this case the Kirchhoff-Routh
function (defined by (2.2) in the next section) plays an essential role. On the one hand, it is easy
to see that any critical point of the Kirchhoff-Routh function is a stationary point of the vortex
model, and it has been shown in [13] that if this critical point is non-degenerate, then there
exists a family of steady vortex patch solutions (that is, the vorticity is a piecewise constant
function) of the Euler equations shrinking to this critical point. Similar results can also be found
in [12, 27, 28, 31]. On the other hand, it is proved in [11] that if there is a family of steady
vortex patch solutions of the Euler equations shrinks to some point, then this point must be in
the interior of the domain and must be a critical point of the Kirchhoff-Routh function. In this
way, the Kirchhoff-Routh function establishes connection between the Euler equations and the
vortex model.

Our purpose in the present paper is to extend the result in [13] to the vortex-wave system. To
be more precise, we prove that for any given strict local minimum point of the Kirchhoff-Routh
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function, there exists a family of steady vortex patch solutions to the vortex-wave system that
shrinks to this point. Here by vortex patch solution of the vortex-wave system we mean that
the background vorticity is a piecewise constant function.

The method we use in this paper to construct steady solutions is called the vorticity method,
which was first established by Arnold [1] and further developed by many authors [5, 7, 9, 17, 18,
28, 29]. Roughly speaking, the vorticity method is to maximize the kinetic energy of the fluid
under some suitable constraints for the vorticity. For the Euler equations, the kinetic energy
of the fluid with bounded vorticity is always finite, but for the vortex-wave system the kinetic
energy is infinite due to the presence of point vortices. To overcome this difficulty, we drop the
infinite self-energy term for each point vortex. We refer the interested reader to [15] where the
energy of the vortex-wave system with a single point vortex was calculated rigorously .

It is worth mentioning that the construction in [13] was based on a finite dimensional reduc-
tion argument. The advantage of the method in [13] is that solutions concentrating at a given
saddle point of the Kirchhoff-Routh function can be constructed. However, non-degenerate con-
dition of this saddle point is required in this situation. Using the vorticity method, we are able to
construct solutions concentrating at a given strict local minimum point of the Kirchhoff-Routh
function, even if this point is degenerate. Another advantage of the vorticity method is that we
can analyze the energy of the solution, which is helpful to prove nonlinear stability; see [6, 14]
for example.

This paper is organized as follows. In Section 2, we give the formulation of the vortex-wave
system in a bounded domain and state the main result. In Section 3, we solve a maximization
problem for the vorticity and study the asymptotic behavior of the maximizers. In Section 4 we
prove the main result.

2. Main result

2.1. Notation

Let D C R? be a bounded and simply connected domain with smooth boundary. The Green’s
function for —A in D with zero Dirichlet data on 0D can be written as follows
1 1

=1

— h(z,y), =,y €D, (2.1)

where h is called the regular part of the Green’s function. Define

1
H(z) := ih(m,x),
which is usually called the Robin function. Let k be a positive integer, xk; € R\ {0}, i =1, -+, k.

Define the Kirchhoff-Routh function as follows

k
’Ck(xlv cee l‘k) = — Z Iiz‘fijG(JZi,iL‘j) + Z ﬂ?h(xi,xi), (22)

i#§,1<ij<k i=1
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where x; € D and z; # x; if i # j. Note that if k = 1, then Ky = 2k H.
Throughout this paper we will use the following notation. For any function g, supp(g)
denotes the support of g. For any real number a, sgn(a) denotes the sign of a, that is,

1, ifa > 0,
sgn(a) := < 0, ifa =0, (2.3)
-1, ifa<0.

