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ANALYSIS OF LOCAL DISCONTINUOUS GALERKIN
METHODS WITH GENERALIZED NUMERICAL FLUXES
FOR LINEARIZED KDV EQUATIONS

JIA LI, DAZHI ZHANG, XIONG MENG, AND BOYING WU

ABSTRACT. In this paper, we consider the local discontinuous Galerkin (LDG)
method using generalized numerical fluxes for linearized Korteweg—de Vries
equations. In particular, since the dispersion term dominates, we are able to
choose a downwind-biased flux in possession of the anti-dissipation property for
the convection term to compensate the numerical dissipation of the dispersion
term. This is beneficial to obtain a lower growth of the error and to accurately
capture the exact solution without phase errors for long time simulations, when
compared with traditional upwind and alternating fluxes. By establishing
relations of three different numerical viscosity coefficients, we first show a
uniform stability for the auxiliary variables and the prime variable as well
as its time derivative. Moreover, the numerical initial condition is suitably
chosen, which is the LDG approximation with the same fluxes to a steady—
state equation. Finally, optimal error estimates are obtained by virtue of
generalized Gauss—Radau projections. Numerical experiments are given to
verify the theoretical results.

1. INTRODUCTION

In this paper, we study the local discontinuous Galerkin (LDG) method with
generalized numerical fluxes with three independent weights for one-dimensional
linearized Korteweg—de Vries (KdV) equations

(1.1) U + cy + dugr, = 0, (z,t) € I x (0,7,
u(z,0) = up(x), zel,
where c and d are constants. Obviously, it is a special case of the KdV-type equation

(1.2) ue + f(w)e + (P (w)g(r(w)z)s), =0,

where f, g, and r are arbitrary smooth functions. The KdV-type equations describe
the propagation of waves in a variety of nonlinear dispersive media [2]. For sim-
plicity, we consider (II) in a bounded interval I = [0, 27] equipped with periodic
boundary conditions. Note that the assumption on periodic boundary conditions
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is not essential; see, e.g., [I9,2T] concerning Dirichlet boundary conditions for hy-
perbolic equations. In the present paper, we show a uniform stability property
and optimal error estimates for the LDG scheme with generalized numerical fluxes
for (ILI). Here and in what follows, the uniform stability means that the stability
result is valid for the auxiliary variables and the prime variable as well as its time
derivative. Indeed, the uniform stability is proved to be valid, no matter whether
the numerical flux of the convection term is chosen as upwind-biased fluxes in (2.1])
or downwind-biased fluxes with anti-numerical viscosity in (Z38]); see section 2:2.4]
for stability analysis of downwind fluxes. The weight of downwind-biased fluxes
with anti-dissipation property can be suitably chosen to balance the numerical vis-
cosity of the LDG scheme, resulting in a nearly energy conservative scheme that is
useful for long time simulation; see a lower growth of the error in Figure B and
negligible phase errors in Figure Another benefit of generalized fluxes is that
the CFL coefficient can be greatly improved; see Table

Motivated by [18.22] solving linear steady—state hyperbolic problems, the discon-
tinuous Galerkin (DG) method was proposed for solving nonlinear time-dependent
conservation laws [7HOL[II]. For the second order convection-diffusion equations,
the LDG method was introduced [I0] by introducing some auxiliary variables prior
to applying DG discretization. Later, the LDG method was developed to solve
higher order equations, for example, in [I5L23/[26]. For more details of DG and
LDG methods, please refer to the review papers [12]24].

In what follows, let us review the standard LDG methods for the KdV equa-
tions, in which upwind and alternating numerical fluxes are used. In [26], Yan
and Shu first proposed an LDG scheme to solve (L2) and the L? stability for the
prime variable itself uj, was proved. By the Gauss—Radau (GR) and L? projections,
suboptimal a priori error estimate of order k + % was obtained for linearized KdV
equations ([I). The improvement of order k + 1 was later achieved by a prov-
able uniform stability result in [25]. Later, Hufford and Xing [I6] presented the
superconvergence analysis of the LDG method for linearized KdV equations, and
error estimates of the LDG scheme with central fluxes were given in [I7]. Recently,
superconvergence of the LDG method for nonlinear KdV equations was considered
in [I]. Also, Chen, Cockburn, and Dong [4.[5] proposed the hybridizable discon-
tinuous Galerkin (HDG) method and the conservative DG method for third order
equations. For nonlinear KdV-type equations, the optimal error estimates of the
HDG method were given by Dong in [14].

Motivated by the work of [3] in which a conservative DG scheme with central
fluxes is investigated, the current paper is devoted to the study of the LDG methods
with more flexible fluxes with an emphasis on the balance between the numerical
dissipation and anti-dissipation brought by the downwind-biased fluxes. This work
can also be viewed as an extension of [25] but more technicalities are involved. For
example, as different weights are involved, we define the ratio of the minimal and
maximal numerical viscosity coefficients, which is helpful in choosing test functions
and in dealing with boundary terms. Moreover, instead of the standard local GR
projections in [25] the generalized Gauss—Radau (GGR) projections [6,20,21] are
needed. Another difference is that a suitable numerical initial condition based on
the LDG approximation to a steady-state problem is chosen, and this idea has been
used in [I4] for HDG methods solving KdV-type equations [41[5].
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The organization of this paper is as follows. In section 2] we present the LDG
scheme with generalized numerical fluxes for one-dimensional linearized KdV equa-
tions. A wniform stability is shown even if the numerical flux for the convection
term is chosen as a downwind-biased flux in ([Z8). In section Bl we concentrate
on the design and analysis of numerical initial condition, and GGR projections are
also introduced. Optimal error estimates of the LDG scheme are given in section [l
In section Bl numerical experiments are shown, demonstrating that generalized nu-
merical fluxes can produce a lower growth of the error and negligible phase errors.
Concluding remarks are given in section [Gl

2. THE LDG SCHEME AND STABILITY ANALYSIS

To clearly display the main idea of the stability analysis and in particular the
description of numerical viscosities, we consider (IIl) with ¢ = d = 1, namely

(2.1) Up + Uz + Uggy = 0, (z,t) € I x (0,7,
u(z, 0) = uo(z), rzel

with periodic boundary conditions.

2.1. The LDG scheme. In this section, let us present the LDG scheme with
generalized numerical fluxes for (2.1]).

2.1.1. Discontinuous finite element space. As usual, the computational interval I =
[0, 27] is partitioned with the cells I; = (acj_%,ijr%) with 1 < 7 < N, where

0=$%<$%<---<$N+%:2TF.

For each cell I;, the cell center and the cell length are denoted by z; = (xj_% +

xj+%)/2 and hj = Tjp1—xy 1, respectively. We choose the piecewise polynomials
space as the finite element space, which is

Vi ={veL*(I):v|, € P*(I;), j=1,...,N},

where P*(1;) is the set of polynomials of degree at most & in each cell I;. At each
cell interface x;,/2, we denote by v]ﬂ,i% the limit of v from the left and the right
element. At each cell interface, the jump of a possibly discontinuous function v
is denoted as [v] = vt — v~, and we have dropped the subscript j + % since it is
computed at the same boundary point. Throughout the paper, we use

(2.2) v7 =ov” +ovt
to denote the weighted average of a function v with the weight o, and 6 =1 — 0.

In particular, when 0 =& = 1, vz = {o}}.
Obviously, fo belongs to the following broken Sobolev space:

HYTp) :=={ue L*(I) :u|;, € H(I;) j=1,...,N}

. . N 1
equipped with the norm |lu|, = HUJHH‘(Ih) = (ijl ||u\|§ﬂ(1j))27 where ||uHHz(1j)

)1/2

is the Sobolev £ norm, i.e., [[ulge(r,) = (Zi:o HD“quLz(Ij) . If =0, we use

an unmarked norm || - || to represent the usual L? norm on I.

