STABILITY OF BOUNDARY LAYERS FOR THE KELLER-SEGEL SYSTEM
WITH SINGULAR SENSITIVITY IN THE HALF-PLANE

QIANQIAN HOU AND ZHIAN WANG

ABSTRACT. Though the boundary layer formation in the chemotactic process has been observed
in experiment (cf. [63]), the mathematical study on the boundary layer solutions of chemotaxis
models is just in its infant stage. Apart from the sophisticated theoretical tools involved in the
analysis, how to impose/derive physical boundary conditions is a state-of-the-art in studying the
boundary layer problem of chemotaxis models. This paper will proceed with a previous work
[24] in one dimension to establish the stability of boundary layer solutions of the Keller-Segel
model with singular sensitivity in a two-dimensional space (half-plane). Compared to the one-
dimensional boundary layer problem, there are many new issues arising from multi-dimensions
such as possible Prandtl type degeneracy, curl-free preservation and well-posedness of large-data
solutions. In this paper, we shall derive appropriate physical boundary conditions and gradually
overcome these barriers and hence establish the stability of boundary layer solutions of the sin-
gular Keller-Segel system in the half-plane as the chemical diffusion rate vanishes. We hope that
our results and methods can shed lights on the understanding of underlying mechanisms of the
boundary layer patterns observed in the experiment for chemotaxis such as the work by Tuval et
al [63], and open a new window in the theoretical study of chemotaxis models.

1. INTRODUCTION

Chemotaxis, the movement of an organism in response to a chemical stimulus, has been
proved to be a significant mechanism accounting for abundant biological processes, such as
aggregation of bacteria [48, 64], slime mould formation [21], fish pigmentation [51], tumor an-
giogenesis [3—5], primitive streak formation [52], blood vessel formation [14], wound healing
[55]. As such, the mathematical works on modeling and analysis of chemotaxis has been greatly
boosted in the past few decades. Mathematical modeling of chemotaxis dates to the pioneer-
ing works of Keller and Segel in [29] with linear sensitivity and in [28, 30] with logarithmic
singular sensitivity. This paper is concerned with the following Keller-Segel (KS) system with
logarithmic sensitivity:

uy=V-(DVu—yx%Vc), (¥t) € Qx(0,00),
¢ = EAc —uc,

(1.1

where u(¥X,7) and c(X,t) denote cell density and chemical (signal) concentration at position %,
time ¢ and the spatial domain Q = R2 = {¥ = (x,y) € R? |y >0}. D >0 and &€ > 0 are cell
and chemical diffusion coefficients, respectively, and )} > 0 is referred to as the chemotactic
coefficient measuring the strength of the chemotactic sensitivity. System (1.1) is the KS model
proposed in [30] with linear nutrient consumption, and later found more applications to model
the boundary movement of chemotactic bacterial populations [49] and to describe the dynamical
interactions between vascular endothelial cells (denoted by u), and signaling molecules vascular
endothelial growth factor (denoted by c¢), in the initiation of tumor angiogenesis in [33]. Since
the chemical diffusion € has been assumed to be negligible (small) in all these works [28, 33,
49] due to both mathematical simplicity and biological insignificancy, an immediate relevant
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question is whether the dynamics of (1.1) has significant difference between € =0 and € > 0
small. Specifically we want to elucidate whether the solutions of (1.1) with € > 0 converge
to those with € = 0 as € vanishes. While attempting this question, one has to face another
challenging issue of (1.1): the singularity at ¢ = 0. Fortunately this singularity can be salvaged
by a Cole-Hopf type transformation (cf. [32, 42]):

- Ve
v=—-Vlnc=——, (1.2)
c

which transforms (1.1) into a non-singular system of conservation laws:
u—V-(uv) =Au, (X,t) € Qx(0,00),
Vi 4+ V(e[V]* —u) = eAv, (1.3)
(u,V)(%,0) = (uo, Vo) (%),

where we have appended initial data for completeness and taken D = y = 1 for brevity but our
analysis in this paper directly carries to generic positive parameters D, y > 0.

Under the transformation (1.2), our question raised above boils down to investigate the van-
ishing diffusion limit of (1.3) as € — 0, which is an intriguing mathematical problem alone
despite of its relevance to biology, since the vanishing advection needs to be considered along
with vanishing diffusion due to the dual effect of €. There has been several works investigating
the vanishing diffusion limit of (1.3) as € — 0 in the literature. First in the whole space, it is
shown that traveling wave solutions in R (cf. [43]) or global small-data solution of the Cauchy
problem (cf. [53, 66]) in RY (d = 2,3) of (1.3) is uniformly convergent in &, namely (uf,7v¢)
converge to (u°,%%) in L”-norm as € — 0, where (uf,%¢) denotes the solution of (1.3) with
€ > 0. In a bounded interval Q = (0, 1), the solutions is still convergent (cf. [67]) in € when
(1.3) is endowed with the mixed homogeneous Neumann-Dirichlet boundary conditions

uxlx:O,l = V|x:071 =0, for € > 0.

However if Dirichlet boundary conditions are prescribed, the situation is more complicated in
that one can not preassign a boundary value for v* which is intrinsically determined by the
second equation of (1.3) with &€ = 0 as V7| x=0,1 = V0|x=0,1 + fé ud)| x=0,1dT. Thus the appropriate
Dirichlet boundary conditions should be imposed as (cf. [37]):

{ Uly—01 =u>0, v[y—o1=v ife>0,

Uly—01 =4 >0 if =0, (1.4)

where it > 0, v € R are constants. Hence if the boundary value for v with € > 0 does not match
the one with € = 0 determined by the second equation of (1.3), boundary layers for solution
component v (i.e. rapid change of v near the boundary) will be present as € is small. The above
results imply that chemotaxis KS models with conventional Neumann (or zero-flux) boundary
conditions will not generate boundary layers. To describe boundary layer phenomenon driven
by chemotaxis observed in the experiment (e.g. [63]), Dirichlet boundary conditions are more
relevant. Indeed boundary layer problem has been an important topic arising in the study of
the inviscid limit of the Navier-Stokes equations near a boundary and has been one of the most
fundamental issue in fluid mechanics attracting extensive studies (cf. [10, 12, 13, 26, 65, 70, 71])
since the pioneering work [56] by Prandtl in 1904. The existence of boundary layers for the
transformed KS model (1.3) subject to Dirichlet boundary condition (1.4) has been numerically
verified in [37] and rigorously proved in [25] in one dimension followed by a recent work [24]
on the stability of boundary layers. This paper will proceed to investigate the boundary layer
problem of (1.3) in two dimensions, which pertains to more realistic situations (cf. [63]). Due
to the special structure of (1.3), there are several essential differences between one and two
dimensions as to be detailed below. In two dimensions, V is a two-component vector from (1.2)
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and we denote Vv = (v, ;) in the sequel. Then from the Cole-Hopf transformation (1.2), the
curl for ¥ must be intrinsically free:

Vxv= axV2—8yV1 :0, (1.5)

which implies that V|¥|> = 27 - V#¥. Then the second equation of (1.3) becomes ; +2€¥- Vv —
Vu = €AV, which is surprisingly analogous to the incompressible Navier-Stokes (INS) equations
by setting w =vVand p = —u:

{fv,—i—fv-W-i—Vp =eAw, (X1)e Qx(0,00),

1.6
V. =0, (1.6)

where w is the fluid velocity and p the pressure. It is well-known that the inviscid limit of the
INS equations will generate boundary layers if the following physical boundary conditions (e.g.
see [8, 45]) are prescribed:

w |8Q =0 ife >0,

W-ii|go =0 ife=0,

where 7 is the unit outward normal vector of dQ. However, the convergence of solutions of
the INS equations to its limiting Euler equations (namely (1.6) with € = 0), in two or higher
dimensions as € — 0 still remains unjustified due to the appearance of (degenerate) Prandtl’s
boundary layer equations (see [56]) whose well-posedness in Sobolev spaces is open excep-
t for analytic or monotonic data [1, 8, 15, 44, 50]. As such, due to the analogy between
(1.3) and the INS equations, a natural concern is whether the KS system (1.3) with Dirichlet
boundary conditions in two dimensions will generate similar Prandtl’s boundary layers mak-
ing the vanishing limit problem as € — 0 unverifiable? This question does not exist in one
dimension but must be first elucidated in higher dimensions (see more details later) before tak-
ing the next step. Moreover the system (1.3) is invariant under the scaling for any A > O:
wuy, (x,1) = A2u(Ax,A%t), v (x,t) = Av¥(Ax,A?t) which indicates that d = 2 is the critical space
dimension of (1.3) in the framework of Sobolev spaces, and d = 3 is supercritical while d = 1
is subcritical, same as the Navier-Stokes equations (see [6]). But analysis of (1.3) is somewhat
more difficult than the INS equations due to the lack of the divergence-free condition which is
critical for the existence of large solutions to the INS equations in two dimensions (e.g. see
[11, 46]). Indeed, although large-data solutions of (1.3) in one dimension have been obtained,
none of the large-data solutions has been obtained in multi-dimensions so far even for the criti-
cal space dimension d = 2 (cf. [53, 66]). This is the second difference from the one-dimensional
case. Thirdly, in order to preserve the curl-free condition (1.5) so that the results of (1.3) can
be transferred to the original Keller-Segel system (1.1), the condition (1.5) has to be taken in-
to account when prescribing boundary conditions. However no such concern is needed in one
dimension.

Bearing these structural differences between one and two dimensions in mind, we shall ex-
ploit the zero-diffusion (inviscid) limit and boundary layers for the system (1.3) with Dirichlet
boundary conditions in two dimensions in this paper. For simplicity, we consider the problem in
the half plane Q = RZ = {¥ = (x,y) € R? | y > 0} and hence dQ = {(x,y) € R?| y = 0}. Taking
the curl on both sides of the second equation of (1.3), one can get d;(V x V) = €A(V x ¥). This
indicates that to preserve the intrinsic curl-free condition (1.5), we ought to impose V x vy =0
along with the condition V x V|yq = (dyva — dyv1)|yq = 0 for € > 0. Therefore the boundary
conditions of components v and v, are dependent and the Dirichlet boundary conditions (for u
and vy) of (1.3) with € > 0 are prescribed as:

{M\y—ozﬂ(w), (VX ¥)|y—0 =0, va|y—0 = ¥(x,t) if€ >0,

1.7
u‘y:() = I/_t(X,t) ife= O, ( )
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where #(x,7) and v(x,7) are functions of x and ¢ and the component v; subjects to the Neumann
boundary condition dyvi|,—o = IV (x,1).

We shall study the stability of boundary layers for system (1.3) with (1.7) in the present paper.
By the boundary layer theory [56, 61], we anticipate that the solution (x%,v¥¢) of (1.3) with (1.7)
with small € > 0 consists of two parts: inner (boundary) layer profile and outer layer profile
(the solution profile with € = 0). Note that the thickness of boundary layers in one dimension
has been formally justified as O(g!/2) in appendix of [24], which also holds for (1.3), (1.7) in
two dimensions. Furthermore the inner boundary layer for u-component will be absent since
the boundary conditions for u between € > 0 and € = 0 are consistent. By («¢,%¢) and (u°,v°)
we denote the solution of (1.3) with (1.7) with respect to € > 0 and € = 0, respectively. Then
(uf,v¥®) is expected to have the following structure:

u (x,y,1) = u(x,3,0) + O(e'?),
P () = Py ) + (0 (2.0, B0 (v, T20) ) + 0(e12),

Ve Ve

where the outer layer profile (u°,7%) = (u°,19,19) is the solution of (1.3) and (1.7) with € =0,
and (v?’o, vg ’O) denotes the inner layer profile which rapidly adjust from a value away from the
boundary layer to another value on the boundary. If (1.8) holds, we say the boundary layer
solution (v&,V¥) is stable with respect to €.

