MULTILINEAR ESTIMATES FOR CALDERON COMMUTATORS

XUDONG LAI

ABSTRACT. In this paper, we investigate the multilinear boundedness properties of
the higher (n-th) order Calderén commutator for dimensions larger than two. We
establish all multilinear endpoint estimates for the target space Lﬂ%’m(Rd), includ-
ing that Calderén commutator maps the product of Lorentz spaces L‘“(Rd) X oo X
LYY (RY) x LY(RY) to L#’M(Rd), which is the higher dimensional nontrivial gen-
eralization of the endpoint estimate that the n-th order Calderén commutator maps
L*R)x---x L*(R) x L*(R) to Lﬁ’w(R). When considering the target space L" (R%)
with 7 < % some counterexamples are given to show that these multilinear esti-

dtn’
mates may not hold. The method in the present paper seems to have a wide range

of applications and it can be applied to establish the similar results for Calderén
commutator with a rough homogeneous kernel.

1. INTRODUCTION

The study of multilinear Calderén-Zygmund operators was initiated by Coifman and
Meyer (see [8], [9], [20]). One of their motivations is to study the second order Calderén
commutator (see [8]). Now a fruitful theory has grown around the multilinear Calderén-
Zygmund operator and there are still many works on going, we refer to see the very nice
exposition [18, Chapter 7] and the references therein. Despite of the intensive research of
the multilinear Calderén-Zygmund theory, there are still some open problems related to
Calderén commutators, the original model of multilinear Calderén-Zygmund operators.
For example, there are no appropriate multilinear endpoint estimates of the higher order
Calderén commutator for higher dimensions.

In this paper, we investigate the multilinear boundedness properties of the higher
(n-th) order Calderén commutator for dimensions larger than two. We establish all

multilinear endpoint estimates for the target space LHLH’OO(Rd), in which the endpoint
estimates exist on a plane qil +---+ qin —i—% = dTT” with (qil, cee q%’ %) € R™*! intersects
[0, 1]"*1. Specially, these endpoint estimates include that Calderén commutator maps
the product of Lorentz spaces L% (R?) x - - - x L&Y (R?) x L' (R%) to Lata (R9), which
is the higher dimensional nontrivial generalization of the endpoint estimate that the

n-th order Calderén commutator maps L'(R) x --- x L}(R) x L}(R) to Lﬁ’oo(R). If
the dimension d = 1, the above endpoint estimates for the n-th order commutators
on products of L*(R) spaces have been obtained by C. P. Calderén [6] when n = 1,
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by Coifman and Meyer [8] when n = 1,2 and by Duong, Grafakos and Yan [14] when
n > 1. However when the dimension d > 2, things become more complicated since
Calderén commutator in this case is a non standard multilinear Calderén-Zygmund
operator. No appropriate multilinear Calderén-Zygmund theory can be applied to it
directly. Therefore it is interesting to establish the multilinear estimates of Caderdén
commutator for d > 2 and the purpose of the present paper is to develop the theory in
this respect.

Before stating our results, we give some notation and the background. Define the
higher (n-th) order Calderén commutator by
T Ai(@) = Ai(y)

(1.1)  C[VAL---, VA, fl(z) = pv. /Rd K(x— y)(H

- [(y)dy,
1 eyl )

where n is a positive integer and K is the Calderén-Zygmund convolution kernel on
R4\ {0} (d > 2) which means that K satisfies the following three conditions:

(1.2) K (2)] S |2] 79,
(1.3) / K(x)(i)ad:c =0, YR >0, Ya € Z% with |a| = n,
R<|z|<2R |z]
< .
(1.4) |K(x —y) — K(x)| < 2| for some 0 < 6 < 1if |z| > 2|y|.

Such kind of commutator was first introduced by A. P. Calderén in [3] for the first
order with K(z) a homogeneous kernel and also later in [4] [5] for the higher order
one (see also [8], [9]). It is easy to see that C[VAy,---,VA,, f](x) is well defined for
Ay, -, Ap, f € Cgo(Rd). For its applications, let us look at the first order Calderén
commutator (1.1). Indeed C[V A, f](x) is a generalization of

(15) [481/() = A@SU)(@) - S(AN() = —povt [ L ADZEW g,
TJrT—Yy T—Y

where S = % o H and H denotes the Hilbert transform (one can deduce S = % oH
just by taking a derivation into the kernel Tlm or utilizing the Fourier transform for
both sides). It is well known that the commutator [A,S] is a fundamental operator
in harmonic analysis and plays an important role in the theory of the Cauchy integral
along Lipschitz curve in C, the boundary value problem of elliptic equation on non-
smooth domain, and the Kato square root problem on R (see e.g. [3], [5], [15], [20],
[18] for the details). Recently, there has been a renewed interest into the commutator
[A, S] and d-commutator introduced by M. Christ and J. Journé (see [10]) since they
have applications in the mixing flow problem (see e.g. [21], [19]).

In this paper, we are interested in the following strong type multilinear estimate (or
weak type estimate)

(1.6) ICIV AL,V A, ey S (TTIV Al ey ) 1 oy
i=1
where % = (Z?:1i) —I—%D with 1 < ¢ < o0, (1=1,---,n) and 1 < p < oo. Our main

results are as follows.
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Theorem 1.1. Let d > 2 and n be a positive integer. Suppose K satisfies (1.2),(1.3)
and (1.4). Assume that 1 = (30, 2) +]% with 1 < ¢ < o0 (i =1,---,n), and

=1
1 < p < oo. We have the following conclusions:
(1). Ifd_% <r<oo,1<¢g<oco(i=1,---,n) and 1 < p < oo, then the multilinear
estimate (1.6) holds.
(ii). Ifd%l <r<oowithq =1 for somei=1,--- ,n; orp=1; orr = d%ﬂ then
there exists a constant C' > 0 such that
n
(L7 lCIVAL -V An, fllros @ty < C(TTIV Al ey ) 111y
=1
and in this case, if ¢; = d for some i =1,--- ,n, L%(R?) in the above inequality should

be replaced by L' (RY), the standard Lorentz space. Specially, we have the following
endpoint estimate

(18)  leVAL VAL o< C( T IV Al g )1 o)

La+n ™ (Rd) Pl
(iii). If0 < r < d-s—in’ 1<¢qg <00 (i=1,---,n) and 1 < p < oo, there exist
functions A; fori=1,---,n, and f such that |V A;||La; ey < 00 fori=1,---,n, and

11l o (ray < 00. But
C[VAy,--- VA, fl(x) = oo in a ball in R%.

Remark 1.2. Notice that (i) gives strong type estimates (1.6) for dJ% <r < oo. (ii) gives

all endpoint estimates for dJ%n < r <1, especially the case r = d-;—in where the endpoints
3w L £+ 4 = 4
[0, 1], which is the most difficult part in our proof. Here we point out that the
condition r > dJ%n is crucial in the proof of (i) and (ii) in Theorem 1.1, which will
be emphasized further in the proof where we use this condition. Our basic strategy
is first to show (1.6) for 1 < r < oo and (ii), then use the multilinear interpolation
between (1.6) for 1 < r < oo and the result of (ii), to justify the rest part of (1.6) for

d_%n < r < 1. All those will be clear in our proof. Obviously, the conclusion of (iii)
d

indicates that the requirement r > 74 1s a necessary condition to guarantee the strong
type estimates (or weak type estimates) (1.6) hold, thus our results in Theorem 1.1 are
optimal in this sense. Some counterexamples will be constructed to prove conclusion
(ii).

Remark 1.3. Notice that L»'(R) = L'(R). Therefore when the dimension d = 1, (1.8)
turns out to be the n-th Calderén commutator mapping L'(R) x - -+ x LY(R) x L1(R)
to Lﬁ’oo(R), which has been previously proved by Duong, Grafakos and Yan [14]. To
the best knowledge of the author, (1.8) is new when d > 2. Currently we still do not
know whether L%!(R?) in (1.8) could be replaced by L%1+¢(R?) for some £ > 0 when
d > 2 and we will further explore this problem in our future research.

) exist in the intersection between the plane (Z?Zl

We next briefly introduce the methods employed and the main procedures in the
proof of Theorem 1.1. We first establish the assertion (i) of Theorem 1.1 in the case
1 < r < oo based on the recent deep result of A. Seeger, C. K. Smart and B. Street
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in [21]. Next we show that if ¢ = oo with ¢ = 1,--- ,n and p = 1, i.e. A; is a
Lipschitz function, then the weak type L''*°(R%) boundedness holds by the standard
Calderén-Zygmund theory. We will devote to proving (ii), i.e. we need to give a weak
type estimate. In the case of (ii), by our condition, A; satisfies VA; € L%(RY). We
will construct an exceptional set which satisfies the required weak type estimate. And
on the complementary set of exceptional set, the function A; is a Lipschitz function.
Then, roughly speaking, the strong type estimate in (i) and the weak type L“°(R%)
boundedness of C[VAy,---,VA,, fl(x) could be applied on the complementary set of
exceptional set. The idea partly comes from C. P. Calderén [6], [7]. However we
develop further more here. Our argument works once we establish the strong type
estimate (1.6) when 1 < r < oo, 1 < q1,-++ ,qn, < 00, 1 < p < oo and weak type
L'°(RY) boundedness when 7 =1, ¢ = -+ = ¢, = 00, p = 1.

