KERNELS FOR PRODUCTS OF HILBERT L-FUNCTIONS
YOUNGJU CHOIE AND YICHAO ZHANG

ABSTRACT. We study kernel functions of L-functions and products of L-
functions of Hilbert cusp forms over real quadratic fields. This extends the

results on elliptic modular forms in [4, 5].

1. INTRODUCTION

One of the central problems in number theory is to explore the nature of
special values of various Dirichlet series such as Riemann zeta function, modu-
lar L-functions, automorphic L-functions, etc. The known main idea to study
arithmetic properties of the special values of modular L-functions is to com-
pare such values with certain inner product of modular forms.

Such an idea was first introduced by Rankin [13], expressing the product of
two critical L-values of an elliptic Hecke eigenform in terms of the Petersson
scalar product of an elliptic Hecke eigenform with a product of Eisenstein
series. Much later Zagier ([16], p 149 ) extended Rankin’s result to express the
product of any two critical L-values of an elliptic Hecke eigenform in terms of
the Petersson scalar product of the Hecke eigenform with the Rankin-Bracketof
two Eisenstein series. Shimura [14] and Manin [11] developed theories to study
arithmetic properties of modular L-values on the critical strip. Kohnen-Zagier
10, 2] further studied the space of modular forms whose L-values on the critical
strip are rational and showed that such a space can be spanned by Cohen
kernel introduced by Cohen [3]. Recently double Eisenstein series has been
introduced by Diamantis and O’Sullivan[4, 5] as a kernel yielding products
of two L-values of elliptic Hecke eigenforms. It turns out that Rankin-Cohen

brackets [17] of two Eisenstein series can be realized as a double Eisenstein
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series [5]. Generalizing Cohen kernel, the arithmetic results of L-values by
Manin [11] and Shimura [14] could be recovered [4, 5].

The purpose of this paper to state above results to the space of Hilbert
modular forms by extending kernel functions introduced in [4, 5]. More pre-
cisely, a double Hilbert Eisenstein series is a kernel function of two L-values
of a primitive form in terms of the Petersson scalar product. Also one can
recover the arithmetic results [14] of L-values of Hilbert cusp forms by study-
ing Cohen kernel over real quadratic fields. Furthermore it turns out that the
Rankin-Cohen bracket of two Hilbert Eisenstein series is the special value of

a double Hilbert Eisenstein series.
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2. NOTATIONS AND MAIN THEOREMS

Throughout of this paper, for simplicity, we only consider the space of
Hilbert modular forms over real quadratic fields F' with narrow class num-
ber one on the full Hilbert modular group I'" = SLy(O).

2.1. Notations. Let F' be a real quadratic field with narrow class number
equal to 1. Let D, O and 0 be the fundamental discriminant, the ring of
integers and the different of F' respectively. Let N and Tr be the norm and
the trace on F' defined by N(a) = ad’, Tr(a) = a + o’ with o’ the algebraic
conjugate of a € F. We denote a > 0 for a € F' if a is totally positive, that
isa>0and d > 0. For B C F, let B, denote the subset of totally positive
elements in B. So Oy and O denote the set of totally positive integers and

the set of totally positive units respectively.
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For a 2 x 2 matrix v in GLj (F), we usually denote its entries by v =

a, b a. U ,

( K 7) and 7' = ( 7 7|. The group G'Ly (F) acts on two copies of the
cy dy o, d

ayz14by alz2+bl
Cyz1+dy C,/YZQ-‘rde

fractional transformations for all v € GLj (F) and z = (21, 29) € H%

complex upper half plane H? by vz := (v21,7'22) = ( ) as linear

Let I' = SLy(O) be the modular group of 2 X 2 matrices with determinant
equal to one over O. Denote I', the subgroup of upper-triangular elements and
I'% the subgroup of elements with totally positive diagonal entries in I',. Let
A denote the subgroup of diagonal elements in T'}, so A = {diag(e,e™!): ¢ €
OZ}. Throughout the note, we employ the standard multi-index notation. In
particular, for v € GL3 (F), 2 = (21, 22) € H? and k € Z, we denote 1 = (1, 1),
(v2) = N(y2)" = (y21)(v'z2), |2 = (la1l, |z2]), |2 = |21]"|22|* and the