Due to various similarities between the second equation of (1.3) and the INS equations, jus-
tifying (1.8) seems to be a great challenge at first glance due to the possible presence of de-
generate Prandtl type equation (as INS equations do) whose well-posedness with general initial
data in Sobolev space still remains as a grand open question in spite of numerous attempts (cf.
[15, 23, 59, 60, 68, 69]). However, thanks to the special structure of (1.3), the nonlinear trouble
convection term €V||? in (1.3) vanishes as € — 0 and the resulting limit equation v, + Vu = 0
is fundamentally different from the Euler equation - limit equation of INS. Indeed a formal as-
ymptotic analysis will show that the boundary layer equations are not of Prandtl’s type in two
dimensions (see details in section 2). This key observation promises us a possibility to justi-
fying (1.8), although we foresee that the appearance of € in front of the nonlinear advection
term V|| will brings us considerable obstacles when deriving the uniform-in-& estimates for
(uf,vE).

We conclude this section by briefly recalling other abundant results obtained for the trans-
formed KS system (1.3) from various angles and hence for the original KS system (1.1) via
transformation (1.2). In one dimension, the large time behavior of solutions was investigated
when Q = R in [19, 35] with € = 0 and in [47, 54] with € > 0. When Q = (0, 1),the global
existence and asymptotics of solutions under Neumann-Dirichlet boundary conditions for € =0
were obtained in [39, 72], and later was extended to the case € > 0 in [62, 67]. For the Dirichlet
boundary conditions, the global dynamics of solutions was exploited in [37]. Furthermore the
existence and stability of traveling wave solutions were studied in [2, 27, 38, 40-43]. To the
best of our knowledge, the known well-posedness results in multi-dimension are merely con-
fined to local large and global small solutions, see [7, 20, 34, 53, 66] for Q = R4 (d > 2) and
[39] for Q C R? (d > 2) bounded. Recently the well-posedness of the transformed KS system
(1.3) with fractional diffusion has been studied in [16, 17] for € = 0 where the gradient term Vu
was replaced by a more general term V' (1 < r < 2) in the second equation of (1.3).

The rest of this paper is organized as follows. In section 2, we first present the outer and
inner layer profiles and then state our main results on the stability of boundary layer solutions
of the transformed system (1.3) as well as the original KS system (1.1). In section 3, we present
and prove some necessary regularity results on the outer and inner layer profiles required to
prove our main results. Then in section 4, we reformulate our problem and prove the main

(1.8)
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results. Finally in section 5 (Appendix), we outline the proofs for the outer/inner layer profiles
announced in section 2.

2. NOTATION AND MAIN RESULTS

Notations.

e Without loss of generality, we assume 0 < € < 1 since we are concerned with the dif-
fusion limit as € — 0. We denote by C and Cj generic constants that may change from
one line to another with C independent of € but depending on 7', and Cy independent of
botheand T.

e N, represents the set of positive integers and N = N U {0}. For z € (0,00), we denote
(z)=VvZ+1L

e With 1 < p < o, we use Lfy and Lf, to denote the Lebesgue space LP(R x R, ) with
respect to (x,y) and (x,z), respectively, with corresponding norms || - || 1z, and [Nl

e Similarly, HY, and HY, for k € N represent the Sobolev space W**(R x R ) with respect
to (x,y) and (x,z) respectively, with corresponding norms || - | at, and Il wt - Without

confusion, we still use Hk and Lf) to denote the two- dimensional vector spaces (H)fy)2
and (L{y)>.
e For k,m € N, we introduce the anisotropic Sobolev space

Bt = { ) e CERxR)| T [0bobs g <o)
0<l1<k,0<b<m
with norm [| - {| ggm. Similarly H)’C‘H;’ will be used if the dependent variable of f is
(x,y) e RxR,.
e For simplicity, we use || - HL?X (1 < g < o) todenote || - || z4([o,7),x) for Banach space X.

2.1. Equations for inner and outer layer profiles. This subsection is devoted to deriving the
equations for outer and inner layer profiles by applying formal asymptotic analysis to solutions
(u®,v®) of (1.3) with (1.7) with small € > 0. Hence based on the WKB theory (see e.g. [24],
[22, Chapter 4], [18, 58]), the solution (u*,V¢) has the following asymptotic expansions with
respect to € in Q for j € N:

€(x,y,1) ZSJ/Z (" (x,y,8) + P (x,2,1)) ,

(2.1)
VE(x,y,1) = Z /2 (v (e, y,1) + 75 (x,2,1))
j=0
where the boundary layer coordinate is defined as:
y
<= M7 ye (0700) (22)

Each term in (2.1) is assumed to be smooth and the boundary-layer profiles (15/,75/) enjoy
the following basic hypothesis (see also [22, Chapter 4], [18], [58]):

(H) uP/ and ¥B/ decay to zero exponentially as z — oo,

In order to obtain the equations for outer and inner layer profiles in (2.1), the analysis will
be split into three steps. First the initial and boundary values follow from the substitution
of (2.1) into the third equality of (1.3) and (1.7). Then we deduce the equations for layer
profiles by inserting (2.1) into the first and second equations of (1.3) successively. Applying
these procedures and using the asymptotic matching method (details are given in appendix) we
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deduce that the leading-order outer layer profile (19, %9)(x, y,) satisfies the following initial-
boundary value problem:

(40— V- (@50 = Al (x,31) eRXRy % (0,T),
17,1’0 —vu'¥ =0,

(ul,()"—;h())(x’y,()) = (u(),\_/"()>(X,y),
\ u0(x,0,1) = ii(x,1).

(2.3)

Note that (2.3) is exactly the system (1.3), (1.7) with € = 0, whose solution is denoted as
(u®,%9)(x,y,t). Then we conclude that

thanks to the uniqueness of solutions. The leading-order inner layer profile u??(x, z,¢) satisfies
uBO(x,2,0)=0
and v?’o(x,z,t), the first component of ¥2:(x, z,1), solves
o0 =028 (x,z,) eRx Ry x (0,T),
vig?O(x’Z? O) — ()7 (2.5)
2.v20(x,0,1) =0,
which gives rise to
V20(x,2,1) =0, (2.6)
by the uniqueness of solutions. The second component of ¥39(x, z,1) fulfills

oy +a(e, vy’ =075, (x,z,1) ERxRy x (0,T),

Vl;O(X,Z,O) = 07 (27)

vg’o(x,O,t) = v(x,1) — vé’o(x,O,t)

and the first-order inner layer profile u®'(x,z,¢) is determined by vg Ox,2,1) via

ubl(x,z,1) = ﬁ(x,t)/ vg’o(x,rl,t)dn. (2.8)

Z
Moreover, the first-order outer layer profile (u/>!,%/"1)(x,y,) is the solution of
(' =V (@05 v @510 Ault (x,y,1) € Rx Ry x (0,7),
\ZI’I = Vu“,
(”/7] 7‘7171)()67)7’ 0) = (070)7
ull(x,0,1) = —ﬂ(x,t)/ v§70(x,z,t)dz.
0

2.9

\
For the first-order inner layer profile ¥5! (x,z,¢), its first component vlli1 (x,z,t) satisfies

o — 9Pt =92 (x,z,1) e RX Ry x (0,T),

vlf’l (x,z,0) =0, (2.10)

! (x,0,6) = dyi(x,1) — A} °(x,0,1)
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and its second component vg’l (x,z, t) solves
oy il )vy ! = a2 =205 (x,0,1) +15 )azv§’°+/ L(x,n,1)dn,
Z

vy (x,2,0) =0, (x,2) e Rx Ry, (2.11)
VB (x,0,0) = =5 (x,0,1).

The second-order inner layer profile u?2(x,z,¢) is given as

uB’Z(x,z,t):ﬁ(x,t)/ v2 Y, n,0)dn — //F t)dédn, (2.12)

where

F(x’ 5 t) ::(ul’l ()C, 0, t) + uBJ )azvlzio + ayuLO(X’ 0, t)Vg ’
20 2.13)

+ J.ub! (vé’o(x, 0,7)+ vlg’o) +20,u"0(x,0,1) v, .
Finally v?’z(x,z,t), the first component of ¥52(x, z,¢), solves the following problem:
8,v113’2 = —0, [21/2 (x,0 t)v2 +v§ ng 0] + duB? + afvllg’2,
vf"z(x,z,O) =0, (x,z) e Rx R4, (2.14)
02 (x,0,1) = =i (x,0,1).

The derivation of (2.3)-(2.14) will be detailed in Appendix and their well-posedness will be
gradually discussed in section 3. One can go further to deduce the initial boundary value prob-
lems for higher order layer profiles (u//,v/:J), (uB+1 V37T W87y with j > 2, but they are not

needed to conclude our results.

2.2. Main results. It is well-known that the appropriate compatibility conditions for initial
and boundary data are necessary to obtain the boundary layer solution and prove its stability
(cf. [12, 24, 60]). Following the convention of [31], by “the compatibility conditions up to
order m (m € N) for problem (1.3), (1.7) with € = 0”, we mean that 9}u|,—o = d}ii(x,0) on the
boundary dQ = {(x,y) € R?| y =0} for 0 < k < m, where d}ul,—¢ are determined by u, Vo, it, ¥
and their time derivatives through the equations in (1.3). Specifically in our present work we
shall need the following compatibility conditions:

( i(x,0) =up(x,0),
0,i(x,0) =[V - (uoVp) + Aug)(x,0),
92ii(x,0) =V - [9yii(x,0)¥o(x,0)] + V - [ug Vo] + Adii(x,0),
(A 93a(x.0) =V [92a(x,0)70 (x,0)] + 2V - [i(x,0) Vito] + V - g Vi (x, )] + ADZ1(x. 0),
I*i(x,0) =V - [93i(x,0)70(x, 0)] + 3V - [92a(x,0)Vug (x, 0)]
\ +3V - [9,ii(x,0)Vdsia(x,0)] + V - [ugVd?i(x,0)¥)
and
([ ¥(x,0) =vpa(x,0),
“2) 9,v(x,0) =dyup(x,0),
99 (x,0) =0y[V - (uo¥o) 4 Aug) (x,0),
[ 977(x,0) =0y [V - (V- (uoVo) + Aug)¥o] (x,0) + V - (uo¥o) (x,0) + A[V - (ug¥o) + Aug] (x,0),

where (A1) stands for the compatibility condition for problem (1.3), (1.7) with € = 0 up to order
4 and (A2) for problem (2.7) up to order 3. They can be derived from (2.3) and (2.7). Similarly
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the compatibility conditions for other initial-boundary problems mentioned in the sequel are
defined in the same way (cf. [31, page 319]).