Not for print or electronic distribution; see http://www.ams.org/journal-terms-of-use


rvr
Highlight

rvr
Text Box
Short title OK?

Administrator
附注
The short tile is OK, thanks.


Please review carefully and submit corrections to rvr@ams.org within 10 business days

Prepublication copy provided to Xiong Meng for publication MCOM 3550

4 JIA LI, DAZHI ZHANG, XIONG MENG, AND BOYING WU

2.1.2. The LDG scheme. Rewrite (ZI)) into the following system:
(2.3) U+ Uy +0, =0, v—w, =0, w—1uy =0,

Then the LDG scheme is, for any ¢ > 0, used to find the unique solution wy, vy,
and wy, € V}f such that

/ un,pada - / wn(pn) e + @y |1y — W0y
I

I j
(2.4a) —/ vk (pr)dz + ﬁhp,:\j+% — @hpﬁlj-% =0,
I
(2.4b) / vpqpdx + / wp(qn)dx — zi)hqﬂﬂ% + uﬁhqmj;% =0,
I I
(2.4c) / wprpde + / unp(rn)ede — dnry, ;41 + ﬁhr}ﬂjf% =0
I I;

hold for any test functions py,qn, and 75, € V¥ and j = 1,..., N. The generalized
numerical fluxes can be chosen as

(2.5) p = up

for the convection term, and

N o - i s 0
(2.6) Op =y, W =w), U =up
for the dispersion term. We may also use

S0 Ao a0
(2.7) Op = v, Wp=wy, Uy =1uy

for the dispersion term. To facilitate our analysis, three independent weights can
always be chosen to be greater than %, namely \,0,p > % Obviously, when
A =60 = pu =1, the numerical fluxes 28] with 26) or (7)) will reduce to purely
upwind and alternating fluxes.

Another interesting group of numerical flux is the one with downwind-biased and

thus anti-dissipation property for the convection term. That is,

(28) ’ﬁh = uﬁ, ﬁh = ’Uz, ’uA}h = wﬁ, ﬂh = ’U,fl,
where X, 6, > % Note that the numerical viscosity coefficient of the convection
term A — 1/2 = 1/2 — A < 0 will balance that of the dispersion term of 1y, = wi.

2.2. Stability analysis. In this section, we concentrate on the investigation of
the uniform stability property, essentially following [25]. Note that the ratio of
the minimal and maximal numerical viscosity coeflicients is introduced, and the
stability can be proved for downwind-biased fluxes of the convection term.

2.2.1. Notation and preliminaries. Let us adopt the following notation for a DG
discretization operator: for p,¢p € H'(Z,) and j =1,..., N

(29) Hy(,0) = — [ pouda+ 57071,y = 0767,y

I

and for periodic boundary conditions considered in this paper

N N N
H(pn0) = S M7 0.0) == [ pouds = lol), .
j=1 =171 j=1

The elementary properties of DG spatial operators are given in the following lemma.
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Lemma 2.1. For p,¢ € H(Z,) and 01,02, there holds

N
(2‘10) H? (p7 ¢) + HU2(¢>P) = (01 - &Q)Zﬂpﬂj—%ﬂ¢]]j—%‘
j=1
In particular, when p = ¢ and 01 = 09 = 0,
X
(2.11) H (p,p) = (0 — §)Zﬂp]]§_%-
j=1

The proof of this lemma follows by integration by parts and the identities

(2120) o = fioh ~ (o~ 3)lel
(2.12b) [o¢] = 67210l + p7[¢].

It is easy to see from (211 and 2.I2a) that o — 3 is nothing but the numerical
viscosity coefficient of the flux p = p?. Since three independent weights are involved
in the LDG scheme, we denote by

1 1
(2.13) a=min(\,0,u) — =, B=max(\,0,u)— =, ,y:g
2 2 B8
the minimum and maximum of three numerical viscosity coefficients as well as

its ratio. The following lemma presents relations of various numerical viscosity
coefficients, which will be used later in our stability analysis.

Lemma 2.2. Assuming \, 0, u > %, we have
(2.14a) a>0,8>0,
(2.14b) 0<y*<y<1,

0— A\ -0
(2.14c) 0<0=M 4 o<ty

B B

A— 1 g—1

(2.14d) O<TQS1,and0< BQSI'

The next lemma shows a sufficient condition ensuring the nonnegative property
of a given quadratic equation, which is helpful in dealing with boundary terms.

Lemma 2.3. If three constants a1, as, and az satisfy a,az > 0, and a% < 4ajag,
then a1x2 + asxy + asy? > 0 holds for any = and y.

2.2.2. Stability analysis for fluzes Z0)and [28). In this subsection, let us consider
the LDG scheme (Z4]) with generalized numerical fluxes (23) and (Z6]). Thus,
summing over all 7 we have

(2.15a) /Uhtphd«%' + H(un, pn) + H (vn, p1) =0,
I
(2.15b) /Uh(Jhdx — H*(wh, qn) = 0,
I
(2.15¢) /whrhdw —H’(up,rh) =0,
I

where A, 6, u > %
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Proposition 2.4. The solution of the LDG scheme [Z2I5) with numerical fluzes
@3) and ([Z0) satisfies

lan I + S e O + lfun, ()12 + 3 llwn(8)]*
(2.16) < Nun (O + S 1on(O)12 + llun, )1 + 3 lhwn (0]

where v has been defined in [213), which is the ratio of minimum and maximum
numerical viscosity coefficients.

Proof. The proof of this proposition is based on the following five energy equations.
The first energy equation. Taking (pn, qn,7n) = (up,wn, —vp), and adding
them together, we obtain

0= /uhtuhdx + H (un, up) + ’Hé(vh, up,)
I

+ /vhwhdx — 'Hﬂ(wh, wp) — /whvhdx + ’He(uh,vh).
I I

By Lemma 211
N

_1d 2 1 2
(2.17a) E, := §&||uh|| (A=< Z[[uh]]]ﬂ (1 — —)Z[[whﬂj% =0.

j=1
The second energy equation. Taking the time derivative of (2.I5D)—(2.I5d),
adding them with ([2I5al), and choosing (pn, qn,7h) = (—wp,, Un + Up, up, ), we get
0=— /uhtwhtdx — ’H;‘(uh,wht) — ’He(vh,wht)
I
+ /vhtvhdx + /vhtuhd:ﬂ — " (wp,, vp) — H (wp, , up)
I I

0
+ [ wp,up, dz — H (up,, up,)-
I

By properties of the DG operator in Lemma 21l we have
N

_1d 9 1 2
E; := 55”%” + /Iﬂhtuhdx - (9 - 5)2:1[[7“1&];%
/ N
(2.17b) (n+6-1) Z wi Jpa Tonlis + (=N lunl; s lwn ;s = 0.
i=1 J=1

The third energy equation. Taking the time derivatives in all three equations
of ([2I3), choosing (pn,qn,7n) = (Un,, Wn,, —vp,), and adding them together, we
have

0:/uh“uhtdm—l—%”\(uht,uht)+7-[~(Uht,uht)
I
+ vhtwhtdx—’Hﬂ(wht,wht)— whtvhtdfc+7{9(uht,vht),

I I
which, by Lemma 2.1 is

1d 1 N
(2.17¢) By = =—|lun, >+ (A — = Z[[uh, (1 — 5 ) lwn, I} i
j=1
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The fourth energy equation. Adding the time derivative of (ZI5d) with
(ZI5a), (2I5D) and choosing (pp, qn,rn) = (—vn — up, up,, wy), we arrive at