The strategy to construct the exceptional set is as follows. Notice that the estimate
IV A[ La(ray is related to the Sobolev space WH4(RY). When 1 < ¢ < d, it is well known

that Sobolev space W14(R%) is embedded into L?*(R%) with q% = % — 1. This property
is crucial to help us establish a boundedness property of maximal operator (see Lemma
2.4). When q > d, exceptional set can be constructed by using the Mary Weiss maximal
operator M (see Subsection 2.1 for its definition), which maps L¢(R?) to L(R%) (or
L%*°(R%)) only when ¢ > d. But when ¢ = d, the critical Sobolev W1¢(R9) is imbedded
into an Orlicz space (see [1]) which may be not useful to us. This forces us to study
the Mary Weiss maximal operator on L4(R?), which is quite challenging. Fortunately,
we find a substitute that M maps the Lorentz space L%!(RY) to L% (R%) which is
enough to construct an exceptional set. Base on this, we can establish the multilinear

endpoint estimate that C[V Ay, - -+, VA,, f](x) maps L& (RY) x - - - x L&Y (RY) x LY(RY)

to Ld%n’oo(Rd). Although we assume that d > 2 in our main results, the proof presented
in this paper is also valid for d = 1. Therefore even when d = 1, the proof of (1.8) here
is quite different from that by Duong, Grafakos and Yan [14], thus we give a new proof
of (1.8) for d = 1.

As aforementioned, the above method built in this paper works as long as we establish
the strong type estimate (1.6) when 1 < r < co and weak type L"*°(R?) boundedness
when r =1, ¢t = --- = g, = 00, p = 1. Therefore we can use the method here to
establish the similar multilinear estimates of Calderén commutator with a homogeneous
rough kernel. Define the higher order Calderén commutator with a rough kernel by

CalV AL, VA (o) =pov. [ EA(TT A=A

a |z —yld |z — 9

here Q is a function defined on R?\ {0} which satisfies:
(1.9) Q(ro) = Q) forr>0,0c ST Q(—0) = (—1)"Q(H)*

and Q € L'(S971). 891 is the unit sphere in R?. Similar to those in Theorem 1.1, we
have the following result.

1One may also consider the case Q(—0) = (—1)"€(0) with some other moment cancelation condi-
tions, we refer to see Remark 3.2 for further discussion.
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Theorem 1.4. Suppose Q satisfies (1.9) and Q € Llog™ L(S*™1) for d > 2. Then all
the results in Theorem 1.1 also hold for Cq[V A1, -, VA, fl(x).

When n = 1, part of results in Theorem 1.4 have been established by A. P. Calderén
[3] and C. P. Calderén [6] [7]. We summarize their results [3], [6], [7] in Figure 1. More
precisely, A. P. Calderén [3] showed that if % = % +% with 1 < r < o0, 1 < g < o0,

1 < p < oo, then (1.6) holds when © € Llogt L(S9~!) (see the region with diagonal
lines in Figure 1). Later C. P. Calderén [6] extended these results to the boundary of the
region with diagonal lines where he proved (1.6) is still true in the case 1 < r = ¢ < o0,
p = oo and in the case r = 1,q > 1,p > 1. C. P. Calderén [6] also showed that if
satisfies the Hormander condition, then (1.6) holds when d/(d+ 1) < r < 1, ¢ > d,
p > 1 (see the region with vertical lines in Figure 1). In [7], C. P. Calderén showed
that if #‘ll <r<1,1<qg<d 1< p< o0, then the weak type estimate (1.7)
holds when Q € Llog™ L(S%™1) (see the region with horizontal lines in Figure 1). With
the above results in hand, by using the interpolation arguments, one may easily get
the strong type estimate (1.6) holds for d%m <r<l,l<g<oo l<p<ooif
Q € Llog" L(S?1). Recently Fong [16] considered the special case Q2 = 1 and used
the time-frequency analysis method to show (1.6) holds for d%l <r<oo,l<qg<oo,
1 <p<oo.

[

O P

FIGURE 1. In the case n = 1, our main results in Theorem 1.4 are new when
0< i< land!l=1, seethe bold line including the endpoint (%,2) = (1, 1),
q d p p’q d

For the endpoint (%, %) = (1,0), the weak type L»>(R%) boundedness of Cq[V A, f]
with Q € Llog" L(S?!) has been recently derived by Ding and the author [11]. The

contribution of Theorem 1.4 in the case n = 1 is the estimates with p =1, 0 < % < é
(see the bold line including the endpoint (%, %) = (1, 3) in Figure 1), which complements
the aforementioned works for n = 1. To the best knowledge of the author, Theorem
1.4 is new when n > 2.

An immediate consequence of Theorem 1.1 or 1.4 is the following n-th order commu-
tator of the Riesz transform with n-th derivation which may have potential applications
in partial differential equations.
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Corollary 1.5. Let R; be the Riesz transform. Then all the results in Theorem 1.1
also hold for the following operator

(A1, -+ [An,0% 0 Ry -+ -] f (2)

:p.V./ﬂ{daoC(‘m_y‘d'Fl) (

where o € Z4 is a multi-indice with |a| = n.

:]:

Aiy) - F(w)dy

=1

This paper is organized as follows. In Section 2, we give the proof of Theorem 1.1,
which will be divided into several cases. First some preliminary lemmas are presented
in Subsection 2.1. Subsection 2.2 is devoted to proving (i) of Theorem 1.1 in the case
1 <r < oo and weak type L (R%) boundedness on L>®(R?) x - - - x L>®(R%) x L' (R%).
The proofs of (ii) in Theorem 1.1 are given in Subsections 2.3, 2.4 and 2.5. In Subsection
2.6, we proceed to proving the rest part of (i) in Theorem 1.1 by the multilinear
interpolation theorem. Finally some counterexamples are given in Subsection 2.7 to
prove (iii) in Theorem 1.1. The proof of Theorem 1.4 is similar to that of Theorem 1.1.
So in Section 3, we outline the proof of Theorem 1.4.

Notation. Throughout this paper, we only consider the dimension d > 2 and the
letter C' stands for a positive finite constant which is independent of the essential
variables and not necessarily the same one in each occurrence. A < B means A < CB
for some constant C. By the notation C. means that the constant depends on the
parameter e. A ~ B means that A < Band B < A. n represents the order of Calderén

commutator. The indices r, ¢1, - - - , ¢, and p satisfy % = (Zf 17 )—|— with 1 < ¢; < o0
(¢ =1,---,n) and 1 < p < oo in the whole paper. For a set E C Rd, we denote by

|E| or m(E) the Lebesgue measure of E. S9! is the unit sphere in RY. do denotes
the spherical measure on S?~!. VA will stand for the vector (014, ---,044) where
0;A(x) = 0A(x)/0x;. Define

valy = (3 ap)
=1

for X = LP(RY) or X = L% (RY). Z, denotes the set of all nonnegative integers and
Z8 =7y x - X Ly
—_————

2. PROOF OF THEOREM 1.1
2.1. Some preliminary lemmas.

Before giving the proof of Theorem 1.1, we introduce some lemmas which play a key
role in the proof of Theorem 1.1. For those readers who are not familiar with the theory
of the Lorentz space LP4(R%), we refer to see [23, Chapter V.3]. We will use the theory
of the Lorentz space LP?(R?%) in Lemma 2.2. Now we begin by some properties of a
special maximal function which was introduced by Mary Weiss (see [6]). It is defined
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as

M(VA) @) = sup |A(z + h) — A(x)]
heRd\ {0} |h|

Lemma 2.1. Let VA € LP(R?) with p > d. Then M is bounded on LP(RY), that is
IM(VA)|| rray < ClIVA| Lo may,
where the constant C is independent of A.

Proof. By using a standard limiting argument, we only need to consider A as a C'™
function with compact support. Then the lemma just follows from the inequality

A) ~ AW) _ (1 o)
’l‘ - y’ : <‘33 - y‘d /|:Ez§2:vy| |VA(Z)| I ) 7

which holds for any ¢ > d (see [6, Lemma 1.4]) and the fact that the Hardy-Littlewood
maximal operator is of strong type (p,p) for p > 1. O

Lemma 2.2. Let VA € L4 (R?), the standard Lorentz space. Then for any X > 0,
there exist a finite constant C' independent of A such that

M|{z € RY: M(VA)(2) > M < CIVA|L0 gy

Proof. Tt suffices to consider A as a smooth function with compact support. By the
formula given in [22, page 125, (17)], we may write

C’dZ/d Y9, A(y)dy = K * f(2)

|z —yl

where K(z) = 1/|z|"1, f = Cy ijl R;(0;A) with R; the Riesz transforms. By using
the fact the Riesz transform R; maps L4 (R?) to itself which follows from the general
form of the Marcinkiewicz interpolation theorem (see [23, Theorem 3.15 in page 197)),
one can easily get that

1l Larray S NIV Al Lagay-
Hence to prove the lemma, it is enough to show that

(2.1) N{z € RY: M(VA) @) > MY S 151 g
with A = K * f. In the following our goal is to prove that for any = € R?, the estimate
[A(z + h) = A(z)| S [R[T(f)(x)

holds uniformly for » € R?\ {0} with T an operator maps L%!(R?) to L%>°(R%). Once
we prove this, we get (2.1) and hence complete the proof of Lemma 2.2. We write

Az +h) — A(x)

—/ w+h—y\d“f(y)dy—/ |z —y| " f(y)dy
le—y|<2/h| le—y|<2/h|

+/ (lo+ b= g7 — o =y =) f(y)dy
fo—y|>2/n

=I+II+11I
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Let us first consider I. By an elementary calculation, one may get K € Ld/’oo(]Rd)
where d’ = d/(d — 1). Set B(z,r) = {y € R%: |x — y| < r}. Using the rearrangement
inequality (see [17, page 74, Exercise 1.4.1]), we have

1< [ Kt h= o)l xaan@ds < [ K6 aeam) ()ds

< (/OOO(fXB(x,2|h|))*(S)stliiS> - sup (K*(s)si)

s>0

S X B@2m) e @y K] Lo 0o may

here f* represents the decreasing rearrangement of f. Using the definition of Lorentz
space, one may get ||xg||L41(rey = [[XEl La@ra) holds for any characteristic function xg
of set E of finite Lebesgue measure, thus || xp(z,2/n))ll L1 (rey = Calh|. Therefore we get

1 X Bl Lt mey

1| < h|A(f)(x), where A(f)(z) = su :
r>0 ||XB(x,r)HLd71(]Rd)

Below we need to show that the operator A maps L% (R?) to L%°°(R%), which can be
found in [24]. Since the proof is short, for completeness, we also give a proof here. Note
that L%!(R?) is a Banach space (see [23, page 204, Theorem 3.22]), it is sufficient to
show that A maps the characteristic function xg € L% (R?) to L%>(R?) (see [17, page
62, Lemma 1.4.20]). However in this case, it is equivalent to show that

Mz e R M(xe)(@) > M S Ixelo @),

where M is the Hardy-Littlewood maximal operator. It is well known that M is of
weak type (1,1), hence we have shown that A maps L%»'(R%) to L% (R%).