automorphic factor by

j(’% z)kl = N(](’% Z))k = ](77 Zl)kj(’ylv ZQ)k = (CWZ1 + dW)k(dyZQ + dfy)k

For any function f on H? and v € GL; (F), define the slash operator by

(fli)(2) = N(det(7)) 2 N(j(7, 2)) " £ (2).

A Hilbert modular form of (parallel) weight & for I" is a holomorphic function
f on H? such that f|iy = f for any v € I'. Then f has the following Fourier
expansion
F(2) = ap(0) + D ap(a)e®™e?),
aeﬁll

If a;(0) = 0, we call f a Hilbert cusp form. For a Hilbert cusp form f and
a Hilbert modular form ¢ of weight k on I, their Petersson scalar product is
defined by

Sy = f)gGdn = /F erern

I\H?
where F is a fundamental domain of I" on H? and

dp = (y1y2) dxydaadyidys = N(y) "> N(dz)N(dy).

Here z = = + iy, Re(z) =z = (x1,22) and Im(z) =y = (y1, y2).
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Note that this “unnormalized” Petersson inner product is different from
Shimura’s [14]. For a Hilbert cusp form f of weight k for I', define the associ-
ated L-function by

L(f.s)= > af@)N(d)™"=> ay(a)N(a)?,
aGDJ_rl/(’)jﬁ a
where as(a) := as(a) for ad = a. It is known [7] that the complete L-function

satisfies
A(f, ) = D*(2m) T (s)*L(f, ) = (=1)*A(f, k — s)

and has an analytic continuation to the entire C.

Next we recall the theory of Hecke operators on spaces of Hilbert modular
forms. For each nonzero integral ideal n of O, let M, be the set of 2 x 2
matrices v over O such that det(y) > 0 and (det(y)) = n. Moreover, let
Z = O denote the 2 x 2 scalar matrices with diagonal entries in O*. The
n-th Hecke operator T, on Si(I'), the space of cusp forms for I' of parallel
weight-k, is defined as

T(f() =N Y fli(2).
~EZT\ M,
The operators T, are self-adjoint with respect to the Petersson inner product
and generate a commutative algebra. It follows that there exists a basis Hy,
consisting of normalized cuspidal Hecke eigenforms, of Si(I'). We call elements
in H, “primitive forms”. Here f is normalized if the Fourier coeflicient a;(O) =
1 or equivalently if 97 = (a) with @ > 0, then af(a) = 1. Therefore, for
f e M, Tnf =ar(n)f, so ar(n) is real. For details see Section 1.15 of [7].

2.2. Main Theorems. Fix k € Z. We define the Cohen kernel C(z;s) on
H? x C by
; 1 ey -
(2.1) CHlil(z2;5) = §Ck,i,D (v2) "5 (y, 2) 7R,
ye A\l
with
DT 22 kAl (k — 1)
Ck,s,D = TS

ez ['(s)['(k —s)
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and A = {diag(e,e™!): ¢ € OF}. Note that if k is odd, this definition gives

zero function.

Theorem 2.1. (Cohen kernel) Let k > 4 be even. Then the following hold:

(1) CH(z; s) converges absolutely and uniformly on all compact subsets in

the region given by
1< Re(s)<k—1, zeH.

(2) For each s € C,

; Af k—s
Cifl(z; s) = Z Wf(z),
JeEH ’
where Hy, is the set of primitive forms s of weight k on I
(3) CHil(2;5) can be analytically continued to the whole s-plane and for

each s € C, CH(z; 5) is a cusp form for T of weight k in z.