0= —/uhtvhdm — ’HA(uh,vh) — Hé(vh,vh)
I

- /uhtuhdx — H M un, up) — ’Hé(vh,uh)
I

+ /vhuhtdx — H (wh, un,) + /whtwhdz — H (up,, w).
I I

A simple application of Lemma 2] gives

N
_ldy o 1 1 )
By = 5 g llwall® = 5 g lunll” + (= Z[[Uh (A - 5);Huhﬂj—%
N
(2.17d) + (60— )\)Zﬂuhﬂjg [vnl;s + (v — 9)2[[ wp] ;1 [un, ;1 =0.
J=1 J=1

The fifth energy equation. Adding the time derivative of (2Z.I5b]) with ([2.I5d)
and choosing (qn,7n) = (upn, wp, ), we obtain

0= /vhtuhdx — Hﬂ(wht,uh) + /whwhtdx — He(uh, Wh, )-
I I

Due to Lemma 2.1, we have
N

(2.17e) Es i= = — |lwp||* + /vhtuhdx +(u—190) Z Wh, j,_[[uh]]],_ =0.
Jj=1

Based on the above five energy equations, we are now ready to prove a uniform
stability result. Performing E; + Ez +v(E; + By) + 3 (B2 — Bs), we have

(218) 0= 1 < (lunl® + 2 onl® + Jun, > + Lwnll?) + By + By + By + By,
where
1, Liesp 12 7 Y
B, = 5()\ - 5)2[[%]]];% + 5 (R Z[[Uh 1 (0 - NY lu nljma [vnl ;s
Jj=1 N j=1 N
B2=<1+v>(u——)2uwhnj__ (A——)Zﬂuhtuj_mm 0)> Twnl; s [un]; s
j=1 j=1

+5 ((A— 5) =03 )Zﬂuhf 3
By = 5 (0= T2y + (= DY lonTEy 90 - VYl gl )

j=1 j 1
1 1 N
By = 5((# - 5)2[[“% -3 (0 -5 Z[[Uh 1ty (n+6-1) Z Wh, j__[[vh )
=1 j=1
To prove Proposition 2.4l we need only to show B; > 0 for ¢ = 1,2, 3,4, which is
achieved by using properties of various numerical viscosity coefficients in Lemma

and by verifying a sufficient condition ensuring the nonnegative property of a
given quadratic equation in Lemma 2.3
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Specifically, in order to show By > 0, it is sufficient to verify
1 1, v 1 1, «
2.1 20-MN2<4--(A—2) - =2(0-2)=(\— 6— =
1) o <a i) Te-h=0-Hle-)
Note that v = % is the ratio of the minimum and maximum of three different

numerical viscosity coefficients. When A = 6, this inequality is trivial. When
A > 0, due to Lemma [Z.2] we have

O-X% _X—0 X—3 ) 1
< < , ot <alf--=),
and hence inequality (219)) is satisfied. If A\ < 0, analogously, we have
O-XN2 _6-x 0-—1 ) 1
< < , af <alA—=),
B2 B B ( Q

and hence inequality (2I9)) is satisfied. Thus, we always have By > 0.
As for By, let us first denote each line as By and Bj. By 1 <4-(1+7)- 3 and

1 Lo |p—=0P _ |u—9
2 (- )(A—= < 1
o = (M 2)( 2)’ BZ — ﬂ <L
we obtain
(1= 6)? NEPNE
W=97 4.1 S ) S(A—2).
o* <414 (k-3) 30— 3)
Hence we have B > 0 by Lemma 23] Since ;% <landa<\— %, we have

1 1
A—=)—~(0—-=)>
which implies BY > 0. Therefore, By > 0.
Similarly, we can easily obtain
2 (0 —N)?
- <A4(p—-=)(A—=
« ﬂQ — (M 2)( 2)’

which implies Bs > 0.
Rewrite By into the following form

b 11 1§: Wy ﬁ: 1§5
4 5 (5(/”L - i)j:1ﬂwht]]j_‘ 5( - _)j:1ﬂvh]]3_l +7(M B 5)j:1ﬂwht]]j_% [[vh]]j_%)
1/1 1%2 s 7 ﬁ: ﬁ:

Since estimates to each line of B4 are very similar, here we only take the terms in

the first line of By as an example. It follows from ”;% <landa<6-—= that

1 1

Yw=35)<(0-3)

Consequently,

Pu=5)" <2lu=3)0-3)

2
By Lemma 23] we conclude that B4 > 0.
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Substituting B; > 0 (i = 1,2, 3,4) into the final energy equality (ZI8]), we arrive

at

d gl v

= (lunl + Zllenl? + fun, 12 + Flwn?) < 0.
Then Proposition 24 is proved by integrating the above inequality with respect to
time between 0 and t. O

2.2.3. Stability analysis for flures (ZH)and 27). Now we turn to the LDG scheme
([24) with generalized numerical fluxes (2.3 and (2.7). Recall that the necessity for
considering such kinds of numerical fluxes is: this, combined with the fluxes (26,

is complete allowing us to always choose 6 > %, as indicated in subsection 2.1.2]
Then, the LDG scheme becomes

(2.20a) /Uhtphdx + H (un, p) + H? (v, pr) = 0,
I
(2.20b) /vhqhd:z: — H*(wn, qn) =0,
I
(2.20¢) /wh'rhdx - Hé(uhu rn) =0,
I

where A\, 0, > 1/2.

Proposition 2.5. The solution of the LDG scheme 220) with generalized numer-
ical flures ZH) and (1) satisfies

i g i
2+ ) un@IF + L lonOI + llun, O + llon @)
2.21 < e* (24 D) un(0)) + 2 fjon(0)] 0)]I2 + X [l (0)])?
(2.21) < (24 MO + Z1va0)1* + lun, () + L lwn (O] ),
where v has been defined in (ZI3)).

The proof of Proposition is given in the appendix.

2.2.4. Stability analysis for fluzes [28). The LDG scheme with fluxes (Z.8) is

(2.22a) /Uhtphd«%' + H(un, pn) + H (vn, p1) =0,
I
(2.22b) /Uh(Jhdx — H*(wh, qn) = 0,
I
(2.22¢) /whrhdw — HO(un, h) = 0.
I

Taking (pn, qn,Th) = (un, wp, —vp) in (Z22) and adding them together, one has

Ld, oy A, Lo, o
gaﬂuh” —( —i)Zﬂuhﬂj_%+(/~L—§)j§::1[[wh]]j_%— .

Jj=1

By suitably choosing weights, the resulting LDG scheme can be less dissipative,
which is beneficial for long time integration. The stability is given in the following
proposition.
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Proposition 2.6. The solution of the LDG scheme [222)) with generalized numer-
ical fluzes [228]) satisfies

2, 7 2, 7 2, 7 2
Bllun(®I + L llen O + S llun, O + 2 lwn(®)]
2 3 2
(2:23) < O (8l[un ()1 + - on (0)2 + -, ()2 + L= (0)]7).

where v has been defined in ZI3) and C is a positive constant.

Proof. The proof is similar to the one of Proposition [Z4] except that we should be
more careful for boundary terms. We only sketch the proof to save space.