For any Lebesgue measurable set A C R2, |A| denotes the two-dimensional Lebesgue measure
of A; I4 denotes the characteristic function of A, that is, I4(x) = 1 if 2 € A and I4(xz) =0
elsewhere; A denotes the closure of A in the Euclidean topology; and diam(A) denotes the
diameter of A, that is,

diam(A) = sup |z —yl. (2.4)
r,yeA

2.2. Vortex-wave system in a bounded domain

We consider an incompressible steady flow confined in D with impermeability boundary
condition. The evolution of the velocity field v = (v1,v2) and the pressure P is described by the
following Euler equations

v+ (v-V)v=-VP, inD x(0,+00),
V.-v=0, in D x (0,4+00), (2.5)
v-v=0, on 9D x (0, +00),

where v is the outward unit normal of 0D.
Taking the curl on both sides of the first equation of (2.5), we get the vorticity equation

Ow +v-Vw =0. (2.6)
Since v is divergence-free, there is a function v, called the stream function, such that
v = IV = (a0, ~01%). (2.7)
By the definition of w (recall (1.2)), it is easy to see that
—Ay) = w. (2.8)

The impermeability boundary condition given in the third equation of (2.5) implies that v
is a constant on each connected component of dD. Since D is simply connected, after suitably
adding a constant to 1) we can assume

W(z,t) =0, x€dD. (2.9)
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By (2.8) and (2.9), we have

vlait) = (&) Yulet) = [ oyl Ody, o€ D. (2.10)
D
For brevity we introduce the notation

o(f,9) :=V[f-JVg=01f0g9— D2fOry,

then the vorticity equation (2.6) can be written as

{815&) + 6(00,'[#) = 0, (211)

¥ = (—A) .

If the vorticity is a Dirac delta measure (also called a point vortex) located at = € D, i.e.,
w = §(x), then formally the velocity field it induces is

TV(=A)15(z) = VG, ) = ;r‘m V().

Note that this velocity field is singular at . Due to symmetry, we formally drop the term
L @) that is, we assume that the velocity at z is —JVh(ac,-)| = —JVH(z), then the

2m Jz—]2 x o

evolution of this point vortex is described by the following ODE:

dx
i —JVH (). (2.12)

Similarly, the evolution of I point vortices can be described by the following ODE system:

!
= ki JVH(@:)+ Y KjJVa,Glzj @), i=1-1, (2.13)
j=1,j#i

dx 7
dt

where r; is the vorticity strength of the i-th point vortex. System (2.13) is also called the
Kirchhoff-Routh equation. It is easy to see that the Kirchhoff-Routh function K; is exactly the
Hamiltonian of the system.

Now we consider the mixed problem, that is, the vorticity consists of a continuously dis-
tributed part w and [ point vortices x; with strength ;, ¢ = 1, - -, [, then the evolution of w and
x; will obey the following equations

Oww + 0 (w, Y+ Z;Zl k;G(xj, )) =0

dri _ v (w + 30k Glag, ) — mH) (2:), i=1,---1, (2.14)
v=(-8)".

(2.14) is called the vortex-wave system in D.
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In this paper, we confine ourselves to the stationary case, that is, we consider the following
system of equations

) (w, Y+ Y kG, -)) —0,
V(04 s w3 Gy, ) — i) () = 0, i = 1,00, (2.15)
b= (~A) .

Since we are going to deal with vortex patch solutions which are discontinuous, it is necessary
to give the weak formulation of (2.15).

Definition 2.1. Let w € L>(D), x; € D,i =1,---,1, then (w,z1,---, z;) is called a weak solution
to (2.15) if it satisfies

Jpw(x)o <¢(m) + Zé-:l kG (x4, ), qﬁ(m)) dx =0, V¢ € C°(D),

2.16
V (@) + Xy i 1 Glae0) — miH () (210

T=x;

where 1) = (—=A)"lw.

Remark 2.2. Note that since w € L>(D), by LP estimate ¢ € W?P(D) for any 1 < p < 400,
then by Sobolev embedding ¢ € C1*(D) for any 0 < a < 1.

Remark 2.3. Definition 2.1 can be derived formally from (2.15) by integration by parts; see [15]
for the detailed calculations.