Next we consider II. This estimate is quite simple. Since the kernel k(z) =
g~z X{|z|<e} 1S a radial non-increasing function and L' integrable in R?, we get

(I] S IRl o ey | [ M () ().

Notice that LP'(R?) ¢ LP(R?) and M is of strong type (p,p), 1 < p < oo, of course
those imply that M maps L% (RY) to L4 (R9).

Finally we give an estimate of I71. Notice that we only consider |z —y| > 2|h|. Then
by the Taylor expansion of |z — 3 + h|~%*!, one may have

1 1

2.2 —
R LT

d

_ LYy

= (—d+1)ZhJW+R($7Z/,h>
=1

where the Taylor expansion’s remainder term R(z,y, h) satisfies
|[R(z,y,h)| < C|hP|lz =y~ if [o —y| > 2|h].

Inserting (2.2) into the term I1I with the above estimate of R(z,y,h), we conclude
that

d
1T < 1 Y R (@) + [P / &~y F ()l dy

j=1 |z—y[>2[h]
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where R} is the maximal Riesz transform which is defined by

R;(f —Sup‘/ f(y)dy|.
e>0 " J]jz—y|>e ‘l‘— ’d+1

Since R is bounded on L (RY), 1 < p < oo, one immediately gets that R? maps
LAY R?) to LE°(RY). The second term which controls IT1 can be dealt with the same
way as we do in the estimate of 11 once we notice that the function 5|x\_d_lx{‘x|>€} is
radial non-increasing and L! integrable.

Remark 2.3. Here it should be pointed out that some idea in this proof is similar
to that in [24], where E. M. Stein proved that for a function F defined in R? with

VF e Lfoi(Rd) then F' is equivalent with a continuous function and

(2.3) F(x+h)— F(x) — h(VF)(x) = o(|h]) for almost every x,

as |h| — 0. The method of proving (2.3) in [24] is just giving a direct estimate of (2.3).
See also another proof by using elementary principle in [12], [13]. The property of the
maximal operator M that maps L% (R%) to L%>°(R?) seems to be more powerful since
it implies (2.3) immediately. In fact, using the dense limiting arguments and Lemma
2.2, we get for any function F defined in R? with VF € L4 (R?),

lim F(x+ s0) — F(x)

s—0 S

= (VF)(z) -6, for any § € S ae. z € RY,

which is inequivalent to (2.3).

Lemma 2.4. Let VA € LP(RY) with 1 < p < d. Set 1/s = 1/p — 1/d. Define the
mazximal operator M, and the Hardy-Littlewood mazximal operator of order p M, by

| Aw) = Ay Vs

1/p
M) = s (s / rwrar)

where Q(z,7) is a cube with center x and sidelength r. Then we have
Ms(VA)(x) S Mp(VA) ().
Proof. We refer to see [7, Lemma 3.2] and its proof there from line (3.2.2) to (3.2.7). O

Lemma 2.5. Let {Qi}r be the disjoint cubes in RY. Denote by 1(Qy) the side length
of Qi. Suppose Q) satisfies (1.9). Define the operator Ts as

Q(z — Q
Z/Qk Q) g S

Then for any s > 0 and 1 < q < o0, we get that,

ITs (Nl zaey S N2 21 sa-1) 1 £l La(ra)y-
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Proof. If ¢ = 1, Lemma 2.5 just follows from the Fubini theorem. In fact, we have
IQx—)I(Qws
e <3 [ |

+ |z —ylJite
here we use that Qs are cubes disjoint each other. If ¢ = oo, applying the Fubini
theorem again,

de|-|f(y)ldy S Qg [ FLr ey,

Qe —y)| -1 8
@I < X Wiy sup, [ g2 Sy < 190l e
Qk € k

Now using the Marcinkiewicz interpolation theorem (see e.g. [23]), one may get Ty
maps LI(RY) to LI(R?) for any 1 < ¢ < oco. Hence we complete the proof. O

In the following, we begin to give the proof of Theorem 1.1. We will first show our
theorem for r > 1 which is not quite complicated. Define the multi-indice set

1 11, 1 1, 1 d
MI:{i’ —_ = f+*7<7"<001<Q77Q?p§OO}
@ Wy (Z;%) p d+ ' "

If dJ%n <r <1, we will divide the proof into several cases according whether ¢; is bigger
than d or smaller than d. And in this case, we will establish the weak type estimate
at all boundary points of MI. Although we don’t take a rigorous classification, we will
cover all cases for W <r<oo,1<q, - ,qp <ooand 1 < p < o0o. Next we will
use the multilinear interpolation to estabhsh the strong type estimate in the interior
of MI between r>1andr = ﬁ Finally, we give some examples to show that if
0<r< d+—n, there are no multilinear strong type estimates like (1.6) (or weak type
estimates).

2.2. Case: 1 <r < oo.

Proposition 2.6. Let 1 <r < 400,11 <q; <o0,i=1,---,n,1 <p < oo. Then the
strong type estimate (1.6) holds.

Proof. We do not plan to give a direct proof here. The proof relies on the recent deep
results in [21]. In fact, by using the mean value formula, one may get

Ai(m)_Ai(y):/1<$_ , VA; (sx+(1—s)y)>ds.

|z — | lz —y|’

For each i = 1,--- ,n, plunge the above equality into C[VA1,---,VA,, f](x) and write
it as follows:

p.v. Kw— (H[Z

=1

/ 0, As(sz + (1 — 8)y )dsD-f(y)dy.

|z — |

Then by the moment cancelation condition (1.3), the bound condition (1.2) and the
regularity condition (1.4), for any multi-indice a € Z¢ with |a| = n, K(z)(z/|z])®
a standard Calderén-Zygmund kernel. Therefore the proof reduces to show that the
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following operator

Coslay, -+, an, f](z) = p.v. /Rd k(@ — ) (] [ maya:) f(y)dy
=1

maps L9 (RY) x --- x Li(R?) x LP(R?) to L"(R?), where k is a standard Calderén-
Zygmund kernel and my, ya = fol a(sx + (1 — s)y)dy. However, this estimate has been
proved by A. Seeger, C. K. Smart and B. Street in [21]. O

Proposition 2.7. Let r=1,¢1 =---=¢q, =00, p=1. Then
IV A+ Y An, flll ey S ( TTIV Al et ) 11 g
=1

Proof. When ¢q; = --- = ¢, = 00, A; is a Lipschitz function for ¢ = 1,--- ,n. Fix all A;.
We may regard C[VAy,---,VA,, f](z) as a linear function of f. Then the kernel

K(z,y) = K@ -y (] W)
=1

is a standard Calderén-Zygmund kernel (see e.g. [18, Page 211, Definition 4.1.2])which
in fact satisfies the boundedness condition |K(z,y)| < (ITiz; [V Aill Lo (ray)|z — y|—?
and the following regularity conditions
- w1 — 22]°
K (21,y) — K(z2,9)| £ ([] ||VAZ-||L00(M>W for 21 — y| > 2|w1 — 2],
i=1

n 6
Y1 — Y2
o) = Kol S QLT AN 22 for o= > 2 = el
i=1
Therefore by Proposition 2.6 with ¢y = - -+ = g, = 00, p = 2 and the standard Calderén-
Zygmund theory (see e.g. [18, Page 226, Theorem 4.2.2]), we may get that the operator
C[VAi, -+, VA,, | is of weak type (1,1) with bound [[;; [[VAi| o (ray, thus we com-
plete the proof. O

2.3. Case: d/(d+n)<r<landd<gq, - ,q < oco.

In this subsection, we consider the case d/(d+n) <r <landd<gq, - ,q, < 00.
Without loss of generality, we may suppose the first q1,--- ,q; > d and q;41, -+ ,qn, = d
with 0 <1 <n. Here when [ =0, we mean all ¢y = --- = ¢, = d. The proof of p = o0

is slight different from that of 1 < p < oo. So we will give two propositions in the
following. Let us see the case 1 < p < oo firstly. We will point out in the proof where
it doesn’t work for p = co. And the proof of the case p = oo will be given later.

Proposition 2.8. Let d/(d+n) <r <1,d < q, - ,q <ooand qy1, -+, go = d
with 0 <1 <n, 1 <p<oo. Then
ICIVAL -+, VA, flll proo (ra)

2.4 ! n
24 S (TTIv Ao ) ( TT 19 Ail oy ) 11l ey,

i=1 i=l+1
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where L% (R?) is the standard Lorentz space.