To prove our result, we need the following regularity on solutions of (1.3), (1.7) with € = 0.
Proposition 2.1. Assume that the initial and boundary data satisfy

ug, Vo € Hy, ug >0,V xip=0; 9}, 9y €L}, ([0,00):H;* ) with0<k<5

and (A1) hold. Then there exists a time Ty with 0 < Ty < oo such that the problem (1.3), (1.7)
with € = 0 has a unique solution (u°,v%)(x,y,t) on [0, To) satisfying V x v°(x,y,t) = 0 and

oful € ([0, Tol: Hy ™), k=0,1,2,3,4,5;
7’ € LX([0,Tol:Hy ™), k=1.2,3,4.5;
v € L=([0,To]; Hy,)-

The proof of Proposition 2.1 is standard and hence omitted for brevity. The interested reader
may be referred to [36, Theorem 1.1] where the local well-posedness of (1.3) with Q = R?
(d > 2) is proved.

Remark 2.1. Proposition 2.1 only gives the local existence of large solutions to the problem
(1.3), (1.7) with € = 0. In the sequel, we shall denote the maximal lifespan of solutions to (1.3),
(1.7) with € = 0 by Tiax(0 < Thmax < o) without further clarification. The global existence
of large solutions to the problem (1.3), (1.7) with € > O still remains open to date. However
if some smallness conditions are imposed on the initial data (ug, V), the global existence of
solutions can be obtained (cf. [57]). Furthermore the regularity of initial data can be reduced
if we only seek the existence of solutions without exploring convergence of boundary layers
which requires higher regularity on solutions.

We are now in a position to state our main result. For brevity, instead of proving (1.8), we
shall prove a similar result with convergence rate for v by & (81/ 4), and remark that (1.8) can be
obtained similarly by imposing a higher regularity on the initial and boundary data.

Theorem 2.1. Suppose that the initial and boundary data satisfy

up, Vo € Hy, ug >0,V xip=0; 9}, 0[5 €L}, ([0,00):H;° ) with0<k<5

and the compatibility condition (A1) — (A2). Let (u°,v°)(x,y,t) be the solution derived in

Proposition 2.1 and let 0 < T < Thyax. Then there exists a constant €r > 0 decreasing in T

with Tlim er = 0 (defined in Lemma 4.3) such that for any € € (0, er|, the problem (1.3), (1.7)
—3o0

admits a unique solution (uf,v¢) € C([O,T];ny X ny) on [0,T] satisfying V x v&(x,y,t) =0
and

||u£(x,y,t) - M()(x?y?t)”Lw([QT];L;‘}) < C81/27

M 1/4

B B (2.15)
17 Ge.t) =7 Cet) = (05°) (e, 1) o1z < G,

where the constant C > 0 is independent of € and

((zfn)2

B.0 T =) [@(5—9(x,0,5)—2(x,0,5))]dnds. (2.16)

Vo

(x,z,t)::/ot/i\/ﬁe—

Remark 2.2. The convergence rate for ¥ in (2.15) can be enhanced to ¢(¢'/?) by first including
the higher-order profiles (u/:2,%2), (83 v v5?) in the approximation (U%, V) (see Section
4), and then applying the similar procedures as proving (2.15) based on a stronger assumption

on initial-boundary data: u°,7* € H'!, oka, 9}v € L2 ([0,00]; HI>~2K).
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Remark 2.3. The regularity of (u®,v?) in Theorem 2.1 is much lower than that of the given
initial data (ug,Vp) € H)?y, since the conditions (A1)-(A2) only provide the zero-th order com-
patibility condition for problem (1.3), (1.7) with € > 0 (i.e. (x,0) = up(x,0) and v(x,0) =
vo2(x,0)). By assuming further that the initial-boundary data satisfy the compatibility condi-
tions of (1.3), (1.7) (with € > 0) up to order 4, the regularity space of (u,v¢) can be improved
to C([0,T]; H. )?y x H )?y). However the regularity derived in Theorem 2.1 is sufficient to derive our

main result (2.15).

Finally we transfer the results obtained in Theorem 2.1 to the original KS chemotaxis system
(1.1). Note that the boundary condition in (1.7) for Vis equivalent to [Vc -7+ ¥(x,t)c]|y—o = 0 by
a simple calculation, where 7 denotes the unit outward normal vector of dQ = {(x,y) € R?|y =
0}, namely 7#i = (0, —1). Then the corresponding initial-boundary value problem of the original
chemotaxis model (1.1) reads as

( ut:V'(Vu—X%VC), (X,y,l)ERXR+X(O,T),
¢ = EAc — uc,

(u,€)(x,3,0) = (uo,co)(x,y), (2.17)
uly—o = i(x,t), [Ve-i+9(x,t)clly—0 =0 if e >0,
L uly—o = u(x,t) ife=0.

By Theorem 2.1, we get the following results for the problem (2.17).

Theorem 2.2. Suppose (ug,Incg) € H)?y X HxlyO with ug > 0, co > 0. Let the assumptions in The-
orem 2.1 hold with Vo = —VC—(C)O. Then (2.17) admits a unique solution (uf,c?) € C(|0, T];ny X
Hgy) for e € (0,er] and (u®,c%) € C([0, T];H)?y X H)gyo)for € = 0 such that

Hue(xayvt) - uo(xvyat)HL""([O,T];L;;,) < C81/27

(2.18)
e (e.y.) — ey 0)ll=(oriag) < Ce'*

and

che(x7y7t) - VC()(xvyat) + (Oa Co(x7y7t)v12970 (x7 %J)) ||Lm([O,T];L;‘;,) < C81/47 (2.19)

where vf’o is defined in (2.16) and the constant C > 0 is independent of €.

The results of Theorem 2.2 show that the boundary layers will be present in the slope (de-
rivative) of solution component ¢ (i.e. Vc¢) instead of the value of c itself. The first equation of
(2.17) indicates that the presence of boundary layer in V¢ will cause a rapid change in chemo-
tactic flux near the boundary for small € > 0. This means that chemical diffusion rate € plays
an important role for the dynamics in the vicinity of boundary and can not be neglected, which
elucidates the question whether the dynamics of (1.1) is significantly different between € = 0
and € > 0 small.

3. REGULARITY OF OUTER AND INNER LAYER PROFILES

To assert the well-posedness of solutions of (2.7)-(2.14), we first exploit some preliminary
results. In particular, to solve (2.7) and (2.11) we introduce the following auxiliary system

el(xvz7t) +IZ(X,I>9(X,Z,Z‘) = azze(xazvt)+p(xazvt)7 (X7Z7t) e Rx R+ X R+7
0(x,2,0) =0, 3.1)
0,0 =0.

Then the following regularity result on solutions of (3.1) holds.
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Proposition 3.1. Let 0 < T < oo and m € N. Suppose p satisfies for all | € N that
()'dfp e L*([0,T);HZ"L2), k=0,1,---,m
and ii(x,t) satisfies
okia e L2([0,T];H>" 1720 k=0,1,---,m.

Assume further that p and i satisfy the compatibility conditions up to order (m — 1) for the
problem (3.1). Then (3.1) admits a unique solution 6(x,z,t) on [0,T] such that for any | € N

(2)/9f6 € L=([0, T|; H" 2 H) N L*([0, T} HY" " H2), k=0,1,---,m.
We omit the proof of Proposition 3.1 since it is standard and refer the reader to [9, page
380-388] for details. To study (2.9) we consider the following initial-boundary problem
ht:Ah+V(ﬁh)+V(f2w)+fa <X7y7t)€RX]R+XR+7
\/_V't - Vh + g,
(ha W)) (x7y7 0) = (h()a "T}O) (an)»
hly—o =0,

(3.2)

whose well-posedness is as follows.

Proposition 3.2. Let 0 < T < o0 and m € N. Suppose that (hy,wg) € H%ym_l X H)%y’"_l and
off € ([0, T, HY72%),  9fg e L*([0,T;HY ' 72%) for k=0,1,--- ,m—1;
offi e L™([0, T HY ), of o e L*([0,T): Hy' ) for k=0,1,--+,m—1.

Assume further that (hg,wo) and f, g, fl, > satisfy the compatibility conditions up to order
(m — 1) for problem (3.2). Then (3.2) admits a unique solution (h,w)(x,y,t) on [0,T] such that

dfh e Lz([O,T];ny’"*Zk) fork=0,1,--- ,m;
ofwe L*([0,T); Hoyt ' =2 fork=1,---,m;  weL=([0,T];HJ" ).
The proof of Proposition 3.2 is omitted for brevity and refer to [24, Proposition 3.1] for de-
tails.
Finally, for the regularity on solutions of (2.10) and (2.14), we introduce the following system
u’l(xvzvl) = azle(x?Zat) +7’<X,Z,t), (X,ZJ) €eRx R—O— X R-ﬁ-a
y(x,z,0) =0, 3.3)
o,y (x,0,1) = s(x,t).
For system (3.3), we have the following result.

Proposition 3.3. Let 0 < T < o and assume the integer m > 3. Assume r(x,z,t) fulfills for all
[ € N that

(@)'r, (@) r € (0. TEHYLT);  (2)'0fr € L([0, T HY L)
and s(x,t) satisfies
s, s € L2((0,TI:H): 07s € ([0, T HY2).

Assume further that r and s satisfy the compatibility conditions up to order 1 for the initial-
boundary problem (3.3). Then there exists a unique solution Y(x,z,t) of (3.3) on [0,T] such
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that for any [ € N:
&', (2)'ow, )y e L([0,T;H'L2)NL*([0,T]; H"H)); a4
(2)'d.0w, (2)'9}w € L™([0,T); HY' *L2)NL*([0, T]; HY 2H.). '

Proof. The existence and uniqueness for solution of system (3.3) directly follows from [31, page
170, Theorem 5.1] and we omit it for brevity. It remains to get the desired regularity estimates

(3.4) for solution y. With 0 < j <mand ! € N, we first apply 8,{ (j-th order differentiation) to

(3.3), then multiply the resulting equation with 2(z)%/d{ v in L)%Z and use integration by parts to
derive

d . .
2| (@) owliz, +2l() . wllf,

_ =7 22 j j ST \209j 0]

Al /0 /_ (@ 2(0.0{w)(0] y)dxdz+2 /0 /_ (9 (2ir) (3] y)dnds

+2 [ (200w(x,0,0)(0f w(x,0,0)dx (3.5)
1 . . .
S§||<Z>lf9¥9zllflligz+C0(12+1)||<Z>lf9){‘lf||igz+||<Z>la;{r||igz

+2 [ (@) (94w (x,0.1))dx

with
2 [ @ste) (@i 0.)dx <2 [ |adsten)| 0w, zr) uzdx

<Co [ _lads(en)l |0y pd

1 . 1 . .
<3120, + 5 1@ wliZ, +Colagsl,

where the Sobolev embedding inequality has been used. Summing (3.5) from j=0to j=m
and applying Gronwall’s inequality, one deduces that

1@ W1z + 11 @) Dz < C. (3.6)

As stated in notations, the Cy and C are generic constants that may change from one line to
another throughout this paper. We proceed to derive higher regularity estimates for y. Similar
to the above procedure in deriving (3.5), we apply 8xj to (3.3) and multiply the resulting equation
with 2(z)?9{d;y in L2, to have

d. ) .
EII(Z)@,ZGZIIIHE;Q+2||(Z>19){9tll/||i%2

L@ aiawlE, +Co(i? Do,y i 37
<Nt + P+ DI Ol @O, 6D

+2 [ (@is(x.0)(0}aw(x.0.1))dx
with
o : 1 . 1 : .
2 [ @s(e) (40w (x,0,0)dx <512 102wl + 3 12)' 92wl +Collis .