Next we define the double Eisenstein series as follows: for s,w € C, z € H?

and even integer k > 6,

Eglzl_s(zv ’LU) = Z (C’yé_l)(wil)l <]((?;7 Z> ) _ j<57 Z)iklj

775€F;\F76.ﬂ;— 1 >0

<

and a completed double Eisenstein series by

gl (z;w) = 200k 50D - EH! (z;w)

s,k—s s,k—s
with
Qhswp = D" Cp(l—w+s)r(l—w+k—s)
iom o DDk — $)D(k — w)\ >
o\ W k 12k 2 )
X<e2(7r) Tk — 1)

Then we have the following:

Theorem 2.2. (double Eisenstein series) Let k > 6 be even.
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(1) Ef,zl_s(z,w) converges absolutely and uniformly on compact subsets in

the region R of points (z, (s,w)) in H? x C? subject to
2 < Re(s) < k —2, Re(w) < min{Re(s) — 1,k — 1 — Re(s)}.

(2) E:,i’ls(z, w) has an analytic continuation to all s,w € C and is a Hilbert
cusp form of weight k on I as a function in z.
v (f; $)A(f, w)
; A(f, s)A(f,w
E*’H_Zi BWw) = : : f7
A= 2 T
k

where Hy, is the set of primitive forms of weight k.
(4) For f € Hy, (E;I(5w), ) = A(f,8)A(f, w), for all s,w € C.

s,k—s
(5) E:,f_li(z,w) satisfies functional equations:
Byl (ziw) = Byl (ms), BN (mw) = B (2 w).

The following gives a relation between Rankin-Cohen brackets and a double
Eisenstein series. Rankin-Cohen brackets on spaces of Hilbert modular forms
have been studied in [1]. Let us recall the definition of Rankin-Cohen brackets:
for each j = 1,2, let f; : H* — C be holomorphic, k; € Nand ¢ = ({1, 63),v =
(v1,1n) € Z2. Define the v-th Rankin-Cohen bracket

i fali = > (1 () () A0

Here f(z) = ( 91tts F)(z) and (FLr 1) = (Ragt) (et

921110252 v1—4 vo—4

In the following, we only need parallel v, that is v, = vs.

Theorem 2.3. (Rankin-Cohen brackets and a double Eisenstein se-
ries) For v € Zso and k; € 2N, j = 1,2, we have

P(k)T (v + 1)\ Hil D(ks + 1)\ i
Ey,EllL,y =4 E" ; 1

( Tl +0) ) [P Pl Ty ) Forvese (V41
where Ey(z) is the usual Hilbert Eisenstein series of weight k on I' defined by

Ep(z) = Y jly.2)™

WGFZ;\F
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Remark 2.4. (1) Cohen kernel (see [3] and [10]) is an elliptic cusp form
R, of weight 2k on SLy(Z) characterized by, for each 0 < n < 2k — 2,

(f, R,) =n!(27) " *L(f,n + 1), for all f € Sy (SLy(Z)).

Diamantis and O’Sullivan in [4] generalized Cohen kernel CZ(r, s) to
get
(f. Ci'(7.5)) =T(s)(2m)"L(f,s).s € C.

(2) Double Eisenstein series was introduced and studied in [4, 5] as a kernel
yielding products of the periods of an elliptic Hecke eigenform at critical
values as well as producing products of L-functions for Maass cusp

forms.

In the following theorem, we recover Shimura’s result on the algebraicity of
critical values of L(f,s) (Theorem 4.3 of [14]). For a primitive form f of even
weight k, let Q(f) denote the number field generated by the Fourier coefficients
of f over Q.

Theorem 2.5. (rationality) Let f be a primitive form of even weight k > 6
for T'. Then there exist complex numbers w(f) with (f, f) = wi(f)w_(f)
such that for even m and odd ¢ with 1 <m, 0 <k —1,
(1)
A(f,m) A(f, 1)
wi(f) " w-(f)
(2) for each o € Gal(Q/Q),
(A m))" A (A e>)“ AU
wi(f) w-(f) w-(f7)

€ Q(f),

owe(fo)

Remark 2.6. (1) The above theorm is an analogous result of that for el-
liptic modular forms proved in [10] (Theorem in page 202). We can also
extend the rationality easily to arbitrary L-values as did in Theorem
8.3 of [5].