Proof. By using a standard limiting argument, we only need to show that when A;
(i=1,---,n)and f are C* functions with compact supports, the following inequality

m({z € R :|C[VA;, -+, VA, f](z)] > A})

l n
X (I A in o ) TT 1At )1 ey

holds for any A > 0. By a simple scaling argument, we may assume that

IV AillLas ey = IVAj || Laray = | flloay = 1,
fori=1,---,land j=1+1,--- ,n. Fix A > 0. For convenience we set
(2.5) Ey={z e RY:|C[VAL,---,VA,, fl(z) > \}.

We need to show |E)| < A7". First suppose that all ¢, -+, ¢ < co. Once we have
understood the proof in this situation, we can modify the proof to the other case that
there exist some ¢; = oo for ¢ = 1,--- ,I. We shall show how to do this in the last part
of the proof. Define the exceptional set

Jin = {z € RY: M(VA;)(z) > \ur }.

for i = 1,--- ,n. Here it should be pointed out that if ¢; = oo, the above definition is
meaningless. Therefore we need to assume all ¢; < oo firstly. From Lemma 2.1 and
Lemma 2.2, M maps LP(R?) to itself for p > d and maps L»'(R?) to LL>®(R?), i.e.
26) | Jial S A‘T||VAZ-||qLiqi(Rd) =\ i=1,-- 1

' [TAl SATIVA [Gargay = A" G=1+1,---,n.

Set Jy = U}, J; . Choose an open set G\ which satisfies the following conditions: (1)
Jx C Gy; (2) m(Gy) < 2|J)|. By the property (2.6) of J; , we see that m(Gy) S A"
Next making a Whitney decomposition of G (see e.g. [17]), one may get a family of
disjoint dyadic cubes {Qy }r such that

(i)- Gy = Uzo:1 Qk;

(). V- 1(Qu) < dist(Qr, (Gr)*) < AV UQy).
With those properties (i) and (ii), for each @, we could construct a larger cube Q}
so that Qr C Qj, Q5 is centered at y;, and y, € (G))¢, |Q| = |Qk|. By the property
(ii) above, the distance between Qi and (G,)¢ equals to Cl(Qg). Therefore by the
construction of Q7 and y;, one may get

(2.7) dist(yk, Q) = U Q)

Now we return to give an estimate of E)y. Split f into two parts f = fi + fo where
fi(@) = f(x)x(a,)e(z) and fa(z) = f(x)xa, (z). By the definition of Jy, when restricted
on (G))¢, A; is a Lipschitz function with ||V A;||pec((q,)e) < A for i = 1,---,n. Let A
stand for the Lipschitz extension of A; from (G))¢ to R? (see [22, page 174, Theorem
3]) so that for each i =1,--- ,n,

Ai(y) = Ai(y) ify € (G
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Mz(ﬂf) _ Al(y)‘ < )\LILZ’.’L‘ —y| forall z,y € R

Since the operator C[--- ,-] is multilinear, we split E) as three terms and give esti-
mates as follows:

m({z € R : [C[VAL, -+, VAy, f](z)] > \})

(2.8) <m(10Gy) + m({z € (10G,)° : [C[VA1, -+ ,VA,, fi](z)| > \/2})
+m({z € (10G\)°: [C[VA;, -+, VA, f2](z)] > \/2}).

The first term above satisfies |[10G,| < A", which is the required bound. In the
following, we only consider x € (10G)¢. By the definition of fi, one may see that

C[VAh e 7VAn7f1]($) = C[VAM e 7VAna fl}(x)

With this equality in hand, Proposition 2.6 (1 < p < co) and Proposition 2.7 (p = 1)
imply

m({z € (10G») : |C[VAy,---, VA, fil(z)| > A/2})

29) =m({z € (10G,)° : C[VAL, -+ VA, fi](z)] > A/2})

PP o —r
<A p<HHVA Hpoo Rd))Hfl”Lp Rd 5)\ P pz 1gq; :)\ .

If p = oo, the above method does not work. We will show how to prove this kind of
estimate in the next proposition. ‘

Let us turn to C[VAy,---,VA,, fo](z). Define N/ = {i,i+1,---,5}. Recall our
construction of G, yx, @k and @ in the paragraph above (2.7). Then we can write
fo ="k fxq,- Therefore we may get

C[VAy, - ,VAy, fo](x ZCVAI, - VA, fxq(@).

Below we should carefully study [];.; \x—y| . We will separate it into several terms

and then give an estimate for each term. Write

n Az )
E \w - y!
o 4 —Aiy)  Aiy) = Ailye)  Ai(yr) — Ai(y)
_H( Iw—yl |z — y| |z —y| )
_ — Ai(y) Ai(y) — Aiyr) Ai(yr) — Ai(y)
_Z<z£\7[1 -y ><1£V[2 |z — y| : >(z£\7[3 ]Ijv—y] )

= I(ac,y) +Il(x7y7yk)7
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where in the third equality we divide N} = NyUNoUN3 with N1, No, N3 non intersecting
each other; and I(x,y), II(x,y,yx), are defined as follows

Il
/N
b
=
R
=
—~
s
N—
X

(2.10) I(z,y, yk)

y ( 11 Ai(y) - Ai(yk))( 11 Ai(yr) _Ai(y))'

yl v, [Tl

By the above decomposition, we in fact divide C[VAy,--- ,VA,, fxg,](x) into 3" terms.
We separate these terms into two parts according I and I1.

Estimate of C[--- -] related to I. This estimate is similar to (2.9). In fact, in this
case there is only one term C[V Ay, --- , VA,, fo]. Then by Proposition 2.6 (1 < p < c0)
and Proposition 2.7 (p = 1), we get

m({z €(10G,)" : IC[VAL,---,VA,, fo](z)] > A/2})

PP ity g —r
<)\ p(HHVA Hpoo Rd )HfQHLp(Rd <A P pz l‘h :)\ .

If p = 0o, the above argument may not work again.

Estimate of C[--- ,-] related to I1. 1t suffices to consider one term C[--- ,] related
to I1 in which Nj is a proper subset of N}. In this case, without loss of generality,
we may assume N; = {1,--- 0}, No={v+1,--- ;m} and N3 ={m+1,--- ,n} with
0 <v<m<nandv < n. Here when v = 0, it means that Ny = (); when v = m,
Ny = (); when m = n, N3 = (). With these notation, one can easily see that N is a
proper subset of N}'. By a slight abuse of notation, we still use 1I(z,y,y) to represent
one term related to N1, Ny and N3 in (2.10) and use Hj(x) to represent C|- - - , -] related
to Il(x,y,yk), i.e

Hiy(x Z K (x =y I(z,y,yr) f(y)dy.

Notice that yy, lies in the (Gy)¢, thus y; € (J;1)¢. Therefore we get
(2.11) M(VA)(yr) < Aot fori=m—+1,-+,n

With the above fact and A; is a Lipschitz function with bound \/% for i = 1,--- ,m,
we get

y—y n—uv n
(2, y, yi)| S A1 ||xk||nv T M(VA) )
i=m-+1

|n7v

<\ 21q|y Yk
~ |z —ynv
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Notice that we only consider x € (10G))¢, then for y € Qg, | — y| > 21(Qk) =~ |y — Ykl
by (2.7). Combining the above discussion with (1.2), we get

i) < 3 / Gy )| - 1)y
(2.12)

TL—’U

S L
5 Z/ [1(Qx) +|x y|]n- I W)l

Applying the Chebyshev inequality with the above estimate, and utilizing Lemma
2.5 with || = 1 (note that n — v > 1), we finally get

m({z € (10G2)° : |Hpp(z)] > \}) < A PHEm @ / Too f(2)Pdz
(].OG)\)C

S AN o ay-

Hence we complete the proof of the term I1. If p = oo, the last argument above may
not work and a little different discussion should be involved, see the next proposition.

Finally, we add some word about how to modify the above proof to the case ¢; = co
for some i = 1,--- ,I. We may suppose only ¢ = --- = g, = oo with 1 < wu <. Thus
Ay, ---, Ay are Lipschitz functions which in fact are nice functions. Then we just fix
Aq, - ,Au in the rest of the proof. We only make a construction of exceptional set
for Ayq1,--+, An and study [];-, 11 W by using the same way as we have done
previously. After that utilizing Ay, ---, A, are Lipschitz functions to deal with all
estimates involved with Ay,--- | Ay, we may get the required bound. OJ

Proposition 2.9. Let d/(d+n) <r <1,d<q, - ,q < oo and q1, -, g = d
with 0 <1 < n, p=o00. Then the weak type estimate (2.4) holds.

Proof. The proof is quite similar to that of Proposition 2.8. So we shall be brief and
only indicate necessary modifications here. Proceeding the proof as we do that in
Proposition 2.8, there are four different arguments involved. We will point out below
one by one.

The first one is that when we choose the set ), we choose

E\y={z eRY:|C[VAL, -, VA, fl(z)| > CoA},

where Cj is a constant which will be determined later. Our goal is to show m(E)) <
A™". We split E) as several terms and give estimates as follows:

m({x € R [C[VAy,---, VA, fl(x)] > CoA})
< m(10Gy) +m({z € (10G))° : [C[V A1, , VA, fi](z)] > Cor/2})
+m({z € (10G,)° : |C[V AL, -+, VA, fo](x)] > CoA/2}).
The first term above satisfies |[10G,| < A™", so it suffices to consider the second and
third term. We only consider z € (10G))°.

The second difference is the estimate related to fi;. Here we need to choose 7, q1,
-+, Qn, such that 1 <7 < o0, 1 < 1 < 00, --~,qn<cjn<ooand%:21 1q Apply
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Lemma 2.6 with those above 7, ¢1, - - -, Gpn,
m({z € (10G,)° : |C[V Ay, -+, VA, fil(z)] > CoA/2})
<m({z € (G : [C[V(Aix(Gy)e)s  » V(AnX(Gy)e), [1l(x)] > CoA/2})

(H Hv iX(Gy)e ||qu Rd)) ||f1||zoo(Rd)

(H IV Al ey )(H 2N T -

< )\—r+r(2i:1 qLi)_T( i=1 %) =\

I

where in the last second inequality we use A; is a Lipschitz function on (G))¢ with
Lipschitz bound A% fori =1, - ,n and L& (RY) C L4(RY) if ¢; = d.