On the other hand, by setting # = 0 in the first equation of (3.3) and noting that 8Z2 y(x,z,0)=0
thanks to the initial condition y(x,z,0) = 0 in (3.3) we derive d,y(x,z,0) = r(x,z,0). Then
applying d; to (3.3) one finds that d; ¥ solves a similar system as (3.3) with r(x,z,7), s(x,7) and
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the initial condition replaced by d,r(x,z,t), d;s(x,t) and d,y(x,z,0) = r(x,z,0), respectively.
Thus it follows from (3.5) that

d . .

E||<Z>la){8t‘l’”z2€z+2||<Z>la){azatW||1%§z

<[(2)! 9.0 |7, +Co(P®+ D)(2)' 0l aylT2 + () 0fahr|72 +Coll oL ausll-
We add (3.8) to (3.7) and then sum the results from j =0 to j = m to get

(3.8)

d
1) 2 2 + 16 B By2) + 1 W gz + 1121 2.0,
<Colll(2)' w2z + 162 AW 22) + Colll () Pl 1) Az + sl + 13 B

which along with Gronwall’s inequality leads to
162 0w Ze gz + 1) O W | Fopgrz + 142) O Wl 2 a2 + 1) 00w 72 g2 <€ B9)
By an analogous argument as deriving (3.9) one can deduce for all / € N that
[ P [OLF 2 P
142 OV 3 22 + 1 @) 2.0PW 2 2y < C.

Combining (3.6), (3.9) and (3.10), we get the desired estimates and complete the proof. U

(3.10)

With the above results in hand, we establish the well-posedness of (2.7)-(2.14).

Lemma 3.1. Suppose the assumptions in Theorem 2.1 hold. Let (u®,v°)(x,y,t) be the solution
obtained in Proposition 2.1 and 0 < T < Tyax. Then

(=) ;
V2 (x,2,1) // (4“25)+(l_s)u)[ﬁ(ﬁ—vg(x,(),s)—asvg(x,O,s))]dnds (3.11)

t - S
is the unique solution of (2.7) on [0,T| satisfying for all | € N that
@R e L=([0,T); HE*H Y N L2 ([0, T); HS%H?), k=0,1,2,3,4. (3.12)
Furthermore, it follows from the equations (2.7) and (2.8) that
@ e L=([0,T;HOHD),  (2)'ow5? e L=([0,T]; HEHD) (3.13)
and that
(@) ofult € L=([0,T); HS*H2) N L2([0,T); HS2*H?), k=0,1,2,3,4.

Proof. Observing that for fixed x € R, (2.7) can be converted to the one dimensional heat e-
quation with independent variables (z,z) € (0,T) x R4, which has been explicitly solved by a
formula similar to (3.11) using the reflection method with odd extension in [24, Lemma 3.2].
Thus we omit the derivation of (3.11) for brevity and refer the reader to [24, Lemma 3.2] for
details. We proceed to prove (3.12). Let ¢(z) be a smooth function defined on [0, ) satisfying

e0)=1,  @(z)=0 for z> 1. (3.14)
B,0

BO(x,2,1) = vy" (x,2,1) — (9(x,1) =3 (x,0,7)) @(z). Then one deduces from (2.7) and

Denote v,
(2.4) that

o+ aa(x,1)o5 " = 255+ p(x,2,1),  (x,2,1) € R xRy x (0,T),
~B,0
v, (x,2,0) =0,

0 (3.15)
720(x,0,1) =0,
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where p(X,Z,t) = (ﬁ(x>t> o Vg(x70>f))az2(/’(z) o af(ﬁ(x>t> o Vg(x707f))¢(z) - l’_t(xvt) (\7()6,1‘) -
9(x,0,1)) @(z). The compatibility condition #(x,0) = vgo(x,0) in (A2) has been used to de-

termine the initial data of ‘712;70 in (3.15). We next prove that p satisfies the assumptions in

Proposition 3.1 with m = 4. First note that for f(x,y,t) € H)’C‘; ! with fixed # > 0 and k € N the
following holds

k b .
0.0 =Y, [ 10i(x.0.0 dx
=07
k b .
S WLl (3.16)
j=07=>

k  poo
<G Y, [ 104 (en) g < Coll Fin) g
=077 i
where the Sobolev embedding inequality has been used. Then it follows from Proposition 2.1
and (3.16) that
Ha,"vg(x,o,t)||L%me_2k < ||at’<ngL%H;},_zk <C, k=1,2,3,4,5 (3.17)
and that |[v9(x,0,7)|| L2h8 < [iEY1 128, < C. Hence from the above estimates we deduce for / € N
and k =0,1,2,3,4 that
[ 5k
[(z)" 9 p HL%Hﬁ—ZkL%
ks k !
< (1087l 3 2+ 18596, 0.0) 5 s 20) 1 2)' 2212

k+15 k+1.0 l
+ (107770 3 po-awen + 197 V2 (60,0011 5 r0-200)) 1€2) @22 (3.18)

k
> .0 k—j - I
+jzo<“af]v“L%Hf‘”+ 10/4806,0,0) 232198l o260 1 @) 2

<C,

where H&,k_j il o2 < C has been used thanks to the assumptions on i in Theorem 2.1.
Moreover, it is eaTlsy to verify that p and i satisfy the compatibility conditions up to order 3 for
the problem (3.15) under assumption (A2). We then apply Proposition 3.1 with m = 4 to (3.15)

to conclude that
() OfB0 e 12(j0,T); HE*H Yy nL2([0,T); HY *H?), k=0,1,2,3,4,
which along with the definition of \7129’0 and (3.17) gives rise to (3.12). The estimate for ub!

follows directly from (2.8), (3.12) and the assumptions on i@ in Theorem 2.1. It remains to
prove (3.13). Indeed, by (2.7) and (3.12) we deduce for all / € N that

1.BO _ 1.BO l5 B0
1{z)" vy HL‘;H,?HZ% < CO(H”HL°;H§H<Z> V2 HL";HgHg +(2) vy HL‘;H)?Hg) <C. (3.19)
A similar argument gives || (z)!9v5 || Lzr¢a < C. The proof is completed. O

Lemma 3.2. Suppose the assumptions in Theorem 2.1 hold. Let (u°,v°)(x,y,t) and vg’o (x,z,1)
be as obtained in Proposition 2.1 and Lemma 3.1, respectively. Then (2.9) admits a unique
solutions (ub'! v''1) (x,y,t) on [0, T such that

ofutt € L*([0,T]:Hy %), k=0,1,2,3,4;

(3.20)
oI € L2([0,T];He, ), k=1,2,3,4; ¥l e L7([0,T]; HY}).
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Proof. Let @ be as defined in (3.14). We denote @’! (x,y,t) = ul! (x,y,¢) + @(y)i(x,t) [ vg’o (x,z,t)dz.
Then it follows from (2.9) that

(il = V. FOF) £V (W05 + A + 7,

i =vil 13,

(@, 7"1)(x,5,0) = (0,0),

i (x,0,1) =0,

(3.21)

\

where g(x,y,1) = —V[@(y)i(x,1) [;°v5 (x,2,1)dz] and

P30 =00 [a(en) [ 5w znde] —alpates) [ z0d]

0
-V. [(p(y)ﬁ(x,t)\_fo(x,y,t) /Ooo vg’o(x,z,t)dz}.

To apply Proposition 3.2 with m = 4 to (3.21) we next verify that ¥°, u°, f and @ satisfy the
corresponding assumptions. By the Cauchy-Schwarz inequality and Lemma 3.1 we deduce for
j=0,1,2,3,4 that

o/vEl a7
o 2 8-2;
L3HS

Thus it follows for k =0, 1,2, 3 that

- 1/2 .
<([0t) 10 gy <c. 62

k+1 o
ket 1—j - i B0
||3rkf||L%Hg72k <Co ;)Har ]M||L%H)§—2<k+1—j)||/0 /vy dZ“L;HZ*ZfH‘PHHS
j:

k
k_ '+. — '—»
+Co Y 1957l s |97 g2
i+j=0 e

k o
k= - | BO
+COJ§)||<9: JM||L%H)§2<H)||/O 9/ v, dZHL;onfZJ‘H‘P||H§ <C.

" 97,80 ,
/0 at Vs dZHLOToHZ*%H(PHH;

Similarly, for k = 0,1,2,3, one gets ||8,k§||L2H772k <C.
Ty

It is easy to verify that f, g, u® and ¥ satisfy the compatibility conditions up to order 3 for
problem (3.21) under assumption (A1)-(A2). By the above estimates for g, f and Proposition
2.1, we apply Proposition 3.2 with m = 4 to (3.21) to conclude that

ot e L*([0,T);Hy, ™), k=0,1,2,3,4;
o5 e L2([0,T);HY %), k=1,2,3,4  and ¥"'eL™([0,T];H)),
which, along with the definition of i/ I and (3.22), leads to (3.20) and completes the proof. [

Lemma 3.3. Suppose the assumptions in Theorem 2.1 hold true. Let (u°,v°)(x,y,t) and u®' (x,z,1)
be as derived in Proposition 2.1 and Lemma 3.1, respectively. Then there exists a unique solu-

tion v?’l (x,z,1) of (2.10) on [0,T] such that for any | € N
(@ @' (@ e L7(0, T HIL) L2 (0, T Y L)
@) a.00% ()2 e L2(10, T HILY) N L2([0, T); H2H)).
Furthermore, it follows from (2.10) that
WP e 1[0, T, H2H?), (&)o' e L=([0, T); HIH?). (3.24)

(3.23)
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Proof. Let r(x,z,t) = P! (x,z,1) and s(x,t) = d,v(x,t) — ) (x,0,¢). We next verify that
r(x,z,t) and s(x,t) satisfy the assumptions in Proposition 3.3 with m = 5. In fact, for / € N one
deduces from Lemma 3.1 that

! ! 152
1Y rll 2 msrz + 1) Ol 2 sz + 1162) 0 7l 2 3 2
[, B]1 I 1 152 B,

<I() w2 sz + 12) Q™ 2 ey +11(2) O |2 gy < C.