(2) The above theorem is a special case of Shimura theorem (Theorem 4.3
n [14]) by taking n =2, ¢ =1, and ky = ky = k.
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3. PROOFS

We need the following multi variable Lipschitz summation formula.

Lemma 3.1. (multivariable Lipschitz summation formula) Assume that
Im(s) > 2. For z € H?,

Z(z + )t = _ @ Z N (&) exp(2mi TH(Ez)),

wis 271)1/2
€O € F(S) D 66011

Proof. By the multi-index notation,

Z(z + ) = Z N(z+xz)* = Z<Zl +2) (2 + )"

z€O z€O z€O
Following [9], define
f(z) = N(2)* ' exp(2miTr(22))

for x = (x1,72) > 0 and 0 otherwise, so for Im(s) > 2 and z € H?, f is clearly
L' on the quadratic space V = R? with the trace form. The computation of

[9, Theorem 1] shows that the Fourier transform f(w) is given by

;o I(s)?
fw) = (—2mi)2

It is clear that for € R?,

1f(@)] + | f(2)] < (1+[]=]])~>°

(z4+w)™, weR

for any positive §, where || - || is the Euclidean norm. Therefore, we may apply
the Poisson summation formula (see page 252 of [15]), and for a general lattice
M in V with integral dual lattice M"Y, the Poisson summation formula reads
Y fl@)=VIM/MY] Y f(a).
aeM aeMV
Now set M =071, then MV = O, [M/M"| = D and the Lipschitz summation

formula follows easily. 0J

Now we prove Theorem 2.1 about Cohen kernel.
Proof of Theorem 2.1 : To show the convergence, we follow the treatment of
Section 1.15 in [7]. Firstly, we prove the uniform absolute convergence on com-

pact subsets, using the fact that L!-convergence implies uniform convergence
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on compact subset for series of holomorphic functions (See Lemma on Page 52
of [7]). It suffices to treat the case for z in a small neighborhood U such that
U is compact, N(Imz) > X! and N(Imvyz) < X for any v € T and z € U for
fixed big X > 0. Note that this essentially picks a Siegel set where U lives. In

this case, we only have to prove that
[ Y NGO e (e < o0
DMHY Jear

where o = Re(s) and H% is the subset of z with N(Imz) < X in H?. Here we
denote |z| = (]z1],]22]) and employ the multi-index notation. The left-hand

side is bounded by

<3 [ (et
year Y T\HY

= [ e (),
A\HZ
The space A\H% can be viewed as a subspace of
{(21,22): N(Imz) < X, Y ' <9y /ys <Y}

for some positive Y (Y can be chosen as the smallest totally positive unit bigger
than 1). Moreover, that N(Im(—1/2)) < X implies N(|z]?) > X~!N(Imz).
For 1 <r <o < k — 1, the last quantity is equal to

|V ma) B e
A\HZ2,

k—o+r

< / o V) SN )

—otr dy,d
<</ (N (Imz)) 5 (N (Imz)) - 2422
Y1y2<X,Y ~1<ys fya<Y (y1y2>
k—o—r __

(N(Imz)) 2 ‘dyrdys <

/y1y2<X,Y—1<y1/y2<Y

where in the third line we applied Equation (5.8) of [4] for the integration on
x. This is part (1).
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For part (2), first note that the absolutely uniformly convergence implies
that Cf1(z; s) converges to a Hilbert modular form in the strip 2 < o < k — 1
since C}'(z; s) is -invariant with a proper automorphic factor. Secondly, we

write

20ks b CH (2 Z Z jlay, 2) M (ayz) ™t

a€A\T'L, yeTT\T

= Y 0™ Y (@) = Y ) Yz )

yeT T \D a€A\I'L yeTT\D z€O

Applying the Lipschitz summation formula in Lemma 3.1 with 2 < 0 < k —1,

we have

22 Oy = — TS e ST (Ve expl(2niTr(Er2)

eﬂzsl"<8)2Dl/2 - -
~EPL\D geo;

O T Y (0 exp(2miTr(y)

€7rst<S) 56011 erIAT

o' 2s 1
- T Y vy

ged t/(07)?