Next consider the estimate related to fo. As we have done in the proof of Proposition
2.8, we divide C[V Ay, -+ ,VA,, fo](z) into several terms and separate these terms into
two part according I and I7 in (2.10). Then we get

m({m S (IOG)\)C : ‘C[VAl, s ,VAn,fg](x)’ > C())\/Q})
<m({z € (10G))°: |C[VA, - ,VA,, f2](z)] > Cor/4})
-I-m({x S (10G)\)C : ‘H[[(x)| > Co/\/4})

The third difference is the estimate of C[--+ ] related to I. Here we apply Lemma
2.7 and the estimate || fal| 1 (ray S || fll oo (may[GAl S A77 to get

m({x S 10G)\)C : ‘C[VAl, o VAn,f2]< ’ > Cg)\/4})
(H IV Al ) el r ey S A7 (EE030) 77 = 3

The fourth difference is the estimate of C[--- ,-| related to 1. We will show that
(2.13) {x € (10G)\)°: |Hyr(x)| > Cor/4} = 0.
In fact, by (2.12) and Lemma 2.5 with ¢ = oo, we get for any = € (10G,)¢,
[Hrr(@)] < Cad™==1 8| | oy = Ca

So if we choose Cy > 4Cy, we get (2.13). Thus we finish the proof. O

24. Case: d/(d+n)<r<land1<gq,---,q, <d.

In this subsection, we consider the case d/(d+n) <r <land 1 <gqy, - ,q, <d.
Again here the proof of p = 0o is a little different from that of 1 < p < co. We first
consider 1 < p < oo and point out in the proof where it doesn’t work for p = oc.

Proposition 2.10. Let d/(d+n) <r <1,1<¢q, - - ,q, <d, 1 <p < oco. Then the
weak type estimate (1.7) holds.
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Proof. Our main goal is to prove that for any A > 0, the following inequality holds
m({z € R [C[VAL - VA, fl(2)] > A})

< )\—T<H ||VAi||2qi(Rd)) ||f||TLP(]Rd)'
=1

Now we fix A > 0. Recall F) defined in (2.5). By rescaling as showed in the proof of
Proposition 2.8, we only need to show |Ey| < A™". The main idea is to construct some
exceptional set such that the measure of exceptional set is bounded by A™", which is
our required estimate. At the same time on the complementary set of exceptional set,
these functions A; should be Lipschitz functions with bound it for each i = 1,---,n
Below we begin our constructions of some ezceptional set which will be involved with
several steps.

Step 1: Calderdon-Zygmund decomposition. By the formula given in [22, page 125, (17)],
for each A;, i =1,--- ,n, one may write
d

d
=S¢ — Vg Ai(y)dy = > Ay ().
j; d/d |z —yld™ v=: D A

R =

For each |0;A4;|% € L'(RY) with j = 1,--- ,d and i = 1,--- ,n, making a Calderén-
Zygmund decomposition at level A", one may have the following conclusions (see e.g.

[17]):

(czi) 0j4i = gji + by 19gill Lo rey S A% (19l s ety S IV Aill s (e
(cz-ii) bj; = ZQEQM bji.qQ,supp bj; o C Q, where Q;; is a countable set of disjoint
dyadic cubes;
(CZ 111) Let Ej; = UQEQ Q, then m(Ej;) S A7"(|9;4; Hm (Rd)’
v) [bjio(y)dy = 0 for each Q € Q;; and HbNQ’qu(Rd) < ATQ), so we get
105, ll s (may S 1105 Aill Lai (may by (cz-ii) and (cz-iii).

We are going to separate A; ; into two parts according the above Calderén-Zygmund
decomposition property (cz-i):

—Yj
A9 (x) = Cy / (dgﬂ( y)dy:

Iw—

z,](x) d/Rd |x—y\d Js (y) Y

Set the exceptional set By = U ; U?Zl E;;. Then by (cz-iii), we get m(By) S A7".

Step 2: Exceptional set D)y. Set S—lz =
exceptional set

i — é for ¢ = 1,--- ,n. Define the following
where the maximal operator 9, is defined in Lemma 2.4. We denote Dy = Ui, D; ».

Then by Lemma 2.4 and the weak type (1,1) bound for the Hardy-Littlewood maximal
operator, we see

m(D;) < m({x € BT : My (VA) (@) > CARY) S AT IVA foy gy = A7
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So does m(Dy) < A7

Step 3: Fxceptional set F\. Foreach j=1,--- ,d,i=1,--- ,n, we define the functions
i HQ)
Aiz)= (@)
_ +1

= T@+ T —val

where yq is the center of (). We define another exceptional set
Fjin={z e R": AVi(x) > 1}, F\=Uj_ UL, Fjn.

Then by the Chebyshev inequality and (cz-iii), we get

Faal < [ As@ir < [ [ oot [ 3 10 s4

QEQ;;

So does m(Fy) S A",
Step 4: Exceptional set Hy. We define the exceptional set

Hi,j,)\ = {33’ € Rd : M(VAng)(az) > )\T/qi}, H), = U?:l U;lzl Hi,j,)\-
Notice that by the definition of A?,j’ for each z = 1,--- ,d, we have

F(0.41,)(6) = 5

where F is the Fourier transform, R; is the Riesz transform and R = (Ry,--- , Ry).
Since R; is of strong (¢, q) type for 1 < ¢ < 0o, we get VA ;|| Laway < 195/l o(ray- By
the Chebyshev inequality, Lemma 2.1 and (cz-i), we get for d < ¢ < oo,

_ _4qr
m(His) SAE [ MA@l 37E [ vl @

F(95:)(§) = VA]; = CRR;g;,,

<Ak / g9z AT / g Tdz S AT
Rd Rd
So does m(Hy) S A7

Step 5: Final exceptional set G. Based on the construction of B)y, Dy, Fi, H) in Step
1-4, we choose an open set GG) which satisfies the following conditions:

(1).  (10B\U10DyU10F\U10H)) C Gy;

(2).  m(Gx) < (20)4(IBal + | Dal + [ Fxl + [HA)).

By the property of By, Dy, F)\ and H), we see that m(G,) < A™". Next making a

Whitney decomposition of G (see [17]), we may get a family of disjoint dyadic cubes
{Qr }r such that

(). Gr=Upl: Qs

(i), Vd-UQx) < dist(Qk, (GA)) < 4Vd-1(Qy).
With those properties (i) and (ii), for each @, we could construct a larger cube Q}
so that Qr C Qj, @ is centered at y and yi, € (G1)¢, |Qf| = |Qk|. By the property
(ii) above, the distance between Qi and (G,)¢ equals to Cl(Qy). Therefore by the
construction of Q; and y;, we get

(2.14) dist(yk, Qr) ~ U(Qk)-
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Clearly, the exceptional set Gy constructed in Step 5 satisfies that the measure is
bounded by A™". In the following we will show that these functions A; are Lipschitz
functions on the complementary set of G.

Step 6: Lipschitz estimates of A; on (Gy)¢. By the Calderén-Zygmund decomposition
in Step 1, it suffices to show that Ag . and Ab satisfy Lipschitz estimates on (GA) for
eachi=1,--- nandj=1,---,d. Flrstly, 1t is easy to see that A satlsﬁes Lipschitz
estimates by the construction of H) in Step 4. In fact, for any x y E HY, we get

(2.15) A9 () — AL (y)] < A |z —y].

We give effort to showing A?,j is a Lipschitz function on (G,)¢. Recall the Calderén-
Zygmund decomposition property (cz-ii), (cz-iii) and (cz-iv) in Step 1. For each b;; =
ZQEQj,i bjiqQ, supp bj; o C Q, where Q;; is a countable set of disjoint dyadic cubes.
Then for each @ € Q;;, we define

Af’q; (l’) = Cd/ i Z‘J('ibjﬂ‘,Q(Z)dZ.
R

dlr—z

Now we choose z,y € (G,)¢ and fix a dyadic cube @ € Q;;. Then by the construction
of Gy, z,y € (10B))°, ie. z,y € (10Q), therefore we get dist(z,Q) > 31(Q) and
dist(y,Q) > gl(Q) We will give a straight-forward Lipschitz estimate of A; Q Let zg
be the center of ). Without loss of generality, suppose that |z —zg| < |y — zQ| Choose
a point Z € R such that

2
= 2] <100} —yfs |y = 2] <100}z — yl; |X — 2] > Z|o — =g

for any X belongs to the polygonal with vertex x,y, Z. One may draw a figure to check
that such a point Z always exists, provided that dist(z, Q) > %Z(Q) and dist(y, Q) >

21(Q). Now we split Affj.( ) — Af(j (y) = A?? () —A?fj (2) —|—A?S( )— AbQ( ). By using
the mean value formula, we see that

A (z) — A7) = /1<x ~ Z,V(A,9)(tx + (1 — ) Z))dt;
0

7’7]
(2.16)

A(Z) — AP (y) = / z-y, V(A9)(tZ + (1 — tyy))dt.
0

For any 0 <t <1, tx+ (1 —t)Z and tZ + (1 — t)y lie in the polygonal with vertex
x,y,Z. Notice that |z — zg| > 51(Q). By our choice of Z, we have

2
[tz + (1 =1)Z = zq| > ¢l - 20 > 2(Q),
(2.17) ]
[tZ + (1 —t)y — zg| > g\x — 2| > 21(Q).
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We set Z(t) equals to tx + (1 —t)Z or tZ + (1 — t)y and K;(x) = x;/|z|?. Using the
cancelation condition of b;; g, (2.17) and (cz-iv) in Step 1, we see that
b
VDO = | [ (VK0 - 2) = (V)20 - 20) |braa(e)i]

Q) ) )
S Q) + [ — =g Pl S A gy =)

w11l

Combining the above arguments with (2.16) and the construction of Z, we get

b b z Q)

Notice x € (G,)° implies that = € (Fy)¢ in Step 3. Therefore we see that

Q)
(@) + |z = zql]

(218)  [A7;(2) — A2;(y)] S A¥i e —y| Y 7@l < Avi|z —yl.