Moreover, (3.16) and Proposition 2.1 entail that
2 — 0 _ 0
512215 + 195l 2 s 1078l 2y <Nl 28 + Villz ez 99 2 s + Vil 2.,
2 2.0
19V s +197vill 2, < €

It is easy to verify that the compatibility conditions up to order 1 for problem (2.10) are fulfilled
by r and s under assumption (A1)-(A2). By the above estimates on r(x,z,¢) and s(x,?), we can

apply Proposition 3.3 to (2.10) and derive (3.23). Moreover, (3.24) follows from (2.10) and
(3.23) by a similar argument as deriving (3.19). The proof is completed. U

Lemma 3.4. Suppose the assumptions in Theorem 2.1 hold. Let (u®,v°) (x,y,1), (v B0 uB1Y(x,z,1)
and (u"',¥''1) (x,y,t) be as derived in Proposition 2.1, Lemma 3.1 and Lemma 3. 2 respectively.
Then (2.11) admits a unique solution vg’l (x,z,1) on [0, T] satisfying for all | € N that

fvE e ([0, T); HE )Y N L2([0,T); HS " H?), k=0,1,2,3. (3.25)
Moreover; it follows from (2.11) and (2.12) that
WS e 1[0, T HEHD),  ()lapd! e L=([0,T); H2HY) (3.26)
and that
() oful? € L=([0,T]; HE 2 H2) N L2([0,T); HS % H?), k=0,1,2,3. (3.27)

Proof. Let @ be as defined in (3.14). Denote ﬁg’l (x,2,1) = vg’l (x,z,1) + (p(z)vg’1 (x,0,¢). From
(2.11) one deduces that

751 (x,2,0) =0, (3.28)
)=0

where p(x,z,1) = b (x,0,0)@(2) +a(x,1)v5 " (x,0,0) 9 (z) — v (x,0,0)029(z) —2(W(x,0,1) +
Va0 ava0 4 [ T(x,n,t)dn with T(x,z,) defined in (2.13). For k = 0,1,2,3 and [ € N one
has

(@' afp =[(2)' 9(2)3 vy (v,0.0) + (2) @ () (. vy (x,0.1)) = 2)! ()} 5 (x,0,1)]
=20 FI04(x,0.0) +5 )25+ (@) [ O (o))
‘=R — Ry +R;s. )
We proceed to estimate Ry, R, and R3. First it follows from (3.16) and Lemma 3.2 that
Hatkvél('x’()’t)HL%H)?_zk < H@kVQ’IHL;ngﬂ <C, k=1,2,3,4 (3.29)

and that ||v£’1 (x,0,8)]| L2Hs < ||vé’1 I r2#7, < C. Thus by (3.29) and a similar argument as deriving
X Xy
(3.18) one gets ||R1|[,2 y6-2¢;, < C. Moreover, it follows from the Sobolev embedding inequality
X Z
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that

k
k—j~ B0
IRall -2z < D000 1A T005
i B,0
NEE:

k—j~ B0
2522 [(@)' 00y | o9 ) <€

-
LSH,

where we have used the following inequality

[ [
1 (e, z.0)g (2,0 || g1z <Co ) 10 fllzzz Y- 1948l 2,
& part
’ (3.30)

<COZH f 1l ZH 8l < Coll Nl gr2p gl e

for fixed + > 0. By (3.16), Proposition 2.1, Lemma 3.1 and a similar argument as estimating
”RQHL%H)?—%LQ one derives for all / € Nand k =0, 1,2,3 that

()" 29/ Tl 2 <cC. (3.31)

HE 22

On the other hand, the Cauchy-Schwarz inequality entails for fixed 7 € [0, T] that
oo oo 2
IRalg s < [ (@) [ 10MT () g )z
Z
oo o 2
< [ @2z ([ 1m 9T yga )

< [ @z ) 2an- [ 20T s

<Coll(@) 2T 2

which, along with (3.31) gives rise to ||R3]| ;2 y6-2,2 < C. Then collecting the above estimates
X Z

for Ry, R, and R3 we deduce for all / € N and k = 0,1,2,3 that ||(z)'0fp|| ;2 y6 2,2 < C. Tt is
T°X 4

easy to verify that p and i fulfill the compatibility conditions up to order 2 for problem (3.28)
under assumption (A1)-(A2). Then we apply Proposition 3.1 with m = 3 to (3.28) to conclude
that

() of ! € L=([0, ) HY *H)) NL*((0, T HY *H?),  k=0,1,2,3,
which, in conjunction with the definition of \7129 ! and (3.29), implies (3.25). Then (3.27) follows
directly from (2.12), (3.25) and (3.31). Finally, by a similar argument used in deriving (3.19),
one deduces (3.26) from (3.25), (2.11) and (3.31). The proof is finished. ]

Lemma 3.5. Suppose the assumptions in Theorem 2.1 hold. Let v0(x, y,t), vg O(x,z2,1), ¥ (x,y,1)
and uB72(x,z,t) be as derived in Proposition 2.1, Lemma 3.1, Lemma 3.2 and Lemma 3.4 re-
spectively. Then (2.14) admits a lmique solution v?’z(x,z,t) on [0,T] such that for any | € N,

(@2, ()07, (2 >latv“ L=((0,T); H;L2) N L*(0, T; HJH);
()!3,00%%, (2) 82 L>([0,T; HIL2) N L ([0, T); HLH, ).
Moreover, it follows from (2.14) that
B2 e 1=(j0, T H2H?),  (2)!'ap®? e L=([0,T); HZ). (3.33)

(3.32)
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Proof. Let r(x,z,t) = —,[2v9(x,0 t) +v§ OVB O 4 0uB? and s(x,1) = —8yvi’1(x,0,t). To
apply Proposition 3.3 to (2.14) we shall prove that r and s satisfy the assumptions of Proposition
3.3 with m = 3. First, it is easy to verify that r and s fulfill the compatibility conditions up to
order 1 for problem (2.14) under assumption (A1)-(A2). Moreover, for any / € N we deduce
from (3.17) and (3.30) that
B0
||<Z>latr||L2TH,§L§ SCO(”VgHL%H;yH( 2)! atV ||L°°H4L2 + ||‘9tV2||L2Hs I(z)! V2 ||L°T°H;}L§
B0 2
12z msmz |z 2oy HL2H4L2+H< ) ou® 2 a22) < C.

Similarly, one derives || (z)'7|| et 1(z) 9P| iz < €. On the other hand, it follows from
(3.16) and Lemma 3.2 that ) ”

2 2.1
5122 223 +19sll 2.3 + 11978l 2 gy < vy ||L2H5 +[ovy ||L2Hs +97vy ||L2H3 =C

Combining the above estimates for r(x, z,7) and s(x,#) we then apply Proposition 3.3 with m =3
to (2.14) and derive (3.32). By a similar argument as deriving (3.19), we get (3.33) from (2.14)
and (3.32). The proof is completed. U

4. PROOF OF MAIN RESULTS

To show the convergence results in (2.15), we first approximate solutions (u®,v¢) of (1.3),
(1.7) with € > 0 by a superposition of outer and inner layer profiles derived in the previous sec-
tion, and then estimate the remainders by the delicate energy method and bootstrap argument.
In particular the approximation (U¢,V)(x,y,t) is defined as follows:

U (ey.t) = (e yit) + 2l (e yn) €2 (xS )

NG
+ guB,Z <X, %J) - S(P(y)MB"Z()C,O,I),

V() =) + (005 (v Teor) ) 423 (i)

et (o 2 ) e (182(s ). 0)

and the remainder (U%,V¢)(x,y,1) is as follows
U (eyt) =& P U ope),  Vo(y) = e P =V (@),
where @ is defined in (3.14) and £¢(y)u??(x,0,1), evi " ( X, 7,

used to homogenize the boundary values of U¢ and VE. The initial-boundary problem for the
remainder follows directly from (1.3), (1.7) and initial and boundary conditions in (2.5)-(2.14),
and reads as

) in the definition of U¢, V4 are

Ut :81/2v_(US‘7£>+V_(USVa)+V_(VEUa)+AU8+871/2f£’
Ve = _ 32V (|VE2) — 2eV(VE - V) + VUE + eAVE &1/,
(U*,V®)(x,5,0) = (0,0),

(U%,V5)(x,0,) = (0,0), d,V{(x,0,¢) =0,

4.1

where

fE=AU+V - (UVY)—U*, 3¢=eAV*+VU*—eV([V*?) -V (4.2)



18 QIANQIAN HOU AND ZHIAN WANG

4.1. Regularity estimates on U¢ and V€. This subsection is to prove the well-posedness of
(4.1) in space C([0,T]; HZ, x H3,). In particular, we derive the following result.

Proposition 4.1. Suppose that the assumptions in Theorem 2.1 hold and that 0 < T < Tax with

Thax derived in Proposition 2.1. Then there is a positive constant €r decreasingly depending

on T with }irrb er = 0 (see Lemma 4.3) such that for any € € (0,€r]|, the problem (4.1) admits a
ﬁ

unique solution (U€,VE) € C([0, T];ny X ny) on [0, T] satisfying
€2 V€12 €2 /€12 1/2
HU ||L;"°L)26y + HV HL?L%y + HVU HLDTQL%y +8||VV HL"T°L)20, <Ce / (4-3)

and

1/2 2 3/20117€112 5/2117€112
€ / HUSHU;H%,“‘S / HVSHL;H%V‘*’&‘ / HVEHL%H% SC? (4-4)

where the constant C > 0 is independent of €, depending on T.

We remark that the estimates (4.3) and (4.4) are crucial to prove our main result, Theorem
2.1. Before proceeding, we briefly introduce the additional difficulties encountered (compared
to the one-dimensional case) and main ideas used in proving Proposition 4.1. When estimating
the remainder (U¢,V¥) (cf. [24]), an L? uniform-in-g estimates of (uf,v¢) is used in the one
dimensional case (cf. [24, Lemma 2.1]), while system (1.3), (1.7) in multi-dimensions lacks
an energy-like structure to provide such L? uniform-in-£ estimates of £-independence. The
challenge in our analysis thus consists in deriving the estimates (4.3) and (4.4) for (U*® ,\78)
without any uniform-in-€ a priori estimates of solutions (u%,v¥). We shall achieve this by
regarding (uf,v€) as a small perturbation of (U%,V¢) and employing the bootstrap method by
choosing € small enough.

We next recall some basic facts for later use. For G (x,z,7) € HffH;" with k,m € N and fixed
t > 0, we have from the change of variables that

|7 (= 7

Similar arguments in deriving (3.16) entail that

1

= 47210 G (%, 2,) | - (4.5)

HEL?

k )
HQ@QWQSQZ/|W®@%%§ﬂ=%wmwﬂ@m, (4.6)
=0 o z x iz

provided Gy (x,z,t) € HXH! for fixed ¢ > 0. Furthermore, if G3(x,z,t) € H; H? one has
||G3(x707t)||L§° < C0||G3(X7Z7I)HL°° < C0||G3(X7Z7I)HH%Z7

Xz —

4.7)
10xG3(x,0,1) |z < CollG3(x,2,7) | 32

For Gy4(x,z,t) € H)%Z with fixed ¢ > 0, one deduces by the Sobolev embedding inequality that

y
Gy, %,;) iz = 16420z < CollGate 2.0l (4.8)

For hy(x,y,t) € H)}y with fixed # > 0, it follows from the Gagliardo-Nirenberg interpolation
inequality that

1/2 1/2
I lzg, < ol 22V l157 + N 22 (49)
and
1/2 1/2
Il < Collmnll 221V 157, (4.10)
provided further h; |y—o = 0. For hy(x,y,t) € ny one gets
1/2 1/2
I2llzs, < Colall 571972l 3 + all ) (4.11)
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and

1/2

1/2
[#2llzs, < Collhall 2V (4.12)

provided /5 |y—o = 0.

We shall prove Proposition 4.1 by the following Lemma 4.1- Lemma 4.4, where a priori esti-
mates on the solutions (U, V¥¢) is derived based on the L? regularity on external force f¢(x,y,?)
and g€(x,y,7). The assumption 0 < € < 1 and the results of Proposition 2.1, Lemma 3.1- Lemma
3.5 will be frequently used in the sequel without further clarification.

The estimates on f¢ and g€ are given as follows.