XYY Gy 2) T exp(2miTr(u?6y2))

uG(’)i ’yGFZ; \I'

- Y et Y ) exp(2eiTr(y).

ewst(S)QDl/Q :
€0 '/(05)? veU\T

1
where U is the subgroup of elements of the form <O T) in I'. On the other

hand, recall the &-th Poincaré series [7]

Pu(z€) = > j(v,2) M exp(2miTr(£v2))

~eU\I'

and that it is a cusp form with

D(k— 12DV~ ()]
AN @ 2 ()

Pi(z:€) =
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We see that up to a constant factor (depending on s) CH¥(z; s) is equal to

Z (N€>5_1<N§)1_k Z df(g)f(z)

gea; ! /(05)? FeH), ()

— Z (Ng)s—kzm

560;1/(01)2 fEHk <f7 f>

« o

gev; /o] JeEH

o 3T AL S (vt

ED A

AQDkSE:f fk—@

feEH

Y

where we used the fact that a;(§) is real. Putting everything together, we see
that

Z B 25—21%211(]{; - 1)2 A(f, k — S)f(Z)
2CksD CH l( z;8) = emisT(s)2 (k — s)2 fGZHk (f, )

It follows that CH%(z;s) is cuspidal on the region 2 < o < k — 1, and that

pag, = ALK = 97C)
W= 2 TR

For part (3): The expression of CH%(z;s) in part (2) gives the analytic
continuation to s € C and that for each s € C, CH(z; s) is a cusp form. This

completes the proof. [

Next, to prove Theorem 2.2 we first need to show a connection between
Cohen kernel and double Eisenstein series, which is obtained in the following

lemma:

Lemma 3.2. On the region R, we have

Cp(l—w—l—s)Qp(l—w+k—s)Ef,jl_5(z;w) QCksDZN w’“T(CH”( )),



12 YOUNGJU CHOIE AND YICHAO ZHANG

with T, the n-th Hecke operator and (p(s) the Dedekind zeta function for F
defined as

Y N@= Y N

aE(’)+/(’)i

where a runs through all integral nonzero ideals.

Proof. On R, the series expansions of the two (p-factors converge absolutely.

Therefore, on R, by sending v to (c,,d,), the left-hand side is equal to
Gl —w+ )Gl —w+ k — 8B ()

SN EN@E S (od — de)e (fz - Cf) @t d™

cz+d

U, (c,d),(&,d)

where u, @ € OX\O, and (c,d), (¢,d) € OX\O? such that Oc + Od = O +
Od = O and c¢d — d¢ > 0. Combining the two summations, we have

d —s1 5
> Y (ed—dp <fzid) (62 +d)~™*
cz

0,8 (c,d),(&,d)

where this time a, a are over all nonzero integral ideals and the inner summa-
tion is over (c,d), (¢ d) € OX\O? such that Oc + Od = a, O¢ + Od = & and

cd — d¢ > 0. Then we can remove the summation over a,a and it equals to

—s1
3" (ed - de) V1 (CZ il d) (éz+d)™

Do) cz+d
d —S]. _
“ Y (ed e ( i ) (2 +d) ™
n (¢d), (cd ¢z + d

where n is over all nonzero integral ideals and the inner summation is over
over (c,d), (¢,d) € OX\O? such that c¢d — dé > 0 and (cd — dé) = n. Note that
the two summations over (¢, d), (¢,d) in the preceding equation have different
ranges.