QeQj

Now we conclude the Lipschitz estimates related good functions (2.15) and bad
functions (2.18) to get that for any i = 1,--- ,n, z,y € (G,)S,

(2.19) Ai() — Ai(y)| S Az —yl.

Step 7: Estimate of E. We return to give an estimate of Fy. Split f into two parts f =

fi+fa where f1(z) = f(x)x(q,)(z) and fa(z) = f(x)xc, (z). By the Lipschitz estimate
in (2.19), when restricted on (G)¢, A; is a Lipschitz function with ||V A;[|pec((cy)e) <

Aii for i = 1,---,n. Let A; stand for the Lipschitz extension of A4; from (G)¢ to RY
(see [22, page 174, Theorem 3]) so that for each i =1,--- ,n,

Ai(y) = Aily) if y € (GN)5

(2.20) ) ) .
}Al(m) — Al(y)‘ < Nai|z —y| for all 2,y € RY

As we have done in (2.8) and (2.9) in the proof of Proposition 2.8, we may reduce
the proof to the following estimate
m({z € (106G : C[VAL, VA, Hl(x)] > A/2}) S A
Step 8: Estimate of C[VAy,---,VAy, fo](x). Recall N/ = {i,i 4+ 1,---,j} and our

construction of Gy, y, Qr and @ in the paragraph above (2.14). Then we can write
f2 =>4 fxq,- Therefore we may get

CIVAL- , VAn, fol(@) = S CIVAL -+, VA fxo,)@).
k
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Ai(z)—Ai(y)
) lz—yl
an estimate for each term. Write

Below we study [[;", . We will separate it into several terms and then give

\w—y!
=1
_ Ai(y) | Aily) — Aily) | Ai(yr) — Aily)
H( |x—y| T T e )
— Ai(y) Ai(y) = Ai(ye) Ai(yr) — Aily)
_Z(Hl ]a:—y] ><7,£V[2 |z — y| : >(l£\713 ]Z’—y[ )

=I(z,y) + 11(x,y,yx) + 111(x,y, yi),

where in the third equality we divide N = N{UNsUN3 with N1, N2, N3 non intersecting
each other; and I(x,y), II(x,y,yr), I11(x,y,yx) are defined as follows

|z —yl
=1
_ Ai(z) — Ai(y) Ai(y) — Ailyr)
=2 7=y >(i€rN[2 )
(2.21) Na=0 i
_ Al(x)_Ai(y) Az(?/) Az(yk)
”f—%(g " )(ierN{ )
N3#£0
Ai(yx) — Ai(y)
(5=

By the above decomposition, we in fact divide C[V Ay, --- , VA, fxg,](x) into 3" terms.
We separate these terms into three parts according I, I1 and I11.

Step 9: Estimate of C|--- ,-| related to I. This estimate is similar to the term related
to I in the proof of Proposition 2.8. In fact, in this case there is only one term
C[VAy, - ,VA,, f2]. Then by Proposition 2.6 (1 < p < co) and Proposition 2.7
(p=1), we get

m({z €(10G))° : [C[VAy, -+, VA,, f](z)| > \/2})
< A\~ P(H HVA H’Poo (& )Hf2HLp(]Rd S /\—p+p2?:1 qLi -\

If p = 0o, the above argument may not work.

Step 10: Estimate of C[--- -] related to II. The proof of this part is similar to the
estimate related to I in Proposition 2.8. It suffices to consider one term C[--- ,]
related to I in which N; is a proper subset of NT. In this case, without loss of
generality, we may assume Ny = {1,--- I}, No={l+1,--- ,n} with 0 <1 < n. Here
when [ = 0, it means that N; = (). With these notation, it is easy to see that N; is a
proper subset of N7'. By a slight abuse of notation, we still use II(z,y,yx) to represent
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one term related to N; and Ny in (2.21) and use Hjj(x) to represent CJ--- ,-| related
to II(:L‘ayayk)a Le

Hip(z Z K (z =) I(z,y, yx) f(y)dy-

Notice that A; is a Lipschitz function with bound A by (2.20) for all : = 1,--- | n
Then we get

n—I|
II < )\Zz 1 ‘y yk‘ )
Since we only consider « € (10G))¢, then by (2.14), we get
(2.22) |z —y| = 2U(Qr) ~ |y — yk| for any y € Q.

Therefore utilizing (1.2) and the above estimate, we get

ZEIEY / ey )] - 1 () dy

n—l

S &
SVREY / Tl )y

= NZUNT, (),

where the operator T,_; is defined in Lemma 2.5 with |2] = 1. Now applying the
Chebyshev inequality and the above estimate, and using Lemma 2.5 since n — [ > 1,
we finally get

m({z € (GA)° : |Hyr(x)] > A}) < APFim %/( G) | Ty—1f (2)[Pda
10Gy )¢

S AN o ay-

Hence we complete the proof related to I1.

Step 11: Estimate of C|--- ,-| related to II1. Tt suffices to consider one term C[-- - , -]
related to I1I in which N; is a proper subset of N} and N3 is a nonempty set. In this
case, without loss of generality, we may assume N; = {1,--- I}, No={l+1,--- ,m}
and N3 ={m+1,--- ,n} with 0 <1 <m < n. Here when [ = 0, it means that N1 = ();
when | = m, Ny = (). With these notation, one can easily see that Ny is a proper subset
of N} and N3 is a nonempty set. By a slight abuse of notation, we still use I11(z,y, yi)
to represent one term related to Ni, No and N3 in (2.21) and use Hyrr(x) to represent
C[---,] related to III(x,y,yx), i.e

Hipp(z Z K (z —y)1I(z,y,yx) [ (y)dy.

Recall in Step 2, we set sl = i - = for all ¢ = 1,---,n. We also set % =
<Z? m—+1 sl) + . Since 7 > d/(d + n) and 1 = (Z? 1 ql) + 1 by some elemen-

tary calculation, one may get 1 < ¢ < oo, this Wlll be crucial when we use Lemma 2.5.
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This is the place where we use the condition r > d/ (d + n). With the above fact and
A; is a Lipschitz function with bound A/ for i = 1,--- ,m, we get

s s (@)™ i) — Aiy)l
I (z,y, yi)| S A ZW H Q) .

Applying (1.2) and the above estimate with (2.22), we get

[Hipr ()| < E / | T (2, y, ye)| - | f (y)]dy
ol Qi)™
<)\ H 1(]1 h d
~ Z/k W)+ |z — y[] n(y)dy

S Azgl % T (hm,n) (.%')

where the function A, ,(y) = ZQk | - (W)XQ;c | f1(y)-

Applying the Chebyshev inequality and the above estimate of Hyy, utilizing Lemma
2.5 with |©2| = 1, we then get

m({x € (10G)° : |Hrrr(z)| > A})

<\ (Zim ) / Tt (hon ) (2)9d
(2.23) = (mGk)CI 1(hmn)(@)|

—q+ rq
S)‘ q (Zz 1gq; )HhmnH%q(Rd)’

since 1 < ¢ < oo and n — [ > 1. Below we give an estimate of ||h,, We write

(Rd)

Wl =32 [, T [P35

k= m+1
o) i(y)‘fidyﬁ(/% If(y)\pdy>
)

hSES]

i(yr) —
: QZE[ L
< %l gﬂ [/Qk ( (yllczQ—Z;‘li(y)\ Sidy:|;i</k |f(y)|pdy)
S| IT o Taymoriend ] ( /Q ) Pdy)”,

Qr  i=m+1 k

(2.24)

hSES

AN

where the second inequality just follows from the Holder inequality and in the third
inequality we use the fact Qi C Qj, yi is the center of Q} and I(Q}) ~ [(Qk). Notice
that y,, lies in the (G)), i.e. yr € (D;)°. Therefore by the construction of D; ) in
Step 2, we get

M, (VA (yr) < )\qLi, fori=m+1,---,n
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Applying the above inequality, the Holder inequality again and (cz-iii) in Step 1, we
get
S St 3
Vol gty S A== (D71l 171 e
Qk

o S T (2-)
5 )\Z'L:m+1 a; |G>\|Z7,:7n+1 sq S )\ i=m+1l \ q; 55 X

Submitting the above estimate into (2.23) with some elementary calculations, we finally
get
(S ) (S ®) <y
m({ € (106" : [Hypp(x)] > A)) 5 A~ (Zm i) (B ) gy
which is the required bound. Hence we complete the proof. Notice that this argument
for the term 111 also works in the case p = oco. O

Proposition 2.11. Let d/(d+n) <r<1,1<q, - ,qn < d, p=00. Then the weak
type estimate (1.7) holds.