Lemma 4.1. Suppose that the assumptions in Theorem 2.1 hold. Let 0 < T < Tpax With Thax
derived in Proposition 2.1. Then there exists a constant C independent of €, such that

3/4. 3/4
||f8HL°T°L§y < ce ||atf8||L°T°L§y <ce’,

Proof. First it follows from the definition of U“, ve, 7%, (2.3) and (2.9) that

7€ :81/28)62uB,1+81/2ayzuB,1+ 82 B2 | 82 B2 . e(y )82 B’z(x,O,t)—suB’z(x,O,t)8y2go(y)
+a[_€¢( )uB’z(th)( 1/2 11+8l/2 Bl—I—é‘vl )}
2(x,0 t)(vz’ —|—v 0 l/zvé’l gl/? B’l)}
( 10+£1/2 11)( 1/2 Bl+8v1 )}+88 (u 1v111)
(81/2 uBl 4 ey )( ’—1—81/2\1” 1/2Bl+'91 )}
(10+81/2 11)( —{—81/2v§’1)]—|—88(1111)
( 1/2 Bl+8u )(v2’0+v§’0+81/2v£’]—I—Sl/zvg’l)}
20t — e0,u® +8(p(y)8,u3’2(x,0,t).

o[ —e
o]
o/
o]
o]
eVl

Moreover, from the transformation z = \/LE’ (5.8), (5.10) and (2.6) we deduce that

' 292uP =e71292uP = e~V 2ul0(x,0,1)0.v5 0 = —ul0(x,0,1)905°,
ed2uP? = — &' 2ul0(x,0,1) 05" — &'/2(ul! (x,0,0) + 1B )OS0 — By 0 (x,0,1)5°

81/28yu371 (vé’o (x,0,1) 4+ VI;’O) — y8yul’0(x, 0, t)8yv§’0,



20 QIANQIAN HOU AND ZHIAN WANG

which, substituted into the above expression for f¢ gives rise to

£ =€'2o0P + £02uP? — £9(y)92uP? (x,0,1) — £} @ (y)uP? (x
+ax[—8(p(y)u3’2(x,0,t) (Vl gl/zvll 1/2 B 1 +ert 2)
+ 5[~ 2@0)u 2 (x,0,0) (v +v5 0 +e! /2y el )
—|—ax[(u1’0—i—81/2u1’1—i—81/2 B,1+8u3,2)< 1/2 31+£V1 )]
+ax[(el/2u371+£u3’2)( el/2 11)} + €0, (u 1,1 ”)+88 (ullvél)

+ (ul’o(x,y,t) — ul’o(x,O,t) —yayul’o(x,O,t))8yvg’0

+ (8yul’o(x,y,t) —yu0(x,0 1))V, 5Oy 1/2( u0(x,y,8) —u(x,0 1)) 0, vg"l (4.13)
Fe 2l (v, 1) — ul 1 (x,0,0)) Os 0+ €2 (VE0 (w3, 1) — V0 (x,0,1) ) Dyl
+81/2[8u 0 Bl—f—au 1 BO-I-ay 1,0 B]}

+edy WV AP (5T H B2 (050 0 e P e )]
—e'29,uP" — £0,uP? + £ (y) P (x,0,1)

,0,1)

—
—_

= Ki7
1

1

where K; represents the entirety of the i-th line in the above expression. We first prove || f¢|| 12, <
Cced/4 by estimating each K; (1 <i < 10). Indeed, (4.5), (4.6), (4.7) and (4.8) lead to

1Kl r2,

<& 9|z [[u®(x,0 lzzee (|9yvy ||L°°L2 +loy ||L°°L2 +[ap5! 22, +oys ! lzz22,)
+8Hf9y¢HL;HMBQ(%OJ)HL;L;(Hvz lizzz + V5 llisis + V5 egrs, +11v5 iz

§C83/4||”B’2HL°T°H§Z(||V§’0|’L;°H§y+||V§’0||L°T°H32+Hvé’l||L°T°HX2y+HVg’lHL;H;Z)

<ce’l*,

where 0 < € < 1 has been used. Similar arguments further give the estimates for K>, K; and K
as follows:

3/4)|, B2 10 B,1 1,1 B2
1Kz r2, <ce’*||u® HL‘;?H)%Z(Hvl lzzrz AV zmz H IV zmz +Vy HL?H%Z)

§C83/4

and

5/4y,,B,2 B2 2
A u® (Ilu® B2l = aa)

3/4), Bl
1K (|2, <€ 4w zzm2r2+€

§C83 /4
and

3/4 : 4 4
HKHHL}“L_ZW <e’ Hat“B’IHL;LgZJrgs/ Hat”B’ZHL;"LgZJFCOEH(P(y)HL§Hat”B’ZHL";L)%Hg <celt,
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By the Sobolev embedding inequality and (4.5) we have

=10 1/2 =11
I1Ksllizzz, < (10" llzes, + &2,
+ (H‘—;LO

+ &l Vi Yigrg [ gz, + el g V"

1/2 1 2
513 (€ P2 u® ||L;°L§y+£||”37 lz52)

211=1,1 1/2
iz, + €2 |z ) (€12 9!

B2
L"T°L)20,+8Haxu ’ L"T"L)ZO,)

|L°;:L§y

=1,0 1/221,1 3/4)|, B, 5/4)|, B2
§C0(||v” ||L°T°H3y+8/ 7" ||L°T°Hgy> (8/ Juc® ||L°;H;Lg+8/ | ||L°T°H;L§)

—l—C()S”Ltl’l

Sl
|L°T°Hgy [V ||L;H;y
<cedt.

To bound Ky, K9 and K, we use (4.5), (4.8) and similar arguments as estimating K5 and derive
that

1Kallpzr2, §C083/4(||“I’0\|L;°H3y+||u1’1 L;HQV‘FHMB’IHU;HQH}HWB’Z LoH3H2)
X (HV?’IHL";H}L%""HV?ZHL"T"H}L%)
<Ced4
and
1Kol r2,
§C0€3/4(||M1’0HL°T°H3V 4% 22, + Jud"! 2z ||Vlzg’0||L°T°L§Z + ||‘7170||L°T°H%, ! ||L°;L§Z)
<&
and
1Ko0llzzr2,

§C083/4 [||u1’1

B,1 1,1 B,1 1
e V2 izrzm + (V) iz, + v ||L°;H§H3)||”B ||L°T°L)2€Hzl}
3/4(1).1,0 B,0 1,1 B,1 B2
+Coe?* (|Ivy lzgms + 12 zmzms + V2 e +[1v2 lzzr2ez ) 10 | 22m
<ced*,
We come to estimate K¢ by applying the change of variables y = gl/?
Theorem 2.1 and Lemma 3.1 to get
ul0(x,y,t) —ul¥(x,0,1) — ydyu! ¥ (x,0,1)
2
y

z, Taylor’s formula, (4.5),

B0
: Zzayv2

1Kl 2, =€

L7LY
<el|o}u iz 12005 sz,
<Coe** ||M]’0||L°T°H)g, I <Z>2az"lzg’0 ez,
<ce/*,
A similar argument as estimating K¢ leads to
1Kl 12, < Coe™* (1"l g 1205 llzpe 1l oy 12) 025 g2 ) < CE™*
and

400 B0 1,
1Ksllizrz, < Coe® (1 s (28 g+ 91

4
L 1@ 9™ || =12 ) < CE¥/.

Substituting the above estimates for K to K into (4.13) we conclude that || f¢|| 12, < ced/4,
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It remains to prove [0 /€ || =12 < Ce3/*. To this end, we first note that with Banach spaces
X,Y,Zif || fgllz < Collfllx|lglly holds for all f € X, g € ¥, then it follows that

19 (f&)llz < llorflxlglly + Il fllxIorglly (4.14)

provided d;f € X and d;g € Y. Thus from the estimates on K3, (4.14), Proposition 2.1 and
Lemma 3.1- Lemma 3.4, one deduces that

10K |22,
3/4), B2 1,0 B0 11 B
<ce’*|u® 2, (119:v5 zzm2 10y 2 1007z +1190v; lzzm2.)
3/4\13 . B2 1,0 B0 11 B,1
+Ce¥*| g 2z, (13 lzzrz V2 zmz V2 zmz +v2 lzzr2)

<ce’/?,

Similarly it follows from (4.14) and the above estimates on K, K> and Ky to K that
HafKi“L(}OL)%VSC83/47 i=1,2,4,5,--- 1L

Combing the above estimates for d,K; to d;K;; with (4.13) we end up with ||d, f¢|| L3I, < CcedH,
The proof is completed. V U

Lemma 4.2. Suppose the assumptions in Theorem 2.1 hold. Let 0 < T < Tax with Tpax 0b-
tained in Proposition 2.1. Then there exists a positive constant C independent of €, depending
on T such that

||§£’|L°T°L§y <Cg; ||at§’£”L;°L,%y <Ce.
Proof. By the definition of g¢ in (4.2) we write its first component g{ as follows:
gf =[ea) + AV + PV + 200V + 29017 + 0P — £9(3) I (x,0,1)]
— [2eV*- 9,V 4 et 72}
::Ml - M27

where the second equation of (2.3), (2.9) and the first equation of (2.10) have been used. We
proceed to estimate M| and M,. First (4.5) and (4.6) lead to

1,0 3/2)3 4y, B.1 9/4) B2
1My | 212, <Co(e|v" lzzmz +€ / HVI’IHL;°H%,+87/ Vi Nezmzee +€ M v; zzm202

B2 2
+&%/4|v] ||L°;L§Hg+€||”3 ”L‘}’H}Hg)
<Ce.

To bound M, we first estimate ||V¢|| L1z, by the Sobolev embedding inequality, (4.8) and 0 <
€ < 1 as follows

V 1.0 B.0 1/21=1.1
IV lzsrs, <Co(|I7" |L°T°H3y+HV2' HL"T°H3Z+8/ v HL(,TGH%
B’] B71 B,Z
+ V2V g + &2 e + €IV ) (4.15)
<C.

Similar arguments further yield
19V Nz 10Vl 22,0 11020V |2, < C. (4.16)
Thus by (4.15), (4.16) and (4.5) we obtain

- = B2
HMZHL"T"L?Q, < COg(HVaHL?L;’;HaxVaHL‘;L)%y + [ 9wy HL?L)%),) <Ce.
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Hence from the above estimates for M;, M, one derives |/g{]| =12, < Ce. By (4.14), the above
estimates for M, M, and (4.16), we further derive that ||d; g7 || 3, <Ce.lt remains to estimate
g5 and d,g5. Indeed from the definition of g€ in (4.2) it follows that

g5 = [SAvé’o + 83/2Av§’1 + Saxzvg’o + 83/28fv§’1 — 88y(p(y)u3’2(x, 0, t)]
+ 265 (x,0,0) =50 (e, 3,1)) o5 — 2895 0 (/2! + e/ 2B
—2e(? + &' e AP e ) (9 + 2o ' P + ea?)
— 28(\/30 + vg’o + 81/2‘};,1 + 81/2\/5’] )(ayvé’o + el/zava] + sl/zayvg’])
:=M3 + My — Ms — M,

where the second equation of (2.3), (2.9) and on = le = 0in (5.13) have been used. First, by
(4.5), (4.6) and 0 < € < 1 we get

=10 =11 B.0 B,1 B2
1M5]] 22 <COEIV ™| ooz, 1V pmz VYl pzmzz + 11 Nmzrz + 6™z r2m)
<Ce.
By an analogous argument as estimating K¢ in the proof of Lemma 4.1 and (4.8) one deduces
HM4HL°T°L§y

0

B,0 5/41. B,0 -1, B,
e 1@V "2 + Cog vy 2 (I1V ! zzm2 HIV2 izm2)
<cel,
We then use the Cauchy-Schwarz inequality, (4.5) and (4.8) to derive

21,0
HMSHL‘;L% <Coe(|[v"

=11 B,1 B2
zmz 1V zm + 1 lizmz + 1077 22
— 0 g 1 B71 B72
x (f|9yw" ||L°;L§‘,+||ayvl’ lzzz2, + 190y M2z + 119 Mlpzr2 )
<Ce.