2.3. Main result
Our main result in this paper is the following theorem:

Theorem 2.4. Let k,p,l be positive integers such that p+1 =k, and k;,i =1,-- -k, be k real
numbers such that k; # 0. Suppose that (Z1,---,Zy) is a strict local minimum point of Ky, defined
by (2.2), where ; € D and T; # Z; for i # j. Then there exists Ao > 0 such that for A > Ao,
(2.16) has a solution (w)‘,xl),‘ﬂ, co xp) satisfying

p

w)\ = Zwl)\a / wz)\(x)dx = Ri, wz)\ = Sgn(ﬁi))\IA?‘u L= 17 Yy 2 (217)
i=1 D '

where A has the form

k
sgn (ki) | v x) + Z f@jG(azg‘,a;) > ¢} 3 N Bs(;) (2.18)
Jj=p+1

Ad={zeD

)

for some ¢} >0 and § > 0 (5 does not depend on \). Moreover,

diam(A}) < CA"2, lim

A——+o00

=0, i=1,-p, (2.19)

1
/ zw(z)dx — Z;
D

K
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Jim Ja) -3 =00 G=pr1k, (2.20)

where C' is a positive number not depending on \.

Remark 2.5. By (2.19), we see that AZ-A shrinks to Z; as A — 400, that is,

lim sup |z —%;| =0, i=1,---p.
)\%JroomeAl,_\

Consequently Aig\ C Bj(z;) for sufficiently large A.

3. Variational problem

Let (Z1,- - -, %) be a strict local minimum point of K, where z; € D and z; # z; for i # j.
Without loss of generality, we assume that (Z1,- - -, Zx) is the unique minimum point of K on
Bs,(Z1) x - - - X Bs,(Zr), where 6y > 0 is a small positive number such that Bs,(z;) C D and
Bs,(Z;) N Bs,(Z;) = @ for all i,j =1,-- -,k and i # j.

Remark 3.1. To our knowledge, there is no general result that guarantees the existence of a
strict local minimum point of K for k£ > 2. Some special cases are as follows: if K =1 and D
is convex, by [10] K is a strictly convex function in D, thus has a unique minimum point; if
k > 2,k; > 0 for each i and D is convex, by [19] there does not exist any critical point of Ky;
if k = 2, some examples of strict local minimum points of Ky are given computationally in [18].
More related results can also be found in [2, 3] and the references therein.

Let X\ be a positive real number. Define

p
NI;\ = {w € L>™(D) ' w= Zwi,supp(wi) C Bg(:ﬁi),/ wi(z)dz = ki, 0 < sgn(ki)w; < )\} ,

i=1 D
where § < %0 is a small positive number to be determined later. Hereafter we assume that A is
sufficiently large such that Ng‘ is not empty.

For (w, Tpt1,- -+ @k) € N X Bs(Tpy1) X - - - x Bs(Zy), define
k ) k
E(w, Tpr1, - w) =Ew) + Y rjth(ay) + 5 o wirGlaiwg) — Y RiH(),
Jj=p+1 i#j j=p+1
p+1<i,j<k
where

B = [ [ Glapmdedy, v = (-8) w(o) = [ Gy

Let us explain the definition of £ briefly. The first term E(w) represents the self-interacting
energy of the background vorticity w, the second term represents the mutual interaction energy
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between the background vorticity and the [ point vortices, the third term represents the total
interaction energy between any two different point vortices, and the fourth term represents the
interaction energy between the [ point vortices and the boundary of D. As we have mentioned
in Section 1, we have dropped the infinite self-interacting energy for each point vortex.

Now we consider the maximization of £ on NZ;\ X Bs(Zpy1) X - - - X Bs(Zg).
Lemma 3.2. For fized X\, there exists (w’\,xz),‘+1, T € sz‘ X Bs(Zpy1) X - -+ x Bs(ZT), such
that
E(wA,x;H,-'-,xg) = sup E(w, zpi1,- -+, xp). (3.1)

(w,xp+1,'~~,$k)€N]§‘ ><B5(f,,+1)><'“><B§(fk)

Proof. First, for any (w,xpy1,- -, xx) € Né\ X Bs(ZTps1) X - -+ X Bs(Zy), since G € LY(D x D),
dist(Bs,(Zi), Bs,(z;)) > 0 for any i # j,p+1 <1,j < k, and dist(Bs,(Z;),0D) > 0,p+1 <1 < k,
we have

E(w,xpy1,- -+, k)
k
-5/ / Gle,yw(@ho(y)dedy + Y ryo(c)
Jj=p+1
1 - 3.2
2 .
+35 Z kit Glas, 1) — .Z w2H (z;) (3:2)
i#] Jj=p+1
p+1<i,5<k
< [ [ e+ Z llimy + 3 R oo,
=p+1 j=p+1
Thus
M = sup E(w, Tpy1,- - xp) < +00.
(w,xp+1,---,xk)€NI;\><B(;(5cp+1)><---><35(ik)
Now we choose (w",zp, 1, -, 7}) € N)» X Bs(Zps1) X - -+ X Bs(Zy) such that
ngr—il-loog(w ’:CP-H’ o ’J:ZL) = M.