Proof. The proof is quite similar to that of Proposition 2.10. One may follow the four
different arguments that we deal with E), fi1, I and I in the proof of Proposition 2.9.
The proof of the term II1 is similar to Step 11 in the proof of Proposition 2.10. We
omit the details of the proof here. O

2.5. Case: d/(d+n) <r <1, some ¢g; > d and some ¢; < d.

In this subsection, we consider the most complicated case: d/(d +mn) <r <1 with
some ¢; > d and some ¢; < d. After the warm-up of the case all ¢; > d in Subsection
2.3 and all ¢; < d in Subsection 2.4, the strategy here is quite clear that we will put the
two arguments in Subsections 2.3 and 2.4 together. Without loss of generality, we may
suppose that d < q1,--- ,qt < ocoand 1 < q41,--- ,qp < d with 1 <1 < n. Also we
may assume that ¢ = -+ =gy =d and d < ggy1, -+ ,q < oo with 0 < k <. When
k = 0, we mean that there is no indice in q1,--- ,q equals to d, i.e. d < q1,--- ,q < 00;
when k£ = [, we mean that ¢ = --- = ¢ = d. Since the proof of p = oo is a little
different from that of 1 < p < oo, we will give two propositions here. We first consider
1 <p<oo.

Proposition 2.12. Let d/(d+n) <r <1, = =q =d, d < qxy1, "+ ,q < ©
and 1 < qqq,-- ,qgn < dwith0<k<land1<l<n,1<p<oo. Then

ICIVAL, -,V A, 1]l e et

n

(2.25) k
S (TT1v Al aren ) ( TT 19 Aillzacqeeny ) 171 o ey
i=1

i=k+1

Proof. The proof of this proposition is involved with the idea that we have done in the
proof of Proposition 2.8 for ¢; > d and Proposition 2.10 for 1 < ¢; < d. We will combine
these two arguments in the proof of Proposition 2.8 and Proposition 2.10. One will see
below that part of discussions have been appeared in the previous proposition. So we
shall be brief and only indicate necessary differences.
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Now we start our proof. Our main goal is to prove that for any A > 0, the following
inequality holds

Nm({z € R : [C[V A1, -, VAy, fl(z)| > \})

k
S (TIV Al en) ( TT 1Al ) )1y
i=1

i=k+1

Fix A > 0. Recall E) defined in (2.5). By rescaling as showed in the proof of
Proposition 2.8 or Proposition 2.10, it suffices to show |Ey| < A™". The main idea is
to construct some exceptional set such that the measure of exceptional set is bounded
by A™", which is our required estimate. At the same time on the complementar;/ set
of exceptional set these functions A; should be Lipschitz functions with bound A% for
eachi=1,--- n. If d <gq; < oo, the construction of exceptional set is similar to that
of Proposition 2.8. And if 1 < ¢; < d, the construction of exceptional set is similar to
that of Proposition 2.10. As we have done in Proposition 2.8, we only need to consider
that all gxy1,- - ,q < co. Below we begin our constructions of some ezceptional set.

Step 1: Exceptional set Jy. Define the exceptional set fori=1,---,1
Jix= {33 eR?: M(VA;)(x) > /\qli}; Iy = Ué:p]i,)\-

Step 2: Calderdn-Zygmund decomposition. For each |0;A;|% € LY(R?) withj =1,--- ,d

andi=1[+1, -+ ,n, making a Calderén-Zygmund decomposition at level \" as we have
done in the proof of Proposition 2.10, one may get the properties of g;;, bj;, Ej, Afyj,

A?J similarly. Set the exceptional set By = U} | U;-lzl E;j;.

Step 3: Exceptional set D). Set s—ll = é — é fori =141, --- ,n. Define the following
exceptional set

Dip = {w e R : M, (VA)(2) > Aii |, Dy = U1 Dy

Step 4: Exceptional set Fy. For each j = 1,---,d, ¢ = [+ 1,---,n, we define the
functions A7*(z) as those in the proof of Proposition 2.10. Define another ezceptional
set

Fj;\= {z € R%: Aj’i(l‘) > 1}, Fy= U?:1 U?:Hl Fjin
Step 5: FExceptional set Hy. We define the ezceptional set for ¢ =14+ 1,--- ,n, j =
17 A ’d7
Hijx={z € R": M(VAL)(z) > N9}, Hy = Ul Ul Hija.

Step 6: Final exceptional set G). Based on the construction of Jy, By, Dy, F)\, Hy in
Steps 1-5, we choose an open set G which satisfies the following conditions:

(1).  (10JyU10Bx U 10Dy U10F) U10H)) C Gy;
(2).  m(Gy) < 20)4(|Jal + [Bal + [Da] + | Ex| + [Ha|).
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As showed in the proof of Proposition 2.8 and Proposition 2.10, one may get that the
measures of Jy, By, Dy, F\ and H) are bounded by A™". So we see that m(G,) < A7".
Next making a Whitney decomposition of G, we may get a family of disjoint dyadic
cubes {Qr}r and then we construct a larger cube Q so that Qi C Qj, Qj is centered
at y, and y, € (Gy)¢, 1(Q}) = (Qk). By the construction of @} and y, one may get

(2.26) dist(yk, Q) = U Q)

In the following we will show that these functions A; are Lipschitz functions on the
complementary set of G.

Step 7: Lipschitz estimates of A; on (Gy)¢. Choose any =,y € (G))°. By the excep-

tional set J) constructed in Step 1, we see that fori =1,---,1
(2.27) [Ai(x) — Ai(y)] < Asi|z —yl.
Below we consider ¢ =1+ 1,--- ,n. By the Calderén-Zygmund decomposition in Step

2, it suffices to show that A*g’j and A?,j satisfy Lipschitz estimates on (G A)C for each
i1=10+1,--- ,nand j =1,--- ,d. Firstly, one may easily see that Af’j satisfies Lipschitz
estimates by the construction of H) in Step 5. In fact, x,y € (G,)¢ implies that
z,y € HY, weget fori=10+4+1,---,n,j=1,---,d,

(2.28) A9, (@) — A, (y)] < AF [z — .

While considering Az”j, we see that by using the similar method that we prove (2.18)
in Proposition 2.10, we get fori=1+1,--- ,n, j=1,--- ,d,

(2.29) A2 () = A2;(y)] S A%z —yl.
Therefore we conclude the Lipschitz estimates in (2.27) fori = 1, - , [, good function

(2.28) and bad function (2.29) for i = [+ 1,--- ,n, to get that for any i = 1,--- ,n,
T,y € (G)\)ca

(2.30) i) — Aily)] < Aoz —y).

Step 8: FEstimate of E). As we have done in the proof of Proposition 2.8, we may
split f = f1 + fo. Following (2.8) and (2.9), we may reduce the estimate of F) to the
following inequality

m({z € (10G)° : |C[VAL, -, VA, fal(z)] > A/2}) <A

Step 9: Estimate of C[VA1,---,VAy,, fo](x). Recall Ng = {i,i+1,---,j} and our
construction of Gy, y, Qi and @ in the paragraph above (2.26). Then we can write
fo=>"1 fxq,- Therefore we may get

C[VA]., e aVATL?f?](m) = ZC[VAD e 7VAn7fXQk](‘T)
k

Below we study []:; %. We will separate it into several terms and then give

an estimate for each term. Write
ﬁ Ai(z) — Ai(y)

i=1
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I\JEQN(;IL i€N1 |$ o y| i€Ns ‘JZ - y’
e
_ fii(lﬁ _‘fii(y) Jii(y) _'fii(yk>
m= o 2 (=) =55
1GNY €Ny 1€N2
(2.31) N3 #0,N3C {1, 1}
Ailyr) — Aiy)
: <Z£V[3 |z =y )
_ Ai(x) — A(y) Aily) — Ai(yr)
ve o X (===
1GNY 1€EN 1€EN2

N5 #0, Ny {l+1, - ,n}5£0

y < I Ai(yr) —Ai(y)>7

1EN3 |QU a y|
here N7 = N7 U Ny U N3 with Ny, Na, N3 non intersecting each other. By the above
decomposition, we in fact divide C[V Ay, --- ,VA,, fxg,](z) into 3" terms. We separate

these terms into four parts according I, I, I11 and IV.

Step 10: Estimate of C[--- ,-] related to I. Since I is the same as I term in the proof
of Proposition 2.8, so this estimate is similar to that there. We omit the proof here.

Step 11: Estimate of C[- - -] related to I1. This estimate is similar to the term related
to I in the proof of Proposition 2.10. So we omit the proof.

Step 12: Estimate of C[--- -] related to I11. It suffices to consider one term C|[--- ]
related to I1I in which Nj is a proper subset of N7 and N3 is a nonempty subset of
{1,---,1}. By the condition in this proposition, for any i € N3, d < ¢; < co. Thus
VA; € L%RY) (or LY (RY) if ¢; = d) with d < ¢; < 0co. Therefore the estimates in N3
will be straightforward since
| Ai(yk) — Ai(y)]
Y — Yil
Once we give the above estimate in N3, the rest terms related to Ny and Ny can be

dealt as the same way to those related to I1. For the rest of the proof, one can follow
the term related to I7 in the proof of Proposition 2.10.

(2.32) < M(VA)(y) < Aii, for i € Ns.

Step 13: Estimate of C[--- ,-] related to IV . It suffices to consider one term C[-- - , -]
related to IV in which N is a proper subset of N} and N3 is a nonempty set with
NsnN{l+1,---,n} # 0. In this case, without loss of generality, we may assume

I+1,---,v e N3withli+1<wv<nandv+1,---,n belongs to N1 or No. So we
may suppose that N3 = {¢, - ,w,l+1,--- v} with 0 < <w <l and Ny # (). Set
u = card(Ny). Then n —u > 1. With these notation, it is easy to see that N3 is a
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nonempty set with N3N {l+1,--- ,n} # 0. We use IV (x,y, yx) to represent one term
related to Ny, Ny and N3 in (2.31) and use Hjy(x) to represent C|--- ,-| related to

Iv(xvyvyk)a Le

Hyy(x Z K (x = IV (2, y,y0) f(y)dy.