Taking (ph, gn,7n) = (2un, 2wp, —2vp + (37" + v~ 2)uy) in (222) and adding
three equations together, we have the energy equation G;. Taking the time deriv-
ative of ([2:22D)), adding them together, and choosing (py, qn,7s) = (—2wp,, 20, +
2up,0) gives us Go. Taking the time derivative to all three equations of (222)),
adding them together, and choosing (pn, qn,7n) = (Yup,, YWn,, YVR, + 2up,) pro-
duces Gs. Taking the time derivative of (2:22d), adding them together, and choosing
(Phy qnyh) = (up + vp, %WQuht, %vzwh) leads to G4. Finally, taking the time deriv-
ative of (2.22B)), adding them together, and choosing (pn,qn,rn) = (0,2up, 2wy, )
yields Gs.

Performing G; + G4 + % (Gg — G5 + G3), we obtain the total energy equality

1d ,.YZ ,.Y3 ,_y2
0= =< (3unl® + Zllonll? + Lifun, |12 + 2= [lwn?
3ot (3l + 2o+ T, 2+ L
2
+0+ L

5 )/vhuhtdx—l— (?)’y_1 —|—’y_2)/whuhdx+]]),
I I

where

D= (3670 3) ~ (- ) #5720~ )3 Il + (0~ Sl

j=1

1< , , 2 LN )
2(p— g)Zﬂwhﬂj_% + g(u - i)ZHwht]]j_% + §(0 - 5)Zﬂuht]]j_%
i=1 j=1 j=1
2 N
5 (0-3) -0 3) Dl
N = ) N
%(A 00> lunly-ylwndyy + 2 (= 03 lonl gl
N ) N
Z:: g lonly + 5 (46 - 1);[[wh]] il

Using Lemmas and 23] we can verify that D > 0, and thus ([2.23)) holds. This
completes the proof. O
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LDG METHODS WITH GENERALIZED FLUXES 11
Remark 2.7. Assuming c¢,d > 0, the LDG scheme to (LI is
/umphdx + MM un, pr) + dH’ (vn, pr) = 0,

I
/Uthdx — H(wh, qn) = 0,
I

/whrhdaz — Hg(uh, rp) = 0.
I
By a simple scaling

/d /1 /1
uh(xat) = c_3Uh(y,T)a Up = avh(yv’r), Wh = C_QWh(y,T)

with = = \/gy and t = \/gT, the above scheme can be written in the standard
form (ZI3) in new coordinates (y, 7). At this moment, Proposition 24 is still valid
for scaled LDG solutions Uy, V},, W}, in new coordinates. Transforming back to the
original coordinates, we have the following stability:

’Yd2 2 € 2, d 2
DII? + 2= |lvn(t = t L= t
ln O + 3 Non (O + S llun, (12 + 2 Jeon (0]

yd? 2 € 2 d 2
< 2 _
< Jun (O + 3o Nen (O + 5 lun, () + 3 (0}

where « has been defined in (213).

3. THE NUMERICAL INITIAL CONDITION

Without loss of generality, from now on we restrict ourselves to the LDG scheme
with fluxes (2] and ([Z.6]) regarding the numerical initial discretization and optimal
error estimates.

3.1. The numerical initial condition. Since we are concerned with initial dis-
cretization in this section, we will omit the index ¢t = 0 for the LDG solution, if
there is no confusion. The numerical initial condition is chosen as the LDG approx-
imation with fluxes (23] and (24) to the corresponding steady—state problem

(3.1) U+ Uy + Uggr = g(l‘)

equipped with periodic boundary conditions and a source term g(z) = wo(z) +
up(x) + uf’ (z) so that its exact solution is identically the initial condition of (21),
up(z). That is, seek up, vy, wy, € V¥ such that

(3.2a) / upprde + H (un, pr) + Hé(vh,ph) = / gpndz,
I I
(3.2b) / vpqnda — H*(wy,, qn) = 0,
I
(3.2¢) / wyrpdz — HY (up, ) =0
1;

hold for any py, gn,Th € V}f and j = 1,...,N. Recall that this approach has been
adopted in [14] for HDG methods solving KdV-type equations [4L[5].
We have the following lemma for the numerical initial condition.

Lemma 3.1. The numerical initial condition [B2) is well defined. That is, LDG
solutions up, vp, w, of B2) to BI) uniquely exist.
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12 JIA LI, DAZHI ZHANG, XIONG MENG, AND BOYING WU

Proof. Obviously, (8:2a)) is a linear system of size N(k+1) x N(k+1) for uj, with a
known right-hand side, since, by ([3:2B]) and (3:2d), vy, wy, can be expressed in terms
of up,. Note that, by [82a), the numbers of unknowns and constraint conditions are
both N(k+1). Thus, if we can prove uniqueness of (up, vy, wy), then the existence
will follow.

We claim that solutions (up,vn,wp) to (B2) are unique. Otherwise, assuming
that (uy,v},w;i) and (u?,v?, w?) are two different solutions of (B2) and denoting

o1 2 1 2 oo 2 .
Gu = Up, — Up, Gy = V), — U7, G = Wy, — w;, then (32) yields

(3.3a) /Iguphda? + HN gus 1) + H (g0, 1) =0,

(3.3b) /InghdiL’ FH (9w, qn) =0,

(3.3c) /Igwrhdx PH (gu, ) = 0.

If we now take (pn, qn,7n) = (Gu, Guw, —9») in B3a)-B3d) and add them together,
we have

ng”2 + IHA(guagu) - Hﬂ(gwygw) =0,
which, by Lemma 2.1 is

2 1 N 1 N
ng” >‘ - 5 Z gu j__ N - 5 Z gw]]]__ -
j=1 j=1

and thus g, = 0 since A, u > 1. Further, substituting g, = 0 into (Z.30) and (3:3d)
together with letting v, = gw,qn = g», we have that g, = g, = 0, and therefore
Up, W, Uy are unique. Hence, we obtain the unique existence of up,wp,vy. This
completes the proof of Lemma [3.11 O

3.2. Optimal initial error estimates. Since generalized numerical fluxes are
considered, we shall first present some preliminaries on GGR projections.

3.2.1. GGR projections. The standard globally defined GGR projection, denoted
by P, (0 # 3), is defined as follows: for u € H'(Z}), the projection P,u is defined
as the element of V}* satisfying

(3.4a) /1 (Pyu)pdz = /I updr Vo € PF7(I),
(34b) (Pgu)jié = u;’*%’

for j=1,..., N, where u° and (P,u)? are the weighted means as given in (2.2)).

Note that when the numerical flux of the prime variable u; for the convection
term in ([2.I5a)) is chosen as i, = uj and that for the dispersion term in (ZI5d) is
chosen as 4y, = uf (A # 6), a modified GGR projection [6, Section 4.2] is needed.
Specifically, for a sufficiently smooth function u, for example v € H**3(Z},), the
modified GGR projection P, (which is a modification of Fj) together with the
standard GGR projection Py is denoted by (Pau, Py \v) satisfying

/(Pé)\v)gpdx:/ vpdr Yo € PPH(T),
I

J J
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LDG METHODS WITH GENERALIZED FLUXES 13

for j =1,...,N, where v = u,,. When \ = 6, it is easy to see that P; , = P;. As
[u — Pou] j—1 is already known, the unique existence and optimal approximation
property of P; , can thus be proved in a way similar to that in the analysis of the

projection Py [6].

Lemma 3.2. For u € H*"3(T},) and v = ug,, we have

(3.52) lu — Poul| + b2 u — Poullr, < CR*ulliia,
(3.5b) lv = Pj vl + h2 o = Py yolln, < CHMullys,

1/2
where, for w € HY(Zy,), ||w|n, = (Zjvzl ((wj_Jrl)2 + (w? 1)2)) is the L? norm
2

defined at cell boundaries.

Moreover, by using definitions of GGR and modified GGR projections, Py, Pj
and P, have the following properties.