Since N, is weakly star closed in L>(D) (for a detailed proof of this fact, see Theorem 2.1 in [16])
and Bs(7;) is closed in the Euclidean topology for j = p+1, -+, k, there exists (w?, x;‘H, e ap) €
le‘ X Bs(Zpy1) X - - - X Bs(Zy) such that (up to a subsequence)

w" = w),  weakly star in L%°(D),

x?—mv?, j=p+1,-- k.

Then obviously

g(w/\’x;‘+17. . ,552) = ngrfoog(w ’g;p_H’. . ’332) =M,

which completes the proof. O
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Remark 3.3. It is easy to see that

k k
Ew)+ Y rip(a}) BN+ Y mp (@) (3.3)
Jj=p+1 Jj=p+1
for any w € sz‘, and
k 1 k
Z Hj?,ﬁ)\('xj) + 5 Z /Qij(xi,xj) — Z R?H(.%'])
j=p+1 S j=p+1
p+1<i,j<
3 , . (3.4)
< Z /qu/))‘(:vg\) + 3 Z nij(x,f‘,x?) — Z K?H(ﬂ?;\)
Jj=p+1 1#£j j=p+1
p+1<i,5<k

for any (zp41, - 2k) € Bs(Tpr1) X - - x Bs(Zy), where 9 = (—=A)"tw* and ¢ = (—A) " w.
Since w* € N}, we can write w* = Y7, w?, where [ w)(z)dx = k;, supp(w;) C Bs(Z;) and

0< sgn(/ii)w;\ < \. The profile of each w{\ is as follows.

Lemma 3.4. Fori=1,---,p, wg\ has the form
wi = sgn(ri) ALy,

where
k

A} =Sz e D |sgn(k) | v x) + Z /ijG(x?,x) > ) N Bs(Z;)
J=p+1

for some ¢} € R depending on X\ and §.
Proof. To make it clear, we divide the proof into two cases.

Case 1: x; > 0. For s > 0 we define a family of test functions w} = w* + s(z9 — 21), where
20,21 € L®(D), 20,21 > 0, [ 20(x)dx = [, z1(x)dx,
supp(2o), supp(21) C Bs(Z:),

D\ {w <A —n},

)\ {wf >

where p € (0,A). It is not hard to check that for fixed zp,2; and p, if s is sufficiently small
(depending on zg, 21, i), then w) € N;'. By (3.3) we have

zo=0 in B5(_ (3.5)
(_.

7

z1=0 in Bs

k
LB+ 3wl

ds .
Jj=p+1

s=0T
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where 1} = (—=A)~lw). That is,

k k
/\.TJ K :L')\.%' zolx)ax /\.’E Ki m/\x zZ1\xr)ax.
/D w<>+j§+le<],> o(z)d s/D “)ﬂ;ﬁ(” (2)d

Since zg, 21, 1 are chosen arbitrarily as above we have

k
sup N+ Z IﬁjG(x;‘,-) < inf P + Z kG

{w}<AINBs(@:) j=p+1 {w} >0y Bs (@) j=p+1

But ¢ + Z,’;:]H”l /ijG((lZ?, -) is a continuous function on Bs(Z;) (notice that :c;‘ ¢ Bs(z;) for
p+1<j<k), we obtain

k
sup N+ Z ij(x?,-) = inf N+ Z kG

{wf‘<)\}ﬂB5(ii) j=p+1 {w >0}NBs(T;) j=p+1

Now we define

k
= sup P + Z /ij(x;‘,-)
{w}<AINBs(Z:) j=p+1
(3.6)
= inf P + K
{w}>0}NBs(z;) sz;_l /
It is easy to see that
k
W)=\ ae on{xeD|PNz)+ Z IﬁjG(I;\,ZE) > ¢} 5 N Bs(7;), (3.7)
J=p+1
k
w}=0 ae on{xeD|PNz)+ Z /@G(l"\ z) < & N Bs(Z;). (3.8)
Jj=p+1
On the level set {x eD ‘ YMNx) + Z] 1 KJG(J:’\ x) =c; } N Bs(Z;), we have
k
V@ + > kiG(z},) =0, ae, (3.9)
Jj=p+1
which gives
k
—AWM+ ) KG(a},)) =0, ae. (3.10)