Let A denote the group of diagonal 2 x 2 matrices with entries in oz,
clearly A ¢ ZT' and A\ZT = A\I'. Note that the inner summation set is
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mapped bijectively to A\M, via

(¢, d), (& d)) > ( 3)

Therefore, above expression is equal to

DD (et (v2) 0y, 2)

n ’YEA\Mn

=30 ) ) (det(By) TN (By2) Tt i(By, 2)

n yeZT\Mn B A\ZT

=3 Y ) (det(y) @I (Byz) (B, 2) "

0 y€ZT\My BEA\D

=2 ,p- Y N7 3T ()
n

~EZT\ M,

_2cksD ZN w kT (CHll( ))a

which is the right-hand side. U

Using the preceding lemma we prove the following main theorem:
Proof of Theorem 2.2 : For part (1), apply the proof of Lemma 4.1 in [5] for

each component and we have
N(eys1) < N(Im(y2)) 2N (Im(62)) "2,

for any v,0 € I with ¢,5-1 > 0. Let r = max{Re(w), 1}. Since [I'w : I'L] is
finite, E; ;_s(2z; w) is absolutely bounded up to a constant by

Z (Ncw_l)Re(w)f”Nj(% Z)rRe(s)le(&’ Z)|Re(s) k

'Yvéerio\rvc,w;*l >0

1-7r 1—7r . —Re(s . e(s
< > N(Im(v2)) 2 N(Im(82)) = |Nj(y, 2)| NG (8, 2) [+
7,5€F0+O\F,c,yé_1>>0
1—7r 1—r . —Re(s . e(s)—
< > N(Im(vy2)) 2 N(Im(62)) = [Nj(y, 2)| NG (8, 2) [+
7,56F;\r,c75_17&0

< 3 NIm(2) ' Nm(62) F NG, ) N6, )0

7,0€T 00\l sc, 5170
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<N > N(m(yz) T N(Im(52))

’7,561—‘00\1—‘,07571 #0

k—Re(s)—r+1
2

<N Y N(Im(y2)) 7 N(Im(62)) 3,

7,06l \T'
which is the product of two Eisenstein series whose absolute convergence is
well-known (see, for example, 5.7 Lemma of Chapter I in [6]). So absolute

convergence follows if we have

Re(s) —r +1 1 and k—Re(s) —r+1
2 2

One sees easily that E;j_s(z;w) transforms correctly under I'. In the above

> 1.

estimate

Y N(m(y2) T N(m(sz) T

¥,0€ o0 \F,Cw,l #0

:E(sze(s);r—i—l)E<Z’k—Re(s2)—r+1) —E(z,k_22T+2>,

where E(z,s) = > r_\p N(Im(y2))™" = N(y)* + A(s)N(y)'=* + o(1). By
removing the highest terms N (y)g”url from the difference, the rest are all
o(N(y)?). This shows that Esk—s(z;w) — 0 as N(y) — oo, and hence proves
part (2) that Esj_s(z;w) is a cuspform since only one cusp exists.

For part (3), by Theorem 2.1 the Cohen kernel are cuspforms. By Lemma
3.2,

(Pl —w+s)(p(l —w+k— s)Ef,jl_S(z, w)

=2t . p Y N()" T, ({1 (2 5))
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since as(n) = as(n). We have shown in Theorem 2.1 that

25_2k7T2F(l€ - 1)2

2 Hil . — —
26k,s,D<Ck (Za 8)7 f> - GWiSP(S)2F(/€ . S)2A<f7 k 8)7 for f € Hk

By defining
Bl (z5w) = 20000 L (2 w)

with oy s p in (2.2) and using the result of Theorem 2.1, we obtain

- A( = w)A K — 5) AU, w)A(, 5)
El(zw) = ) —= : flz) =) —= — f(2).
fGHk <f7 f> fGHk <f7 f>
Part (4) follows easily from part (3) since f is a primitive form. Finally, by
part (3), E:,?f i(z;w) has meromorphic continuation to all of s,w € C, and

reflected from properties of A(f, s), it satisfies functional equations

Byl (zw) = Byt (=s), Byl (ziw) = BT (2 w),

proving part (5) and hence the whole theorem. [J
Using the result about Rankin-Cohen brackets studied in [1], we prove The-

orem 2.3:
Proof of Theorem 2.3: One checks (from Proposition 1 in [1])