Lemma 3.3. Assuming u is sufficiently smooth and periodic, for example u €
H3(Zy,), then for any ¢ € V}¥, there holds

H? (u — Pyu, ¢) = 0,
HF (u — Pyu, ¢) = 0,
HMu — Pyu, ¢) +H' (v — Py 0, 6) =0,
where v = Ugy.

3.2.2. Optimal initial error estimates. Based on the above GGR and modified GGR
projections, we can prove the following optimal error estimates of the LDG scheme
[B2), which are the optimal initial error estimates we want.

Lemma 3.4. Assume that ug € H**3(Z) and periodic. up, vy, wy, are the LDG
solutions of B2l) with numerical fluzes Z3) and (Z8). Then, if finite element

space th is used, we have the following optimal error estimates:
(3.6) luo = unll + [lwo — whl| + [lvo — vn] < CR*,
where wy = uy(x),ve = uf(x), and C is independent of h.
Proof. Denote
ey = up — up = (uo — Pyuo) + (Popuo — un) = M + Eu,
ew = Wo — wp, = (W — Pawo) + (Pawo — wp) = N + &uw,
ey =09 — vy = (vg — P9~7/\v0) + (P9~7/\v0 —vp) =My + &

With the above error decomposition, we consider the LDG scheme (B.2]). By
Galerkin orthogonality and summing over all j, we have the following error equa-

tions:

(3.7a) /Ieuphda: + H ew, pn) + ’Hé(ev,ph) =0,
(3.7b) /ICUthiL' P H" (ew, qn) =0,
(3.7¢) /Iewrhdac + He(eu, rp) =0,
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14 JIA LI, DAZHI ZHANG, XIONG MENG, AND BOYING WU

which, by Lemma [3.3] are

(3.8a) /ﬁuphdx + HM Euspn) + HO (€0 pn) = — / Nuprde,
I I

(3.8b) /1 o e EBH (€ an) = — /I noand,

(3.8c) /Iﬁuﬂ“hdx PH (u, ) = —/Inwrhdx,

that hold for any pp, gn, T € Vf. In what follows, we will prove the optimal initial
error estimates (B.0) by two steps.

Step 1 (Proof of the estimate [|€,]| + [|€o || < C(||€u|| +RETY)). Taking (pn, qn,rn) =

(§u7 €w> _5’0)7 (_é-wu g’u + gua g’u)a and (_fu - fm _§u7 _gw) consecutively in (m)i
B2d) and summing them up, we obtain the following three identities:

)ZN; [€0]7-
=
(3.9a) = —/nufuda:—/nvfwdx—i—/lnwfvdx,

l\DI»—A

N
&l + (A= 5) ST6TE +
j=1

Il + / Eobude + (1 — A Z[[su aléd
1 N
M +0— 1 Z[[&’ j—% [[gw j—3 (9 - 5)2[[511]]?7%
=1

Jj=1

(3.9b) = / M — / moydz / (o + 1)Eudlz,

N
—Jlull? = flgull? - 2 / o€l — A——Zﬂauj__ +(0-5) Y60,
j=1

N
(=X ZM“ j—% 1[€0] j—21 — (60— N)Z[[ ]]j,, [[gwﬂ
j=1
(3~9C) = /I(nu+77v)£ud$+/l77u§vd$+/I77w§wd$-
In addition, taking (gn,7n) = (€u,&w) in (B.8D), (3:8d) and summing them up, we
have
(3.94) 6l + [ &u6ucda+ (u=0) Zugw il

- / Mobuda — / MCudz,
I I

Based on the above four energy equations, we will prove the desired estimate
1€ + ||§w|| < C(||€u]| + h**1) by establishing the following two relations (3.10a))

and
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LDG METHODS WITH GENERALIZED FLUXES 15
On one hand, performing 3-(33a) + »-(B30) + B3d)), we get

Al + (3= Dlal® = AEull? — / €l + 9

= /I—(m + Nw)€udr + /I(nu + N — 10)udz + /I(m — Nw)&wdz,

where
0= (B-10-3) 63 )Z[{fu 2 3 Z[[fwﬂj__
v(0 -5 Zﬂgv S0 - A)Z[[ &1 léul, s

N
A+ 6 1>_Zﬂ§vuj_% [6uly +70 = VY e,y 6], 4.

The reason we take 3-([39al) in the above manipulation is to balance the jump terms
such that € > 0. To be more specific, we rewrite {2 as

0= (1-n(-3)+0-3) -6~ 1))%[[@1}3%

N N
S0 Z[{su HERU )Y S EURY) 3 M 3
j=1

Jj=1

l\?)—‘

i 1o 3
ik——Z[{fu]__ M—§Z '1+79 AZM“J——@J——
j= 7=1
2 7 Lo -
2(n— 5)2[[511)]];;% 50— 3 Mediy + 1+ 0= 1) T6] g lul,y
j=1 j=1 i=1

Then, by the same technique as that in the proof of By in Proposition 2.4, we can
easily prove the first line in §2 is nonnegative. Moreover, by the same arguments as
those in the analysis of By, Bz, By we can also prove the second to the fourth lines
in Q) are nonnegative, respectively. Hence we conclude that £ > 0.

It thus follows from the Cauchy—Schwarz inequality, optimal approximation prop-

erties (3.5a)), (B.5h) in Lemma [3:2] and Young’s inequality that

3y
Neéol? < III&JH2 FCLwll? + Ca(l€all? + R2E+2),
where Cy > 0 and Cy = Co([[ullx+3,7) > 0, which is
€012 < C21€wll? + Cs(l|&ul® + nP+2),

where C2 = 4701, Cs = 4% are positive constants independent of h. Consequently,

we arrive at

(3.10a) l€oll < Culléwll + CUIEI + BFY).
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On the other hand, performing ([39al) + ~-(3.9d), we have

N

Meull +7 [ etudo+ 67 + (- )X leL

j=1

1, =
+ (n— 5)2[[&1]}5_% + (e = 0)Y lew];y [u];y

j=1

=— /I(nu + 10)€ude — /Inwﬁvdw - /I(m + 1w ) §wdz.

Similar to that in the proof of ([BI0al), we can use Young’s inequality with suitable
weights dependent on v and C,, in (BI0a) to get

1 1
(3.100) (o DlEall < 16l + Ll + 1)
A combination of (3I0a) and (3.I0D) leads to the desired estimate

(3.11) €]l + l1€wll < Clgull + h*).

Step 2 (Proof of the estimate ||&,|| < Ch**1). The estimate ||£,| < Ch**! follows
immediately by substituting (B11]) into (B:9a) and using optimal approximation
properties in Lemma This completes the proof of Lemma 3.4 O

The validity of Lemma B4 will be numerically confirmed by Example 51l More-
over, as a consequence of the choice of numerical initial condition ([B.2]), we have for
the LDG scheme (2.15)) the optimal approximation estimate for u; at t = 0.

Corollary 3.5. If we take B2) as our numerical initial condition for the LDG
scheme ([2.I3)), then we have

| (0) — up, (0)]| < CHFTL,
where C' is independent of mesh size h.