Jj=p+1
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(3.7),(3.8) and (3.10) together give

w = A (3.11)

(AN 15 G (@), ) >N INBs (7:)

which completes the proof of Case 1.
A

Case 2: k; < 0. The argument is similar. For s > 0, define w) = w* 4 s(21 — 2p), where

20,21 € L®(D), 20,21 > 0, [ z0(x)dx = [, z1(x)dx,
supp(20), supp(z1) C Bs(:),

. _ \ (3.12)
20 =0 1in Bs(z;) \ {w} > p— A},
21=0 in Bs(zi) \ {w} < —u},
where p € (0,A). Then
d k
| B@)+ D mud(a)) <0
j=p+1 s=0"
Repeating the argument in Case 1, we obtain
k k
sup P+ Z /ﬁjG(l’?, )l = inf P + Z /ﬁjG(iC;\, ).
{wi)‘<0}ﬁB§ (Z4) j=p+1 {wf‘>—)\}ﬂBa (%) j=p+1
then we can define
k k
= — sup P + Z /{jG(:E?,') =— inf P + Z /{jG(:z:?,-)
{wi>‘<0}ﬁB5(i‘i) Jj=p+1 {wi)\>_)‘}mBé(Ei) j=p+1
(3.13)
Similarly we have
CL)>\ = —>\I k A A _
% {w>‘+zj:p+l an(zj,-)<—ci NBs(z:)°
O

Lemma 3.5. For the ci‘ giwen in Lemma 3.4, we have the following estimate

7

A > —Mlné—C,
27

where C > 0 is independent of A and §.
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Proof. We only prove the case k; > 0. The other case is similar. By the definition of cf‘ (recall
(3.6)), we have

k

A : A A

¢, = inf ’lp —+ HG(.’E,)
{0} >0}NBs (7:) j:;l T

k
> inf |9+ Z /ijG(.%';\, ) (by maximum principle)
Bs(@:) j=p+1 (3.14)

k
> inf A G(27, -
= gty |V 2 w0
J=p+1

> inf ¢t —C
- 835(51-)1/}

for some C' > 0 not depending on A and ¢. But for any = € 0B;(Z;),

N __i nle— w{\ o T w?‘ €T P w>.‘
@) =5 [ wle—yldits— [ e+ [ 6 VA O

Ky
>~ 1n|26] —
2 —5 20 - C

for some C' > 0 not depending on A and 0. Here we use the fact that dist(Bs,(Z;), Bs, (%)) > 0
for any i # j,1 <1i,5 <p, and dist(Bs,(z;),0D) > 0,1 <1i <p.
Combining (3.14) with (3.15) we get the desired result. O

Lemma 3.6. For § sufficiently small, not depending on X, the following assertion holds true

k
sgn(r;) | ¥ + Z /ijG(xj‘,‘) — ¢} <0 on dBs,(7;) (3.16)
Jj=p+1

for each 1 <i <p.

Proof. Let 1 <i < p be fixed. By Lemma 3.5 it suffices to show that

k
sup |9 (x) + Z ﬁjG(a:])“,:c) <C
5668350 (531) j=p+1

for some C' > 0 not depending on A and J. In fact, since for any j # i,5 = p+ 1,- - -k,
dist(Bs,(Zi), Bs,(Z;)) > 0, we have

k
sup Z /ﬁjG(%’?,l’) <C.

