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ABSTRACT. In this paper, we consider steady Euler flows in a planar bounded domain in
which the vorticity is sharply concentrated in a finite number of disjoint regions of small
diameter. Such flows are closely related to the point vortex model and can be regarded as
desingularization of point vortices. By an adaption of the vorticity method, we construct a
family of steady Euler flows in which the vorticity is concentrated near a global minimum
point of the Robin function of the domain, and the corresponding stream function satisfies
a semilinear elliptic equation with a given profile function. Furthermore, for any given
isolated minimum point (Z1,- - -, &) of the Kirchhoff-Routh function of the domain, we
prove that there exists a family of steady Euler flows whose vorticity is supported in
k small regions near Z;, and near each Z; the corresponding stream function satisfies a
semilinear elliptic equation with a given profile function.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we shall consider an incompressible inviscid fluid in two dimensions whose
evolution is governed by the following Euler system

v+ (v-V)v=-VP, (z,t) € D x (0,40),

V-v=0,

(1.1)
v-n=0, (x,t) € D x (0, +00),
v(-,0) = vy, r € D.

Here D C R? is a bounded and simply-connected domain with smooth boundary, v =
(vt,v?) is the velocity field, P is the scalar pressure and n is the outer unit normal to dD.
The boundary condition v - n = 0 means that there is no matter flow through 0D.

For a planar flow, the scalar vorticity is defined as the third component of the curl of
the velocity field, that is,

W = 39611)2 - 83621)1.
The evolution of vorticity is described by the following nonlinear transport equation
Ow~+v-Vw =0, (z,t) € D x (0,400), (1.2)

which is usually called the vorticity equation. Besides, the velocity field can be recovered
from the vorticity via the Biot-Savart law

v = (020w, —0,1Gw), Gw(x) :/ G(z,y)w(y)dy,

D
1
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where G is the Green’s function of —A in D with zero Dirichlet data, which can be written
as follows

1

G(;C,y) = _2_1n’$ - y’ - h(.ﬁlﬁ,y), T,y € D.

T
In the sequel we will use b+ to denote the clockwise rotation through /2 of some planar
vector b, and for some function f we denote V*f = (Vf)! for simplicity. Therefore the
vorticity equation can be written as follows

Ow + V+Gw =0, (2,t) € D x (0, 400). (1.3)

If the initial vorticity is smooth, the global existence and uniqueness of smooth solutions
of the vorticity equation go back to the work of Hélder [29] and Wolibner [45] in 1930s.
For initial vorticity only in L, the global existence and uniqueness of weak solution are
proved by Yudovich [46] in 1963. To summarize Yudovich’s result let us introduce some
definitions first. Define the rearrangement class of 6 by

R(0):={ve L., (D)|{x € D]|v(zx)>s} =|{xreD|0x)>s},Vs R}, (1.4)

where | - | denotes the two-dimensional Lebesgue measure.
The kinetic energy of the fluid is given by

1
E(t) = —/ / G(z,y)w(z, t)w(y, t)dzdy.
2JpJp
The result of Yudovich [46] can be stated as follows.

Theorem A. Let wy € L>®(D). Then there exists a unique weak solution to the vorticity
equation w(x,t) € L*(D x (0,+00)) N C(]0,4+00); LP(D)) for all p € [1,+00) satisfying

+oo
/ wo(z)&(x,0)dx + / / w(0,6 + V¢ - V*HGuw)dadt = 0 (1.5)
D 0 D

for all £ € CX(D x [0, +00)). Moreover, this weak solution satisfies

(i) w(z,t) € R(wo) for allt > 0;
(ii) the kinetic energy of the fluid is conserved, that is,

E(t) = E(0), Yt € [0,+00).

The detailed proof of Theorem A can be found in Burton [9] or Majda-Bertozzi [34].

Although the well-posedness of the 2D Euler equation has already been solved, there are
many other interesting open problems, especially those in vortex dynamics, that are both
challenging in mathematics and meaningful in physics. In this paper, we will be concerned
with one of them, that is, the possible equilibria of steady Euler flows with concentrated
vorticity.

Many natural phenomena exhibit a strong eddylike motion in a finite number of small
regions while being irrotational elsewhere. To deal with such a problem mathematically,
we need to consider the Euler evolution of sufficiently concentrated vorticity. To simplify
the problem, we first assume that the vorticity is a delta measure (called a point vortex) at
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x(t) with unit strength, that is, w(-,t) = §(z(¢)). Then at time ¢ the velocity field induced
by this point vortex is

V(1) = VEG(a(t)) = —%% V().

where h is the regular part of the Green’s function. Intuitively by symmetry the term
1 (—at)*

does not influence the motion of the fluid particle at z(¢). If we drop this

T 2m [—a(p)?
term, we get the equation of z(t)
T ().

Similarly, if the vorticity is a sum of k delta measures at (t),- - -, x(t) with strength
K1,- -, Kk, then the evolution of z;(t) is described by the following system

(1) L ol .