Proof. For the LDG scheme (ZI5al), by Galerkin orthogonality, we have the follow-

ing error equation:

/eutphdx + H (e, pi) + H (e, pn) = 0,
I

which also holds for t = 0, due to the continuity of LDG solutions with respect to
the time variable. The above error equation for ¢ = 0 in combination with the error
equation of our designed numerical initial condition (3.7a)) implies that at t = 0

(3.12) /eutphdacz /euphdx.
I I

The proof of Corollary now follows by taking pp = &,,(0) together with the
initial estimates in Lemma [3.4] and approximation properties in Lemma O

The numerical initial condition ([B.:2]) is not the only choice for proving optimal
error estimates. Alternatively, the following choice of numerical initial condition is
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also valid:

(3.13a) —K/I onpndz + H (un, pr) + HO (vn, pr) = /1 g prdz,

(3.13Db) ] /1 vngnde — H* (wn, qn) = O,J

(3.13c) fI wprpde — H (up, ry) =0,

(3.13d) J /1 (uo — up)dz =0,

i
that holds for any pp, qn, Th € th and j = 1,..., N with a sufficiently large constant
K > 0, which is the LDG approximation to the steady—state problem

with a suitable g such that its exact solution is ug(z).

The existence and optimal approximation properties for ug, wg, vg (and further
u¢(0)) can be proved following the arguments similar to those in the proof of Lem-
mas[3 I and B4l Hence, we only show a sketch of the proof. Basically, the existence
can be derived by combining Lemma[3d]and the conservative property (3.13d). The
optimal approximation properties for ug, wg, vy can be proved by establishing three

relations

(3.14a) €ull < Culléull + Cligull + CRF,
(3.14) (Cot )6l < Gl + Ol +Cnt+,
(3.14c) €] < CRFY,

where C, C,, are constants independent of h. Specifically, ([3I4al) is deduced from
the duality argument; (3.14D) follows from an energy analysis similar to that in the
proof of Lemma B4 and (BI4d) is obtained by chosen a sufficiently large K.

4. OPTIMAL A PRIORI ERROR ESTIMATES

We are now ready to show optimal a priori error estimates of the LDG scheme
(2I10) with generalized numerical fluxes (Z3]) and (Z8]).
For any t > 0, denote

eu:u—uh:(U—Pgu)—F(Pgu—uh):?]u—Fﬁu,
ew:w—wh:(w—Pﬂw)+(Pﬁw—wh):77w+£w,
ey =0 —vp = (v— P ,v) + (Pj v —va) =0y +&-

By Galerkin orthogonality, we have the following error equations:

(4.1a) /eutphdx + H M ew, pr) + 'Hé(emph) =0,
I
(4.1b) /ev%dJU — H(ew, qn) =0,
I
(4.1c) /ewrhd:v — H (e, ) =0,
I

which hold for any pp,qn,rn € V,f . Using the same argument as that in the proof
of Proposition [Z4] and taking into account Lemma B3] we obtain the following five
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identities for &, &y, &u,, and &,:

1o 1
Ri= 3 Sl + (- ) SI62, + (- ) leul?
j=1 j=1
(42&) +/nut€udx+/nv§wdl‘_/Uwfvdl‘:Oa

Ry = Sl6l? + /@&M—H——Eﬁ&f%

mMAEmL%, uAZmﬁmﬁ

Jj=1 Jj=
(4.2b) _/nutfwtdx+/nvtgvdx"‘/nwtgutdx'i'/nvtfudx:Oa
I I
1 N
2
]RS 92 dtH§Ut||2 (>\ - 5)2[{5’1&]]]7% /'L -5 Z gwt Jf,
j=1 j=1

(4.2¢) +/nuttﬁutdx+/nvt€wtdx_/T]wtgvtdx =0,
I I
1d 1, = 1,
2 14 2 4 2 1L
Ro = 3 Cleul Mﬁm+w2§m¢4,nggﬁ

N
=N [l 6], + uoszMt
j=1
(4.2d) —/%&M—/%&M+/mmw+l%@m:Q

Rs = 5571600 + [ Gubudat (- D3 o), 46

j=1
(4.2e) —l—/nvtfudx—l—/nwfwtda: =0.
I I

Performing Ry +R3 +7(R1 +Ry) + 3 (R2 —Rs), we arrive at the following identity:

43 (uz’—v? u21w2)5q>\1/:0,
@3 2L (el + I+ el + L) + 4 0+

where

E=1B +]~BQ+]~BS+I~B47
and B; shares the same form as B; (i = 1,2,3,4) in @I8) with uy, ws, vn, Up, , Wh,
replaced by §u, &w, §vs Sues Swss

(I):7(/nv€wdx_/nw§vdx_/nutgvdx'i'/nvgutdx'*'/nwtgwdx)
I I I I I

+/nut€udx+/nv§wdx_/nwfvdx

I I I

F2([medst [ nogude) + [ bude
2 I I I

W:_z/nutfwtdx_ Z/Uwfwtdx"’/nvtgwtdx_/nwtgvtdx-
2 I 2 I I I
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As shown in the proof of Proposition 2.4] we have that
(4.4a) = >0.

By the Cauchy—Schwarz inequality and optimal approximation properties (3.5al),

(3.5h), we obtain
(a4b) 1@ < O 1 (el + TP + e + D leul?)
. ~ 9 u S v Ut S w .
Here and below, we have used the fact (Pyu); = Ppu; since the projection operator

Py and the differential operator are both linear. Integrating ¥ with respect to time
between 0 and ¢, and using integration by parts we get

/Ot Wdr =/I (= 3 0huear + M)l + (0 = M)l ) da

+ /Ot/, (%(nuﬂﬁw + oy €w) + (Ty, €0 — %nﬁw))dxdr.

By using the Young’s inequality together with Lemmas and [34] and Corollary
B3 we have

t t
o) | [ war] < on e Ll + el + 15 [ (161® + el?) ar

Now we integrate ([{3]) with respect to time between 0 and ¢, and take into account

estimates ({4al)-([Z4d) to obtain
€I+ T O + 6w (B2 + T 6 (B2
< [ (16O + J16.01 + 16 OIF + JlaoIF)ar + ca2sr2

where we have also used optimal initial error estimates in Lemma [3-4 and Corollary
Then, a simple application of Gronwall’s inequality leads to

6O+ FIEON + 60 Ol + FI€u (Ol < CHH.

By combining the above error estimates and the approximation properties of the
projections in Lemma [3.2] we have the following optimal error estimates.

Theorem 4.1. Assume the exact solution of (2I)) is smooth enough, e.g., u €
L>=([0,T]; H**3(Z)). Then for the LDG solutions with generalized numerical fluzes
I3, we have the following optimal error estimates:

(4.5) lew ()l + Fleo @l + lew (O] + T lew®)l < CHE,

where v is defined in (213), and C is independent of h.

Remark 4.2. Similarly, for the LDG scheme (220) with fluxes (25)), (Z7), and
222)) with fluxes (2.8]), Theorem [AT] still holds.
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5. NUMERICAL EXPERIMENTS

The purpose of this section is to numerically validate the sharpness of theoretical
results as well as advantages of generalized fluxes for long time integrations. Various
groups of fluxes (A, 6, u) are considered.

Example 5.1. In this example, we provide a numerical experiment to confirm
optimal initial error estimates in Lemma [34] Here we take ug = sin(x).

As we can see, equations ([B2) can be rewritten as a linear system. In fact, if
we denote the polynomial coefficients as a column vector @ of size N(k + 1), then
B2Zd) can be represented by @ = Ly, where Ly is a circulant block matrix of size
N(k+1) x N(k+ 1). Similarly, we have ¢ = L;w for (3.20). Then (3.2a) can be
written in the following linear system:

(V+ Ly + L4L5L0) T = G,
where [ is an identity matrix and § is a column vector of size N(k + 1) consisting

of the integral of the source term in [3:2). By solving the above linear system, we
can obtain uy and further wy, vy, at t = 0.

TABLE 5.1. L? errors and orders for Example [5.1] using P* poly-
nomials with different A, 6, and p on a uniform mesh of N cells.