xeaBgo (SEZ) j=p+1
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It remains to show that sup,cpp; (z;) | (x)| < C. For any = € B;,(7;), we estimate 1* () as
follows

|w<x>|s' / _217Tm|x_y|w3(y)dy‘+‘ i h(x,y>w$<y>dy\+ | ctew S )y

J#ij=1
| 8o
< —-—In(dp —6) +C (recall that 0 < 5)
i
kil Do
— In(—) 4+ C.
S g )+
Thus the proof is completed.
O
From now on we fix § such that (3.16) holds true.
Now we turn to analyze the asymptotic behavior of the maximizer (w)‘,x;‘ EPRE ,a:ﬁ) as
A — 4o00. We will show that as A — 400, the support of w;\ shrinks to z; for i = 1,-- -, p and
xg\ — & for j = p+1,--- k. To achieve this goal, we estimate the energy of the background

vorticity first.
For simplicity, hereafter we will use C' to denote various positive numbers not depending on
A, and o(1) to denote various quantities that go to zero as A — 400 .

Lemma 3.7. F(w*) > —% P k?lne; — C, where g; is the positive number such that Awe? =
|I{i|.

Proof. Choose the test function w = Y, w;, where w; = sgn(k;)\I B..(z;)- It is obvious that
wE N;,,A7 so by (3.3)

k k
Bw)+ Y rit(r)) B+ Y kit (@),
j=p+1 Jj=p+1

where 1) = (—A)7lw. Tt is easy to check that

k k
Yo o)< | Y mpta))| <O
Jj=p+1 Jj=p+1

E(Ww) > E(w) - C. (3.17)
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On the other hand,

=2 [ Gl @)y dedy
o1,

P
:ZE( Z //G z, y)wi(x)w;(y)dedy (3.18)
i=1 1<i<j<p
P
> ZE w.
i=1

Each E(w;) can be calculated directly as follows

= /D /D G, y)ei () (y) dady

1 1
_! / / ol yln () (y)drdy

(3.19)
—/ / (e, i) (y)didy
€; z) 52(1‘2
P
> — Z ln (2¢;) — Zm H(z o(1).
=1
Now (3.17),(3.18) and (3.19) together give the desired result. O
Now we define
= sgn(ki) :
T = Z / wMz) | sgn(ki) (W (x) + Z /ij(acﬁ‘,ac)) | de, (3.20)
i=1 2 D j=p+1

which represents the total kinetic energy of the fluid on the vorticity set UP_; A2.
Lemma 3.8. T* < C.

Proof. For simplicity we denote

¢ = sgn(ky) | v + Z k;G 3| =

Jj=p+1
It suffices to prove that
sgn(ni)/ Wiz < C
D

for each 1 <1 <p.
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On the one hand, by Hélder’s inequality and Sobolev embedding W' (Bs(z;)) < L?(Bs(z;)),
we have
sgnis) [ wdda=x [ i
D AR
3
v ([, kitar) @z omay
"
SR ( / |<<?>”da:)
B(;(fl)
<O A}z </ () rde +/ \V(C?)ﬂdx) (3.21)
Bg(jz) Bg(fl)
<C)AM2 (/ ¢+ / \vgﬁm)
A

<OAAN AN} ( /
AA

=

<C (/ ]VC?PdI) 2 —i—o(l)sgn(m)/ A,
A}
sgn(/fi)/ wrrdz < C </ \VC?‘]%L@) 2 . (3.22)
D AR

On the other hand, since ¢} < 0 on B;,(7;) (recall (3.16)), integration by parts gives

sgn(xy) / WA = sgn(x,) / W) da
D Bsy (z:)

|v<3|2dx> + C| A} 2 sgn(x;) / W) da
D

which implies

— [ V@) (3.23)
B(fo(f’i)
> / VG Pda.
2
Combining (3.22) with (3.23) we complete the proof. O
Lemma 3.9. 37 M| > —5 Y0 k2lng; — C.

Proof. By the definition of 7%, the following identity holds true

T = %Z Z / x—ch’\|m|
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Since dist(Bs,(Z;), Bs,(Z;)) > 0forany i =1,---,pand j =p+1,-- -k, it is easy to see that

1 p k
5 Z Z / WMz )K]G(l‘ ,x)dx| < C,
i=1 j=p+17D
then the desired result follows from Lemma 3.7 and Lemma 3.8. O

Now we are ready to estimate the size of supp(w?).