By our condition d<gq, - ,q<occand 1< gy, - ,qn < d. Recall in Step 3, we

set i q——f for i = l+1 -,n. We also set é = (sz I+1 s )+ Since r > d/(d+n)
and % = (Z?Zl ql) > by some elementary calculation, one may get 1 < ¢ < oo. With

the above fact and A; is a Lipschitz function with bound A\"/% for i € Ny U No, we get

V(. 0)] £ A emon D (HMWA»(W)

| =yl

Ai(
A )~ 440

i=l+1

(S, +3n Q)" 1 1Ai(ye) — Ai(y)]
<A =1 i= v+1 )
~ |x H (Qk:

—yl 2 I+1 )
Then inserting the above estimate of IV into Hry with (1.2), we get
@) < X [ 1=l 1Vl )y

< )\(Ez 1) g Z/ 00 H@r) hl,v(y)dy
k

0+ — gl

AT T T () @)
Now the rest of the proof is similar to (2.23) in the proof of Proposition 2.10. We omit

the details here. |
Proposition 2.13. Let d/(d+n) <r<1l,q1 = =q =d, d < @s1, - ,q1 < 00
and 1 < 41, ,qp < dwith 0 <k <land 1< <n,p=oco. Then the weak type

estimate (2.25) holds.

Proof. The proof is similar to that of Proposition 2.12, one may follow the idea in the
proof of Proposition 2.9 and Proposition 2.11. We omit the details here. 0

2.6. Multilinear interpolation arguments.

Notice that we have already proven all cases (ii) in Theorem 1.1 by Propositions 2.7,
2.8,2.9, 2.10, 2.11, 2.12, 2.13. And we also prove the case 1 < r < oo of (i) in Theorem
1.1 by Proposition 2.6. The rest part of (i) in Theorem 1.1 follows from the standard
multilinear interpolation. In fact, in the case 1 < r < +oo, for all point (q%’ cee qin, %)

in the polyhedron (Z?Zl q%) + % = %, we have the follow strong type estimate

IV A,V Au, fll ey S (TTIV Al 2o ) 1) 2o e
=1



MULTILINEAR ESTIMATES FOR COMMUTATOR 29

In the case r = d%ﬂ for all points (qil, e ,q%, %) in the plane (2?21 i) +

we have the weak type estimate

RS
|
W

Ld+n’

eIV AL VAw Al oo < O(TLIV Ay )17 oceey
i=1

where L% (R?) in the above inequality should be replaced by L»*(R?) if ¢; = d for some

i =1,---,n. Notice that in the rest part of (i) in Theorem 1.1, we consider d%L <r <1,
l1<@g <o (i=1,---,n)and 1 < p < oo, thus the point (qil,~~- ’q%’
interior of the polyhedron between the polyhedron (Z?:l %) + % = % with 1 <r <
and plane (Z?:l %) + % = dfT". Then if we choose n + 1 points in the polyhedron
(Z;;l i) —{—;17 = % with 1 < r < 0o and one point in the plane (Z?:l i) + % = d'fT”,
using the multilinear interpolation theorem (see [18, Theorem 7.2.2]), we get all strong
type estimate in (i). Therefore we complete the proof of (i) and (ii) in Theorem 1.1.

Proof of (iii) in Theorem 1.1 will be given in the next subsection.

1) lies in the
p

2.7. Examples.

Proposition 2.14. If 0 < r < (14%, 1<¢g < (i=1,---,n)and 1 <p < oo, there
exist functions K, 4; (i = 1,---,n) and f such that K satisfies (1.2), (1.3), (1.4);
IVAill i (ray < oo for i =1, ,n and || f||Lp(ray < co. But

C[VAy,--- ,VAy,, f](x) = oo in a ball in R%.
Proof. We may suppose that n is an odd integer. Then we may choose K as

K(z) = |x1|d for & € R\ {0}.

It is easy to see that K satisfies (1.2), (1.3) and (1.4).

Next we choose «; (i = 1,---,n) and (8 such that —1 < a; < 1 fori =1,---n,
f>0and (3 ;" o)+ =d. Foreachi=1,---,n, we choose 4; as a C* function in
R4\ {0} such that

Ay(z) = |z|~% if z € Conep;
S 0 ifx ¢ Cone,g,

where Cone, and Cone, . are defined as follows

d
Cone, = {x eR?: ﬁZﬂ:? <z 0<mx < P},
j=2
d
Cone,. = {z € R: HZQI? <(v1+¢)? —e<m <p+e},
j=2

here p, € are fixed positive constants and & is a large positive constant. Below we choose

z|78 if x € Cone,,
flz) = g . ’
0 if z ¢ Cone,.
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By some elementary calculation, one can easily get that for 1 < ¢; <ococand 1 <p <

_ d
| fllp@ey < oo if 1<p< ik
If g; = 0o, we may choose a; = —1, then we get ||V A;| foo(ray < 00. If p = 00, we may
choose 3 = 0, then || f|| foo(ray < 00. Since (37, ;) + B = d, it is impossible that all
¢; and p equal to co. Then by this choice of ¢; and p, we see that 0 < r < d/(d + n).

Set zp = (—2¢,0,---,0). Let z be a point in the small neighborhood of zy such that

HVAiHL‘h'(Rd) <oo if 1<¢q < 1+ o

|z —y| < Clp+4e| for all y € Cone,.

Then combining the choice of A; (i = 1,---,n) and f, and noticing that n is a odd
integer, we finally get

~CVAL - VAl = |

Cone,

w11 20 stnay

|z —

S C / dy n
> —= = +00.
|p + 4€’d+n Cone, ‘y’d

3. PROOF OF THEOREM 1.4

In this section, we just outline the proof of Theorem 1.4 since it is similar to that of
Theorem 1.1.

Proposition 3.1. Let 1 <r < +4o00,1<¢q; <00,2=1,---,n,1 <p<oo. Then
n
ICalV A+ VA, flll ey S Col TTIV Al ey ) 11l ey
=1

Proof. We use the method of rotation to prove our main result. The method is standard,
so we will be brief. Applying the condition (1.9) and making a change of variable
x —y =rb, we get that

CoulVAL -+ VA i) = [ T (I 20 =20 4,

|z—y|>e |x - y‘d

1=

:/Sd_lg(e)[/r 1(f[Ai(x)_Ai(x_’"9)) .f(x—re)dr}da(e)
=1

e T r
1 1/ Ai(z) — Aj(z — r6)
== Q - . — .
> /Sdl ) [/r|>a : (];[1 : ) flz re)dr} do(0)
For convenience, we set the integral in the square bracket as Cslya[VAl, -, VA, fl(z).

Now applying the Minkowski inequality, making a change of variable x = sf + z with
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s € Rand z € L(A) (L(0) is the hyperplane which is perpendicular to ), utilizing
Proposition 2.6 with dimension one and the Holder inequality, we finally get that

||CQ[VA17 e 7VATL7 f] HLT(Rd)

5/8“ |Q(9)\[/L(9)/R|C§,9[VA1,--- ,VAn,f](39+z)|Tdsdz}ida(@)

& /S 200)]| /Lw) (TLIVACO+ D) 1760+ o] o0

=1

S 190z sy ( TT IV Al ey ) 11l ey,
=1

which ends the proof. O

Remark 3.2. Proposition 3.1 may also hold if we consider that 2 is homogenous of
order zero and satisfies

(3.1)  Q(—6) = (—1)"Q(0); /sd—l Q(0)6°d0 = 0, for all a € Z¢ with |o| =n;
and Q € Llog™ L(Sdil). In such a case, then method of rotation can not be applies
directly. One may need to insert [ = Z;l:l RJZ into the kernel of Calderén commutator
where R; is the Riesz transform. Since the commutator is a non convolution operator,
there are some tail terms that should be dealt carefully. We don’t pursue these matters
in the present paper. For those reader who are interested in this case, we refer to see
the very detailed discussion by B. Bajsanski and R. Coifman [2], which may also work
here.

Proposition 3.3. Let r =1, ¢ = --- = ¢, = 00, p = 1. Suppose Q € Llog™ L(S4™1).
Then
[Ca[VAL, -, VA, flll 100 ray S CQ(H HVAz'HLoo(Rd)>HfHLl(Rd)-
i=1

Proof. When ¢ = --- = g, = 00, A; is a Lipschitz function for ¢ = 1,--- ,n. Fix all A;.
We may regard Cqo[VAi,---,VA,, fl(x) as a linear function of f. Then the kernel

1 T Ai(@) = Ai(y)
Iﬂﬁ—yl"“l(il;[1 |z =yl y)

is a standard Calderén-Zygmund kernel (see e.g. [18, Page 211, Definition 4.1.2]). Then
by the recent result of Ding and the author [11, Theorem 1.1], one immediately finish
the proof of Proposition 3.3. U

After establishing Proposition 3.1 and Proposition 3.3, one can get the rest of the
proof of Theorem 1.4 by using the similar way in the proof of Theorem 1.1. One can
check the proof step-by-step in which the applications of Proposition 2.6 and Proposi-
tion 2.7 in Propositions 2.9, 2.10, 2.11, 2.12, 2.13 are just replaced by Proposition 3.1
and Proposition 3.3. There is only one thing that we should be careful. When giving a
explicit estimate of K (x — y) in Propositions 2.9, 2.10, 2.11, 2.12, 2.13, we just use the
boundedness condition (1.2): |K(z)| < |z|~¢, and then apply Lemma 2.5 in a special
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case |2] = 1 to get the required bound. While in the rest of the proof of Theorem

1.4, the above arguments are replaced by |K(x)| < |§fg§ﬁ”

a rough kernel €. The verification of the details of this proof is omitted. Finally, it is
easy to see that those examples in Proposition 2.14 also work here.

and apply Lemma 2.5 with
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