Moreover, ||Mg|| =12, < Ce follows from a similar argument. Now collecting the above esti-
mates from M3 to Me, we conclude that [|g5[|=;2 < Cé. Finally, from (4.14) and the above
estimates from M3 to Mg, one deduces that ||d; g5 || L% 12, < Ce. The proof is completed. O

We next establish the L2 estimates for U€ and V.

Lemma 4.3. Suppose that the assumptions in Proposition 4.1 hold. Assume further that the
solution (U%,V¥)(x,y,t) of (4.1) on [0,T] satisfies
€12 €12
U ||LDTQL)2W+||V ||L(,TGL)2ry <1. 4.17)
Then there exists a positive constant € (defined in (4.26)) decreasing in T with Tlim er =0,

—>00

such that for any € € (0, er| the following holds true:

- 1
U 7are + 1VEII7sps < Coe'/? < 5 (4.18)
Moreover; there exists a constant C independent of € such that
HVU&”%%L}W+8||V‘7£||i2TL§y <ce'l?. (4.19)

Proof. First, it follows from a similar argument as deriving (4.15) that

Uz, < C, 10U |1, <C, 9V < C. (4.20)
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Thus we conclude from (4.20), (4.15), Lemma 4.1 and Lemma 4.2 that there exists a constant
C3 independent of €, depending on 7T satisfying:

2 a2 2 €12 3/2
10N a + 1V Egag, < C3o If s, + 18N < C3€¥2 @2D)

We proceed by taking the L)%y inner products of the first and second equations of (4.1) with 2U*
and 2V¢ respectively, then adding the results to obtain

%(HUEHi;ﬁ IVEIIZ2) +20VUE(I7 +2elVVE@) Iz,
=2/0°°/°° (—e'2UtVE . VUE 4 32|VE|>V - VE)dxdy
+2/0°°/°° (~UEV*-VU® —UVE-VU® +-2¢(V*-VE)V -VE)dxdy
w2 [ [ @ Ut U Ve e g Ty
—hthth.
The estimate for /; follows from (4.9), (4.10) and the Cauchy-Schwarz inequality:
1 <26 2| US || 11V2 113 [IVU® 12, +26>2[VEIZ 19V 2
<Coe' U5 VU2 VSS9V El s+ 174 )
+Coe (Ve N2 Ve, + IVEIZ IV,
S%HVUSHi;y +%8HV‘7€Higy+Co(ezHUsHi;yIWSHi%y +)[VEI, (4.22)
+Co(e2|U° 175, VeI, + €2 1VE Il +e2IVEI7)IVVEIE,
<SIVUCIR + el VP2, + 2G04l
+Co(e?|U° 7 IVEIIZ, + & 21VE iz, + €2 IVEIE IV eIz,

where in the last inequality we have used the estimates (&%||U 8||%2 ||\78||i
Xy

to (4.17) and the assumption € € (0,1). Noting that (4.17) and € € (0,1) further lead to

Co(s2||U‘5||i2 ||\7£||i2 + &32||VE|| 2 —i-.5‘2||‘7)‘9||i2 ) < 3Coe3/2. Hence by choosing & small e-
Xy Xy xy y

nough such that

, + &) < 2 thanks
Xy

e < (12C) 72, (4.23)
one derives 3Cpe3/? < 1e and deduces Co(82||U8Hi2 ||‘78||%2 —|—.€3/2||‘78||Lzy +82H\78||22 ) < €.
xy xy * xy
which substituted into (4.22) gives rise to

1 1 - _
I < SIVURIE, + el VPRI, +260|7° 2,

Moreover, by the Cauchy-Schwarz inequality and (4.21), we deduce that

1 1 - _ _ _ ~
b <5 VUS|, + eI VVeI2, + 8173 NU%I2, +8IU%3, 17912, +8ellPe 3 IVeI2,

1 1 -
<ZIVUCIZ, + 3l VP22, +8Cs(IU°II7, + 17212, ).
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It follows from the Cauchy-Schwarz inequality and (4.21) that
1 ~ Y - ol
B <G IVUC I3, + ol + 1717, )+ (LF<IT,, + 1815,
1 ~ —
<IVUCIE, +CollUe I+ VeI, ) + Cre' 2,

where the constant C is independent of € and #. Now collecting the above estimates for /- I,
one gets under the assumption (4.23) that

d 2 17€(12 2 17€(12
E(”USHL%, + HVSHL%,) + HVUSHL)ZW +8||VV8||L)2W

Y - (4.24)
<(2Co+Co+8C3)(IU° I, + 1Vl +Cae' /2,
which, along with Gronwall’s inequality yields
% ||%°T°L§y + |“7£||1%;°L§), < C3TeP0TCHEe)Tel/2, (4.25)
To fulfill the assumption (4.23) and to derive (4.18), we set
- -2
er = min{(lZCO)_z, <2C3Te<200+co+803>T> , 1}. (4.26)

Then for any € € (0, &7], the estimates (4.18) immediately follows from (4.25). Finally integrat-
ing (4.24) over [0, 7] and using (4.18), we obtain (4.19). The proof is completed. 0

The H? regularity estimate on U¢ and V¥ is given in the following lemma.

Lemma 4.4. Let the assumptions in Lemma 4.3 hold. Then there exists a constant C indepen-
dent of € such that

IVUENFepe +€lVVENTare + 10U
T™xy T =xy T =xy (4 27)
7€112 2 7€)12 1/2 ’
+H8IV8HLDT<,L%V—|—HV&,USHL%L;W—I—£HV8,V8HL%L)% <ce'/?.
Consequently, it follows from (4.1) that
1/2 2 3/21177€1(12 5/211y7€1(12
€U gy, + &NV gy, + 72 IVE 172 e <€ (4.28)

Proof. Taking the L)%y inner products of the first and second equation of (4.1) with 20;U¢ and
20,VE respectively and using integration by parts, one derives after adding the results

d - .
(VU +ellVVeI3, ) +21aU° Iz, +21a VeI,
:2/ / (—81/2U£‘78-VatUg+83/2|‘78|2V-8,\7£)dxdy
0 —o0
+2/ / (~UV*-VQ,U® —U"VE-VU® +2&(V*-VE)V - 3,V )dxdy
0 —oo
+2/0 / (e712fEQUE + VU - QVE 4 €712 . 3,V)dxdy
=+ 15+ 1.
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By (4.9), (4.10) and the Cauchy-Schwarz inequality we have
I <282 U° | 4 [IVE 13 [V U 2, + 2621V 4 VOV,
Xy xy X

1/2 1/2 1/2 1/2 12, 1o
<Coe Ul IV 52 AVEI S IV PN+ 1V VAU I,
+coe3/2<||v€||%||VV8||L;},+||v€\|L%V>\|vatv’~’||L;y
1 2 1 ve2 2 2 21157€ 12 7e2 214
<ZIVAUSi + 2 ellVaVel +ColIUSlI IVUSIL, +elVEIL IVVElL +€7lIVEls)-
Moreover, a similar argument as estimating /, and /3 yields:
1 2 1 ve2 2 ve2
Is < 7IVaU 12 +3ellVaVel +CUIUSIE +IVElz,)
and
1 ~ —
< Z||VU8||i%y+C0(||8tU8||i§y+ H&,V‘gﬂi%y) +Cie'/2.

We proceed by differentiating the first equation of (4.1) with respect to ¢, then multiplying the
resulting equation with 20,U¥¢ in L)%y and using integration by parts to derive

d
. aUE 2
AL

12, +2| VU, :—281/2/ / (QUEVE + U,V - Vo,Utdxdy
xy xy 0 —o0

) / ) / " (A UV + 3 (UVE)) - VAU dxdy
0 J_o

4oe 12 / / 2, fE QU dxdy
0 J-o
=l + 13+ Iy.
The estimate for /7 follows from (4.9), (4.10) and the Cauchy-Schwarz inequality

1 <Coe' IVaU e[ 10 (V27 I9VE,57 + 1V
+CoeVaU©nz HVUEHI/ZHUSII”Z(II@VEH1/2||V81V8H”2+ EARPY
sguvatveni% +§e||vazvg||i;y +Coe (IVEII7 IV Ve 7, + Vel 19017,
+Coe(lU° 13, IVUS I3, + 1U° N2 IVUF Il 1AV
By (4.15), (4.20) and the Cauchy-Schwarz inequality one derives
Iy < guvazvfui%y +CUIRUEIT, +19VE(175 ) +CUUEIT, + 1747, ).

The Cauchy-Schwarz inequality further leads to Iy < ||d,U® ||i2 +e 19, f¢ iz . We next differ-
Xy Xy

entiate the second equation of (4.1) with respect to ¢, then take the Lﬁy inner product of 20,VE
with the resulting equation and use integration by parts to have

d — — b ° — — —
—||(9tV€||i2 +28||Vatvg||12,2 :433/2/ / VE-QVE(V- 9, VE)dxdy
dt Xy Xy 0 J—oo
+2¢ / / O (VE-VI)(V-9,VE)dxdy
0 —o0

+ 2/ / (V&,Ug . 8[‘78 + 8_1/28t§£ . 8;‘78)dxdy
0 —o0
=ho+ 1+ 5.
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First, (4.9) and the Cauchy-Schwarz inequality entail that
cenl/2iooenl/2 | 1o cel)2 ceil)2 = =

ho <Coe® (Ve 52 IVVEI 52+ 17€ 2 ) 107 152V aVE 7 + 11071z 190V,

1 = = — — — —

<SEIVaVEIL + o IVEIL IVVEIl, + € IVE I IVVElz )0V,

+Co@ Ve, + 2272 )IIaTeIE,

Moreover, from (4.15) and (4.20) one gets
<l Va"ez 17€(|2 a"sz
I < 8£|| v ”L,%,"’CO(HV ||Lgy+|| iV ”L%y)'

Finally, it follows from the Cauchy-Schwarz inequality that I}, < §||Vo,U® H%%y +e10,g¢ Hi%y +

Co||8,178 HI%%' Collecting the above estimates for I4-Ij; we arrive at

SAVUS|2, +elVV¥IZ, +1aU°2 +127¢]%)
+1AUE |3, + 1977, +IVAU©IT, +el VAV,
< C(el[VElIZ3 IVVEIIZ, +1U° 2 [IVUSIZ, (4:29)
FIUEI, + VeI + 1) x (1002, + V¥, +1)
+Ce' e (1917, + 1917,

where 0 < € < 1 has been used. On the other hand, from (4.1), Lemma 4.1 and Lemma 4.2, we
have

1208 (3 02 =& £y 072 <& !Bz < CE

and similarly ||9,V¢(x,y,0) Hiz =& '|g¢(x,,0) Hiz < Ce. Thus we can apply Gronwall’s in-
xy Xy

equality and Lemma 4.1- Lemma 4.3 to (4.29) and derive (4.27). The estimate (4.28) follows
immediately from the system (4.1) and (4.27). Indeed, by the second equation of (4.1) and
(4.11) one deduces for fixed 7 € [0, T] that

V213, <Co(@IVVEI2, V21, + X VVE 2, 1793, + €2 V¥I35 9V 2,
U2, + 1872, +2 g2 )
<Co(& VT2, 1712, 17 g, +£2IVTE 2, 1712,
&2V g 7% g |V 2, + 1012 + 1978123, +&7 IE8I1E, )
<3V +Cole VP Ly 17512, + €271, 1Vl
+ V2, VTN, + U2, + 1872, +e 18012

Subtracting %82 H\78 from both sides of the above inequality, then using (4.27), (4.18), (4.15)

2

H2
12
and Lemma 4.2 one gets

€[V upp < Ce'/?, (430)
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2
LI,

ment in deriving (4.15). Moreover, one derives €||U*? “i‘}"ny +&3||ve “i%H;y < Ce'/? by a similar

where we have also used HVV/“H < Ce~!/2, which follows from (4.5) and a similar argu-

argument as deriving (4.30). The proof is completed. U

We come to prove Proposition 4.1 by the results of Lemma 4.3 and Lemma 4.4.