Lemma 3.10. There exists Ry > 0 not depending on \ such that diam(supp(w))) < Roe;,
= 17 s D

Proof. For any z; € supp(w?), i =1, - -, p, we have

k
sgn(ki) | ™M) + Z /ijG(xﬁ‘,xi) >
J=p+1
It is easy to see that
k
Z KkiG (x5, 1) < C,
Jj=p+1
so we have
sgn(r) (z:) > ¢ = C,
which gives
1
[ =l = slldwldy = @ - C. (324
D i

Combining (3.24) with Lemma 3.9 we obtain

p p

1 1
> kil [ == Infa — yllw)My)|dy > - 2lng; — C
2 m\/D 5 i = yllwi (y)ldy = —o— ;:1 ki lne; — C,

or equivalently

p . .
Sl S Ay > —c

— 27 Jp |z —

For any R > 1 to be determined, we have

p
|kl Iml =
In y)ldy + In lwy)|dy > —C. (3.25
; 2 D\BRsi(xi) ’CL‘ Z BRs ( |xl y‘ ( )

The second integral in (3.25) is bounded (in fact, it can be calculated explicitly), that is,

i Iy Ci
n
“ 27 B (@) 1% — Y

jw(y)ldy| < C
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so we get
p . .
> b In —— [ (y)ldy = ~C,
= 27 Jp\Ba.,(zs) 1T — Y
which implies
EP:M | /\( ) dy < i
w; \Y)lay = lnR’

= 27 JD\Bg., (x:)

consequently for each 1 < i < p we obtain

| A c
— wi(y)|dy < —.
27 D\BRsi(Ii)’ ( )‘ lIlR

Since [}, |w}(y)|dy = |r;|, we can choose R large enough such that

Kj .
[ ey L
BRE,L' CCl)

Now we claim that
diam(supp(w?)) < 2Re;.

17

(3.26)

(3.27)

(3.28)

(3.29)

In fact, supposing that diam(supp(w?)) > 2Re;, we can choose x;,y; € supp(w}) such that

|z; — yi| > 2Re;, then by (3.29) (recall that in (3.29) z; € supp(w;') is arbitrary)

/ WA ()ldy > / WX ()ldy + / W)y > [l
D BRsi('ri) BRsi(yi)

which is a contradiction.
Finally by choosing Ry = 2R we complete the proof.

O]

By now we have constructed w? € Nz;\,i =1,-,p,and xg\ € Bs(zj),j = p+1---, k. Moreover,

we have shown that the diameter of supp(w) vanishes as A — +oo. To analyze their limiting

positions, we define the center of wf‘ as follows

1 .
zi)‘ = — xwi’\dm‘, i1=1,---,p.
Ki JD

It is easy to see that 2 € Bs(Z;).

Lemma 3.11. zg\—>a?ifor1§i§p andw?%ijforp—i-lgjgkas)\—>+oo.

Proof. Up to a subsequence we assume that zi)‘ — z; € Bs(Z;),1 <

5 i
Bs(zj),p+1 < j < k. It suffices to show that (21, -, 2) = (T1,- - -, Tp)-

; < p, and x

j—>2j€
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Define w = Y ¥_, w;, where w; = sgn(/iz-))\IBEi(g—ci). It is easy to see that w € le‘, so we have

g(w7jp+17 R -fz'k) < 8((4))\, xz))\-i-l? o '7$£)a
that is,
k 1 k
E(w)+ Z lﬁjw(.fj) + 3 Z /ﬁ:ilﬁle(i'i,i'j) — Z K?H({i‘j)
j=p+1 P j=p+1
p —z?.]_
3 : . (3.30)
<E(w*) + Z /ﬁjw’\(x?) +3 Z kikj Gz, :L‘]A) Z H?H(ZL‘?),
j=p+l1 i#] j=p+1
pH1<i,j<k
where y* = (—=A)"!w? and 1 = (—~A)"lw. It is easy to check that
1< 1 2
=3 Z/ / — 5z = ylwi(z)wi(y)dedy — > kIH(E:)
i=1/DJD i=1
1 o (3.31)
+ 5 Z Ki/ijG($i,lL‘]’) + 0(1)7
i#]
1<i,j<p
and
k D k
(@) = > ik G(E,75) + o(1). (3.32)
j=p+1 i=1 j=p+1
Similarly
P
Z e vt sy = 32 2
i=1
' (3.33)
+ 5 Z kik;G (25, 25) + o(1),
i#j
1<i,j<p
and