A=1.2 A=0.7 A=1.1
N 6=0.8 6=0.9 6=1.1
uw=11 p=11 ©w=0.8
L? error Order L? error  Order L? error Order
20 | 5.04E-01 - 3.84E-01 - 4.19E-01 -
po 40 | 2.91E-01 0.78 2.13E-01 0.85 2.33E-01 0.84
80 | 1.58E-01 0.88 1.12E-01 0.92 1.24E-01 0.92
160 | 8.22E-02 0.94 5.76E-02  0.96 6.37E-02  0.96
20 | 1.54E-02 — 1.23E-02 — 9.74E-03 —
pl 40 | 3.86E-03  1.99 3.09E-03  2.00 2.40E-03  2.02
80 | 9.67E-04 2.00 7.73E-04  2.00 5.99E-04 2.00
160 | 2.42E-04 2.00 1.93E-04 2.00 1.50E-04  2.00
20 | 2.13E-04 — 2.39E-04 - 2.99E-04 —
P2 40 | 2.66E-05 3.01 2.98E-05 3.00 3.75E-05 2.99
80 | 3.32E-06  3.00 3.72E-06  3.00 4.70E-06  3.00
160 | 4.15E-07  3.00 4.66E-07  3.00 5.87E-07  3.00
20 | 7.14E-06 - 5.90E-06 - 4.71E-06 -
p3 40 | 4.55E-07  3.97 3.71E-07  3.99 2.95E-07  4.00
80 | 2.86E-08  3.99 2.32E-08  4.00 1.84E-08  4.00
160 | 1.83E-09 3.96 1.53E-09 3.92 1.17E-09  3.98

Table [5.1] lists the L? errors and orders for Example 5.1l with different choices of
the weights A, 0, and u. We take the uniform mesh and use piecewise polynomials
of degree 0 < k < 3. From Table Bl we can always observe the desired (k + 1)th
order of accuracy for the numerical initial condition with different weights, which
verifies the sharpness of Lemma [3.41

Example 5.2. To verify Theorem 1] consider ([2.I]) with initial condition u(x,0) =
sin(2z). The exact solution to this problem is

u(z,t) = sin(2z + 61).
We use the LDG scheme (ZT5]) with fluxes (25) and (26]).
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In this example, we use the specially designed numerical solution to (3.2) as
our numerical initial condition. The time discretization is taken as the third order
explicit total variation diminishing Runge-Kutta method, and the time step is
taken as At = x h® with a suitable CFL number . Table lists the L? errors
and orders for Example[5.2] from which we can always observe the expected (k+1)th
order of accuracy. The CFL number k is also given in the table, and a larger CFL
number (the first column) is allowed in our computation, when compared with the
traditional upwind and alternating fluxes (the third column).

TABLE 5.2. L? errors and orders for Example using P* poly-
nomials with different A\, 6, and p on a uniform mesh of N cells.

T =0.1.
A=0.6 A=1.7 A=1.0 A=0.7
N 0 =0.6 0 =028 0=1.0 0=1.1
n=0.8 pn=0.7 pn=10 nw=12
L? error Order L?Zerror Order L% error Order L? error Order
20 | 4.45E-01 — 9.53E-01 — 5.57TE-01 — 1.09E-00 —

40 | 2.17E-01 1.04 4.74E-01 1.01 3.01E-01 094 6.34E-01 0.78
P° 60 | 1.44E-01 1.01 3.17E-01 0.99 2.05E-01 094 4.41E-01 0.89
80 | 1.08E-01 1.00 2.39E-01 0.99 1.56E-01 0.96 3.37E-01 0.93
100 | 8.62E-02 1.00 1.92E-01 0.99 1.25E-01 0.97 2.73E-01 0.95

k= 0.033 K =0.03 k=0.011 x = 0.0009
20 | 9.61E-02 - 6.09E-02 - 4.40E-02 - 3.98E-02 -
pl 40 | 3.33E-02 1.53 1.54E-02 199 1.07E-02 2.03 9.67E-03 2.04
60 | 1.67E-02 1.71 6.85E-03 1.99 4.75E-03 2.01 4.27E-03 2.01
80 | 9.87E-03 1.82 3.86E-03 2.00 267E-03 2.01 240E-03 2.01
100 | 6.48E-03 1.88 247E-03 2.00 1.71E-03 2.00 1.53E-03 2.00
K = 0.0045 x = 0.003 x = 0.0014 x = 0.0071
20 | 1.49E-03 - 1.75E-03 - 2.12E-03 - 2.30E-03 -
P2 40 | 1.80E-04 3.05 2.14E-04 3.03 267E-04 299 297E-04 2.95
60 | 5.30E-05 3.02 6.31E-05 3.01 7.94E-05 3.00 8.86E-05 2.98
80 | 2.23E-05 3.01 2.66E-05 3.00 3.35E-05 3.00 3.75E-05 2.99
100 | 1.14E-05 3.00 1.36E-05 3.00 1.72E-05 3.00 1.92E-05 3.00
x = 0.00103 x = 0.0007 x = 0.0003 x = 0.00015
20 | 1.70E-04 - 1.03E-04 - 8.22E-05 - 7.63E-05 -
p3 40 | 1.55E-05 3.45 7.06E-06 3.87 5.17E-06 3.99 4.73E-06 4.01

60 | 3.45E-06 3.71 1.42E-06 3.95 1.02E-06 4.00 9.32E-07 4.00
80 | 1.15E-06 3.83 4.53E-07 3.97 3.24E-07 4.00 2.95E-07 4.00
100 | 4.82E-07 3.89 1.86E-07 3.98 1.33E-07 4.00 1.21E-07 4.00

In addition, we have also used the standard local L? projection as the numerical
initial condition, and we still observe optimal orders of accuracy with slightly dif-
ferent errors, indicating that the construction and analysis of the special numerical
initial condition in section [3lis for a theoretical purpose only. We thus simply use
the L2 projection for initial discretization for the following two examples. Note
that the optimal convergence orders are also observed on the nonuniform mesh and
for the L norm, which, however, are omitted to save space.

Example 5.3. Consider the equation u; + 5uy + Ugee = 0, @ € T x (0,T], with
the initial condition u(z,0) = sin 2z and periodic boundary conditions. The exact
solution to this problem is u(z,t) = sin(2z — 2t).
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To investigate long time behaviors of the LDG scheme, we consider the scheme
222)) with fluxes ([Z8) in possession of anti-viscosity property for the convection
term. Table B3] lists the L? errors and orders for Example (.31 Clearly, optimal
(k 4 1)th order can be observed.

TABLE 5.3. L? errors and orders for Example [5.3] using P* poly-
nomials with different A\, 6, and p on a uniform mesh of N cells.

T =0.1.
A=-0.2 A=04 A=1.0
N 0=0.6 60=0.6 0=1.0
pn=0.6 w=0.6 pn=1.0
L? error Order L% error Order L? error Order
x = 0.03 x = 0.03 k= 0.011
20 | 1.01E-01 — 8.01E-02 - 4.22E-02 -
pl 40 | 4.16E-02 1.28 3.13E-02 1.35 1.06E-02 1.99
60 | 1.97E-02 1.84 1.62E-02 1.63 4.73E-03 2.00
80 | 1.11E-03 2.01 9.70E-03 1.78 2.66E-03  2.00
100 | 7.02E-03  2.04 6.41E-03 1.86 1.70E-03  2.00
x = 0.004 x = 0.004 x = 0.0014
20 | 1.49E-03 - 1.49E-03 - 2.14E-03 -
P2 40 | 1.80E-04 3.05 1.80E-04 3.05 2.68E-04 3.00
60 | 5.30E-05 3.01 5.30E-05  3.02 7.95E-05  3.00
80 | 2.23E-05 3.01 2.23E-05 3.01 3.35E-05  3.00
100 | 1.14E-05 3.00 1.14E-05 3.00 1.72E-06  3.00

As a result of downwind-biased fluxes for the convection term, the LDG scheme
is nearly energy conserving, leading to a quite slower growth of the error for long
time simulations; see Figure 5] concerning the time growth of the fluxes (Z8) in
comparison with the standard upwind and alternating fluxes up to 7" = 100, P2,
N = 20.