(k?l—l)'V' 2 i . — v
(m (Brs Bl = > 302 B husad
! ' S€lo\T

Since

2
(v) _ (kQ -1+ l/)' v, —(k2+4v)1
Ly, = (W Y N(ey) iy, 2) "
'yEF;’O\F

by Lemma 1 in [1], this in turn is equal to

(—(k;2 —1t V)!) Z 3(8,2) N (¢,) (7, 8(2)) Rt (5, z)~ (et

—1)!
(kz — 1)t Syeli\D
ko — 1+ 1)\ y . (k] (ko
- (%) D Ny 1) §(6,2) BFhj(y, 2)~ et
2 ' SyeTED

In such a particular situation, we see easily that the summand is actually well-
defined on T',\I'. Denote S the subset of (4,7) € (' \I')? with ¢,5-1 # 0 and
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Si+ C S consists of elements whose c¢,5-1 has the prescribed sign vector. In
particular, S, | consists of elements with c¢,s-1 > 0. It is obvious that the
sums over these four subsets are all equal, since we may multiply on left by
47 and +diag(cp, ;") € I's to adjust the signs; here gy is the fundamental
unit. That said, we have
— 1! \? — 1 2
(o= ) Bttty = 4 (B 25 Bt e ),

and it finishes the proof. [J

Proof of Theorem 2.5: We follow the lines in Section 8A of [5] and first prove
that for even m and odd ¢ with 1 < m, ¢ < k—1, both of E;me(z, k—1) and
E,:_h;é(z, ¢) have rational Fourier coefficients. By the functional equations in
Theorem 2.2,

E*,Hil (Z, L — 1) _ E*,Hil (Z, 1)7

mk—m mk—m
and it suffices to prove that the Fourier coefficients of E:f,ﬂm(z, () are rational
for even m and odd ¢ with 1 < ¢ <m < k/2. By Theorem 2.3, E:ngfm(z,ﬁ) =
ClEms1—t, Exi1-m—o), where C is a rational multiple of 7272 by Theorem
9.8 on page 515 of [12]. It follows that the Fourier coefficients of E;Zﬁm(z, 0)
belong to Q.

Next, for primitive f € Hy, by Proposition 4.15 of [14] and Theorem 2.2,
we have (f, EZ_I?ZZ(Z,k — 1)) = ap(f, f) = A(f, k — 1)A(f, k — 2), for certain
ar € Q(f). Again by Proposition 4.15, since EZilé(Z,k — 1) has rational
Fourier coefficients, a$ = ayo for each 0 € Gal(Q/Q). Also note oy # 0
because of the convergence of the Euler product of A(f, s) for Re(s) > k/2+1

(see Kim-Sarnak’s bound in [8]). Define
{f, f)

_ o f)
wy(f) = ma w-(f) = A k=)

Then for even m, odd ¢ with 1 < m, ¢ <k —1,

A(fm) (LB (zk — 1))

= € Q(f
ERG) o (7 F) g
again by Proposition 4.15 of [14] and similarly Ufigf(g € Q(f). It is clear that

wi (flw-(f) = (f, f). Finally, the assertion (4.16) of [14] and that af = a;-
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for each o € Gal(Q/Q) implies that

wi(fo)’

(A(f,m))“ A(f7,m) (A(f,f))g_f\(f”,f)

wi(f) w-(f))  w(f7)

finishing the proof. UJ

10.

11.

12.
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14.

15.
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