14 k
Z H]wA Z_: _z: G(zi,zj) + o(1). (3.34)

Jj=p+1
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Hence from all the above we obtain

Z/ /D_lnfx— ylw;(z)w;(y)drdy — Z"%ZH(@)

i=1
1 p k
to Y FimGEL T+ Y KiG(E:T)
ij i=1 j=p+1
1<4,5<p
1 k
+ 5 Z /@ilijG(fi, :Z‘j) — Z K?H(fj)
1224;‘ '<k Jj=p+1
e ) (3.35)
1 1
<5 | [ g tnle = sl @ ey - > ()
1 CAgL
+3 > kikiGlz ) + Y Y kikG(zi, 2)
i£j i=1 j=p+1
1<i,j<p
1 k
+ 5 Z kik;G(zi, 25) — Z H?H(Zj) +o(1).
i#] j=p+1
pH1<i,i<k
On the other hand, by Riesz’s rearrangement inequality we have for each 1 <7 <p
1 oy 1
——In |z — y|w) (z)w (y)dzdy < ——In |z — y|w; (z)w;(y)dzdy. (3.36)
pJp 2w pJp 27

Therefore by (3.35) and (3.36) we get

Z RiﬁjG(ii,fj) — Z HiﬂjG('ziﬂ Zj) - Z K?H(Zj)’ (3.37)

S
—_
:
oo

i#] i i=1
1<i,j<k 1<i,j<k
or equivalently
Kr(z1, - 2k) < Ke(Zy,- - -, Tg). (3.38)
Since (Z1,- -, Z) is the unique minimum point for Ky on Bs(Z1) X - - - X Bs(Z), we obtain
(Zl7 T ‘Jzk) = (i‘h t '7£k)7
which completes the proof. O

Remark 3.12. It is easy to see that x?‘ € Bs(z;) for j = p+1, -+, k, and dist(supp(w?), 0Bs(7;)) >
0 for i =1,---,p, provided that X is sufficiently large.
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4. Proof of Theorem 2.4

Having made all the preparations in the preceding sections, we are now ready to give the
proof of Theorem 2.4.

Proof of Theorem 2.4. We only need to prove that (w?, x;‘H,- . xﬁ) satisfies (2.16) if A is suf-
ficiently large, since other assertions have been verified in Section 3.
First, by Lemma 3.11, x;‘ € Bs(zj) for j=p+1,-- -k, thus by (3.4) we have

k

Y
J=p+1,j# =T

Now for any given ¢ € C°(D), define a family of transformations ®;(z),t € R, from D to
D by the following ordinary differential equation:

{W = JV¢(®4(z)), t€R, (4.1)

@0(1‘) = X.

Since JV¢ is a smooth vector field with compact support in D, (4.1) is solvable for all ¢ € R. It
is also easy to see that JV¢ is divergence-free, so by Liouville theorem (see [24], Appendix 1.1)
®,(z) is area-preserving, or equivalently, for any measurable set A C D

|D:(A)] = |A], VteR. (4.2)
Now we define a family of test functions
w(z) == WNP_y(x)). (4.3)

Since @y is area-preserving and dist(supp(w;'), 0Bs(Z;)) > 0 for each 1 < i < p, we have w* € N}
as long as |t| is sufficiently small. Then by (3.3) we have

k
E@@)+ Y wjvi(a))

Jj=p+1

= 0’
t=0

dt
where 9 = (—A)~lw). It is easy to check that (see [28] for example)

B(w) = B@) +1 / P (@)D (@), d(x))dz + o),

D

and
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where o(t)/t — 0 as t — 0. Therefore we get

k

/Dof‘(x)(’“) YMx) + Z K,jG(l’;\,$),(;5($) dx =0,

Jj=p+1

which completes the proof of Theorem 2.4.

O]
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