P? case, N=20, T=100

(1-1,0,w) = (1.0,1.0,1.0)
‘

0.04f1 Kk=00014

H (1-1,0, ) = (0.4,0.6,0.6)

K =0.004

0.01f

FIGURE 5.1. Time history of the L2-error of the numerical solution
in Example 5.3
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Example 5.4. To display an excellent resolution of waves, we consider the classical
soliton solutions of the nonlinear KdV equation

Up + UlUy + EUpge = 0
with the exact solution being a single soliton [13l[26], namely
u(zx,t) = 3¢ sech? (§((z — z0) — ct)),

where ¢ = 0.3, 29 = 1, e = 5 x 1074, and § = %\/g As the exact solution u
is nearly 0 when it is far away from the soliton peak, (e.g., u(—2,0) < 10729), so
periodic boundary conditions can be used.

In this example, the generalized numerical flux for the nonlinear term is

(5.1) Flugy ) = M ugg) + Af ().

Note that A < 1/2 will lead to an anti-viscosity for the convection term. For a short
time, say T = 0.2, optimal (k 4+ 1)th order can be observed when different weights
are chosen, as shown in Table [£.4]

TABLE 5.4. L? errors and orders for Example [5.4] using P* poly-
nomials with different A, 6, and p on a uniform mesh of N cells.

T=0.2.
A=0.1 A=0.6 A=1.0
N #=0.9 0=0.9 f0=1.0
n=0.9 ©n=20.9 pn=10
L? error Order L? error Order L? error Order
80 | 1.04E-02 - 1.19E-02 - 1.50E-02 -
100 | 6.69E-03  1.98 7.71E-03  1.96 9.19E-03  2.18
P! 120 | 4.79E-03  1.83 5.38E-03  1.97 6.09E-03  2.25
140 | 3.60E-03  1.86 3.96E-03  2.00 4.29E-03  2.28
160 | 2.80E-03  1.88 3.03E-03 2.01 3.16E-03  2.28
80 | 1.25E-03 - 1.20E-03 - 1.22E-03 -
100 | 5.88E-04  3.39 5.98E-04 3.13 6.19E-04 3.03
P? 120 | 3.34E-04 3.10 3.38E-04  3.13 3.57E-04  3.03
140 | 2.07E-04 3.11 2.09E-04 3.13 2.23E-04  3.03
160 | 1.37E-04  3.08 1.38E-04 3.10 1.49E-04 3.02
(2) N=80, T=200/3 (b) N=160, T=200/3
09 —— (0,0, w=(1.0, 1.0, LO)[| %95 ——(h. 0, W =(10, 1.0, 1.0)
08 —o— (1.0, 1)=(06,09,09) —o— (1.0, 11)=(0.6,09,0.9)
07 —s— (.0, 1=(04,09,09)| oo} —e— (. 0.11)=(04,09.0.9)
: ——(h0,1)=(0.1,09,09) —— (A, 8.1)=(0.1,09,0.9)
0.6 exact solution exact solution
os '| 0.85t
0.4 |
0.8}
03 1
02 o7l
0.1
or: - - N - - N 1 0.7} X X X X X X
2 15 1 05 0 05 1 15 2 -02 -015 -01 -005 0 005 01 015 02

FIGURE 5.2. Pointwise values of the LDG solution in Example (5.4

using P? polynomials, T' = 200/3.
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However, the numerical solutions with different weights over long time simula-
tions behave differently. We take the final time to be T' = @ when the soliton
wave circulates 5 time periods on [—2,2]. In Figure (2] p01ntw1se values of LDG
solutions are shown for both N = 80 and N = 160, and we can see that the fluxes
with weights (A, 6, 1) = (0.1,0.9,0.9) can capture the exact solution well without
any visible phase errors. In contrast, noticeable phase errors and the amplitude
loss can be observed for a larger number of A. This agrees with the results of [3]
when an energy conservative DG scheme is considered.

6. CONCLUDING REMARKS

In this paper, we study the LDG method with generalized numerical fluxes with
three different weights for the linearized KdV equations. A wuniform stability is
proved, even for downwind-biased fluxes of the convection term. A suitable numer-
ical initial conditions in possession of optimal initial error estimates for all variables
is chosen, which is the LDG approximation to a steady—state problem. Optimal
error estimates are obtained. The downwind-biased flux for the convection term
with anti-viscosity property is helpful for long time simulations, especially in re-
ducing error growth and resolving waves. Future work includes analysis of the
LDG schemes with generalized numerical fluxes for nonlinear KdV equations and
multi-dimensional problems.

APPENDIX

Proof of Proposition [Z3l The proof to 221 is similar to that in the proof of
Proposition 24] so we only show a sketch.

By the same procedures as those in deriving (2I7al)-(2I7€) except for the proof
of 4 in which we now take (pn, qn,rn) = (vn + un, up,, wy), we have

1d 1 Ly
2 2
By = 5 g lunl? + (= 5) D lunl} g + (= _)Z[[wh]]jfl =0,
2 dt 2 = 2 274 2
1d 5 1 =
Fy = Ea”vhu + /’Uhtuhdl‘-F 9 3 Z Uht -1
N =t
(=N lunlyg lwn Dy + (1= 9>Zﬂvhﬂj—% [wn ]y =0,
—1 i—1
1d ] j Ly
Iy = Ed_HuhtH (=3 Zﬂuht 4T (- E)gﬂwhfﬂj—% =0,
1d 1o NS
2 2
Fa = 57 (lunl® 4 llnl?) + (A = 5) 3 Tnliy + (0 = 5) 3 _[only
N 7 Jj=1
+2/vhuhtdx+ A+0-1) Z[[WJ]J 1 [vnl;s
(n+0-1) Z[[wh]] uht]] =0,
1d a
_ 2 _
Fs = 5 <l + / onstunda + (u0—1) 3 fwn, ]y [unl -y = 0.

j=1
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Performing 2IF; + 7 (T2 —

2,7 2
0= 3 S(@+ Dlhual? + 2 fon

IF5) + I3 + 2174, we obtain the final energy equality

0
o llun, |12 +  lwn?)

+’Y/Uhuhtd$+01+Cz+@3+@4+65,
I

where

L N
Ci=(\~ §)jzz:lﬂuht Frt2(p— 5 2:: wh; it

N

(M +0 -1 [wal; s [un ;s

j 1

N N
o= {0 3l + 0 Il + 040 Y Tl gl
N
G =(—y) Zﬂuhnjf_ o —%>Zﬂwhtﬂ- ;—A+0-D) Zﬂwm 3 bunl iy
€=l —g)Zﬂvhﬂ a3 ;“”% g = 02 ol bondy,

j=1 j=1

> |

Y 1o 7 1 a

— - 2 - _—

Cs = (0 2);Huhtﬂj—% + 2 5 Z::

Using Lemmas and 2.3 we can verify that C; > 0 fori=1,..

3 ((3) i+

||7fh||2 + [Jun, |I* +

,5. Hence,

0
Tlwnl?) < (lonll? + llun, I?)

A simple application of the Gronwall’s inequality leads to (Z2I]). This completes

the proof of Proposition
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