Proof of Proposition 4.1. First, by choosing € € (0, 7| and using Lemma 4.3, Lemma 4.4 we
deduce (4.3) and (4.4). Thus (U%,V¢) e C([0, T];ny X ny) The uniqueness can be proved by
the method used in [67], and we omit the details for brevity. ]

4.2. Proof of Theorem 2.1 and Theorem 2.2. We next prove Theorem 2.1 and Theorem 2.2
by the results of Proposition 4.1.

Proof of Theorem 2.1. First, by the fact that (U€,V¢) uniquely solves problem (4.1) one
deduces that (uf, 7€) with uf = £'/2U¢ +U?, 7€ = !/2V€ 4- V¥ is the unique solution of (1.3),
(1.7) with & € (0,€r]. Thus the regularity (u®,7¢) € C([0,T]; Hz, x Hz,) follows from the fact
that (U¢,VE), (U, V?) € C([O,T];ny X ny). We next prove the curl-free property of V¢ by
applying the operator “V x” to the second equation of (1.3) with € > 0 to find
(V X \78)[ - SA(V X \78),
(V x¥)(x,y,0) =0, 4.31)
V x \78‘),:() = 0,

where the assumption V x vy = 0 and the boundary conditions (1.7) have been used. Conse-

quently, the uniqueness on solution of (4.31) entails that V x ¥¢ = 0. Moreover, (2.16) follows
from Lemma 3.1. Then it remains to prove (2.15). By (4.11), (4.3) and (4.4) we get

. 5 - - 3001 1 _
IVElligag, < ColIV2VEl L IVENSr +VEpr2) < C(e78 -e5+e7) <Ce™/%. (4.32)

= L7L2, LyL2
Similarly, it follows that

1/2
LTL2,

1/2
L7L3,

U8 |z, < CollV2UR|| Lpn UFNI Ly, < Ce7'/BelB<c. (4.33)

Hence, the definition of V€, the Sobolev embedding inequality, (4.8) and (4.32) lead to

H\_;S(XJyJ) —Vo(x,yﬂf) - (Oa Vg’o) (x, %J) ||L°T°L;‘)’

1/2)1=1,1 1/2.B,1 1/2,,8,1
<Co(e' 17" llgmz, + €21l grz + €215 g (434)

B2
+€l|v;

/215
v+ €2 1VE 5z,
<cel/*,

Similarly, by (4.33) and the definition of U¢ we have

||M8(X,y,l) —Mo(x,y,t)HL?Lj&

1/2 1 1 2
<Coe"/?(|lu” ||L;°H%,+||”B’ ||L°T°H3Z+||”B’ HL";H}Z"’_HUSHL"T"L;,) (4.35)
<ce'’?,

The combination of (4.34) and (4.35) gives (2.15) and completes the proof. [
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Proof of Theorem 2.2. By (uf,v€) and (u°, %) we denote the solutions of problem (1.3), (1.7)
obtained in Theorem 2.1 and Proposition 2.1, respectively. Let

t
() = coley)exp{ [ [-eV -7 + el —u)(xy 1),
0
t
Sy = coley)exp { — [ ey m)dr}.
0

It is easy to verify that (u€,c®)(x,y,t) and (u°,c%)(x,y,t) solve (2.17) with € € (0,&7] and € =0,
respectively. Indeed under the curl-free property V x V¢ (x,y,t) = 0, one has that

(4.36)

AVE = V(V -¥8) =V x (V x ¥8) = V(V-¥9). (4.37)

By this, a direct computation on (4.36) leads to

V V
ye__Yw +/ — eV[¥e)? + Vutldt
= eAVE — eV[¥E > + Vifldr
v0+/0[ ¥ eV 4 Vi wss)
t
— T+ / 9.7 d
0
= e,
where the assumption vy = —VC—ZO in Theorem 2.2 and the second equation of (1.3) have been

used. Thus, (4.38) along with the first equation of (1.3) with € > 0 implies that (uf,c?) satisfies
the first equation of (2.17). Following a similar argument, one deduces that (u%,c?) solves
the second equation and the initial-boundary conditions of system (2.17) by using (4.37) and
the second equation of (1.3). Hence (uf,c€) solves (2.17) with &€ € (0, &r]. Similarly, (u°,c°)
solves (2.17) with € = 0. We further deduce that (u%,c?) € C(]0, T];ny X Hgy) and (u°,c0) €
C([O,T];ngy X H)}yo) by the regularity estimates of (uf,%¢) and (u°,%°) in Theorem 2.1 and
Proposition 2.1. The uniqueness follows from the standard method used in [67]. Finally, one
derives (2.18) and (2.19) by (4.36), (2.15), (4.4) and following the arguments employed in the
proof of [24, Theorem 2.2]. We omit it for brevity. U

5. APPENDIX

This section is devoted to the derivation of equations (2.3)-(2.14), by employing the asymp-
totic analysis, which has been used in [24, Appendix] to derive layer profiles in one dimension
and in [25, Appendix] to determine the thickness of boundary layers. We omit the details for
brevity and just sketch the procedure.

Step 1. Initial and boundary conditions. Substituting (2.1) into the initial conditions in (1.3)
and following the arguments used in [25, Appendix], we have

u'0(x,3,0) = up(x,y),  u*%(x,2,0) =0, (5.1)
‘7[70()67)}70) = ‘_}‘O(xay)v VBO(X Z, O) 0 ’
and for j > 1
I7j e Bv] N
u X, 50 =u X Z,O = 0,
1 '( »0) =B,j ( ) (5.2)
‘77j(x7y70): (XZ 0) 0.
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For the boundary conditions, we insert (2.1) into (1.7) and use (2.2) to get for j € N that

= Z g2 [ul’j(x70,t) +uB’j(x,O,t)},
=0

= Z gl/? [vé’j(x,O,t) + vl;’j(x,O,t)] ,
=0

oo

0= Z gl/? [ayv{’j(x,O,t) +8_1/282v?’j(x,0,t)} - Z /%0, [vé’j(x,O,t) + vg’j(x,O,t)} :
J=0 j=0

To fulfill the above boundary conditions for all small € > 0, it is required that
ia(x,1) = u0(x,0,1) +uP(x,0,1),
v(x,t) = vé’o(x,O,t) + vg’o(x, 0,1),
0=3"0(x,0,1),
2:7(x,1) = 0 (x,0,1) + v (x,0,1)

(5.3)

and for j > 1 that
0= 17j(x 0,1) 4 uP(x,0,1),
0= v2 /(x,0,1) —i—vz’J(x 0,1), (5.4
0= (x,0,¢) + 3w (x,0,1).

Step 2. Equations for u/ and u5/. We first substitute (2.1) without the inner layer proﬁles
(uBJ ¥B+J) into the first equation of (1.3) to get the equations for outer layer profiles u//:

ZV (W51 7) = Aul - for j € N. (5.5)

To find the equations for inner layer profiles u®/, by a similar argument in [24, Step 2, Ap-
pendix], namely inserting (2.1) into the first equation Qf (1.3) and subtracting (5.5) from the
resulting equation then applying Taylor expansion to u/~/, !/, we end up with

[

Y €26 (x,2,1) =0, (5.6)
j=-2
where
r G—Z - 82'2143707
G =—u0(x,0,0)9.5° — )0 (x,0,1) 0.5 — 0, (uPO50) — 92uP,

G =0,uP0 — 3, [(u(x,0,1) + uB OO — 0, (B0 (x,0,1)) — P09 vl’o(x 0 t)
— (u"0(x,0,) +uB0)ovY " — (! (x,0,1) + 1P )25 — QO (x, 0,115
—31430(\/2 (x,0 t)—l—v2 h— 8u31(v2 (x,0 t)+v2 %

B0 1,0
— 2uP0 — 92uB? — 20,0 (x,0,1)0,v5 " — 295" (x,0,1) Db,

with G/ = 0 for j > —2. From G2 = 0 we get 92u5° = 0, which upon integrations twice with
respect to z over (z,0) along with the assumption (H), yields

ubO(x,z,) =0 for (x,z,t) e R xRy x [0,T]. (5.7)
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Furthermore, it follows from (5.7), G~ = 0 and the first identity of (5 3) that
O2ull = —ul0(x,0,0)05° = —ia(x,1)9v5"°, (5.8)
which, upon integration over (z,o0) gives rise to
b = —u(x, t)vlz9 O, (5.9
where the assumption (H) has been used.
Applying a similar procedure as deriving (5.9) by inserting (5.7) into G = 0, we get
02uB? = — 3, (ul®(x,0,0)?) — ul O (x,0,0)dv5 " — (u! (x,0,1) + uP1) 950

(5.10)
— ayul’o (x,0, t)vg’o — o.uP! (vé’o(x, 0,7)+ vl;’o) — zayul’o (x,0, t)c?zvg’o
and then integrating the above equation with respect to z twice, we have
uB’zzﬁ(x,t)/ (x,,1)dn — / / T(x,&,1)dEdn, (5.11)
Z

where
T(x,2,1) = (u"(x,0,e70) + (! (x,0,1) + uB") .50
+ A0 (x, 0,050 + 9B (V10 (x,0,0) +v5°) + 20,0 (x,0,1) 9,05 °

Step 3. Equations for #/~/ and ¥5/. Applying an analogous argument as Step 2 to the second
equation of (1.3), we derive

v — vl =0,

11 1.1
1wl — g
i “ ’ (5.12)

R . . .
542 Y vk i) vl - AVhIT2 =0 for j > 2
L k=0

and

Z% (x,2,1) =0, (5.13)

where F/(x,z,1) = (F]j,sz)(x,z,t) with

:8,\/?’0 — o0 — afvf’o,

_apBl Bt — 2B

:8,\/ —|—8(2v€0(x0t) —|—v?0 BO—|—2v2 (th) +v§0 BO)
— dub? — 8xzv1’ - 8Z2vf’2,

and
Fyl= 0.8,
:8,\/7 — P — 82\/2 )

= BT 2000 (x,0,8) + V2P0 4 2(VE0 (x,0,1) +V5 ) 908 0 — 9P — 925
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which leads to Flj =0, sz = 0 with j > —1 to guarantee that (5.13) holds true for all small € > 0.
Finally, the initial boundary value problems (2.3)-(2.14) shown in section 2 follow directly from
the results derived in Step 1- Step 3. Indeed, by (5.5) with j =0, (5.12), (5.1) and (5.3), we
derive (2.3). From (5.13) with j =0, (5.7), (5.1) and (5.3) one deduces (2.5). Similarly, (2.7)
is the combination of (5.9), (5.13) with j =0, (5.1) and (5.3) while (2.9) comes from (5.5) with
j=1,(5.12), (5.2) and (5.4). Moreover (5.13), (5.2) and (5.4) with j = 1 lead to (2.10). The
combination of (5.10), (5.13) with j =1, (5.2), (5.4) and vlf’o = (0 yields (2.11). Finally, (2.14)
follows from (5.13) with j =1, (5.2) and (5.4).
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