— = riVah(@i(t),z(t) + Z;é KV G(x;(t), i(t), i =1,- - k. (1.6)

J=Lj#i

System (1.6) is called the point vortex model or the Kirchhoff-Routh model, which can be
regarded as the singular limit of the Euler equation when the vorticity is concentrated. It
is a Hamiltonian system with the following Kirchhoff-Routh function as the Hamiltonian
k
Wh(zy, -+ xp) == — Z kik;G(x;, ;) + Z kih(zi, ), (1.7)
i#4,1<i,j<k i=1
where x; € D and z; # z; if i # j. Note that for a single vortex with unit strength(that
is, k = 1 and k = 1), the Kirchhoff-Routh function reduces to the Robin function H(z) :=
h(z,z). We refer the interested readers to Lin [33] or Marchioro—Pulvirenti [38] for a
detailed discussion. Note that when we deduce the point vortex model from the Euler
equation, we drop the self-interaction for each point vortex, which is just not rigorous.
A natural question is whether we can give the mathematical justification of the point
vortex model. More precisely, if the initial vorticity is concentrated near k different points
x1(0), - - -, 2,(0), we ask whether the evolved vorticity remains concentrated near k points
x1(t), -+, zx(t), and whether these k points satisfy the point vortex model. Such a problem
is called desingularization of point vortices. By now there are many results in the literature
dealing with the problem. See Marchioro [35], Marchioro-Pulvirenti [36, 37], Turkington
[42] for example.

Another parallel problem is the desingularization of steady states of the point vortex
model, which is exactly what we will be focusing on in this paper. More precisely, for any
given equilibrium state of the point vortex model, or equivalently a critical point of the
Kirchhoff-Routh function, say (Z1, - -+, Zx), we aim to construct a family of steady solutions
of the Euler equation such that the support of the vorticity is supported in k£ small regions
near r; with circulation x; and “shrinks” to z; as the parameter changes.

For a steady Euler flow, the vorticity satisfies the following equation

ViGw -Vw =0, z € D, (1.8)
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which means that Vw and VGw are collinear at each point. For w € L*(D), by (1.5) we
have the following definition of weak solution to (1.8).

Definition 1.1. Let w € L*°(D). Then w is called a weak solution to (1.8) if it satisfies
/ W(2)VEGu(z) - Vo(z)dz = 0, ¥é € C(D). (1.9)
D

Note that for w € L*>°(D), by elliptic regularity theory and Sobolev embedding we have
Gw € C1(D), therefore the integral in (1.9) makes sense.

In the past decades, many efforts have been devoted to establishing possible equilibria
of Euler flows. Roughly speaking, there are mainly two methods to deal with this problem.
The first one is the vorticity method, which was first established by Arnold [1] (see also
Arnold—Khesin [2]) and later developed by many authors. See for example Badiani [3],
Burton [7, 8], Elcrat-Miller [26], Eydeland-Turkington [27] and Turkington [40, 41]. To
explain the vorticity method, we begin with a brief description of Turkington’s method
in [40], where steady vortex patch solutions of desingularization type were constructed.
Based on Arnold’s idea, Turkington considered maximization of the kinetic energy E(w)
over the admissible class

MY ={wel®D)|0<w< Nae. in D,/ w(z)dr = 1}.
D

Here X is a large positive number. Turkington proved that F attains its maximum over
M? and each maximizer w* must be a steady solution to the vorticity equation with the

form
A
W= )\X{IED\Qw(z)>u)‘}7

where y denotes the characteristic function and p* is the Lagrange multiplier depending
on \. Moreover, as A goes to infinity, the support of w? “shrinks” to a global minimum
point of the Robin function of the domain. Later Burton [7, 8] generalized Turkington’s
result by replacing M* by a more general admissible class. More precisely, Burton proved
that the kinetic energy E attains its maximum value on any rearrangement class of a given
L? function, and any maximizer must be a steady solution of the vorticity equation with
the form

w = f(Gw), (1.10)

where the profile function f is an unknown nondecreasing function. As an application of
Burton’s theory, Elcrat—Miller [26] proved existence of steady Euler flows with vorticity
concentrated in a finite number of small regions, and in each small region the vorticity also
satisfies (1.10) for some unknown nondecreasing function f.

The vorticity method is a very efficient way to construct steady Euler flows. However,
the fact that the profile function f is unknown is somewhat annoying. In many problems,
we need to know what f is to give a better description of the steady flow, such as nonlinear
stability. By Burton [9], if we are able to prove that the maximizer is isolated over the
rearrangement class, then the flow must be nonlinearly stable. However, isolatedness of the
maximizer from the viewpoint of vorticity is usually hard to verify except for several special
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cases (for the case D is a disc and the maximizer is a circular patch, isolatedness is proved
in [44]). If we know what f is, we can achieve this by analyzing uniqueness of solution
to the elliptic equation satisfied by the stream function. For vortex patch solutions, local
uniqueness of the corresponding elliptic problem was proved by Cao—Guo—Peng—Yan [13],
and then was used to prove nonlinear stability of concentrated steady vortex patches by
Cao—Wang [18].

Another way to construct steady Euler flows is to solve directly the following semilinear
elliptic problem with Dirichlet condition for the stream function, which is usually called
the stream function method

{—szﬂw), reD, (111)

Y =0, x € 0D.

It is easy to check that if f is locally Lipschitz, then v = V11 is a steady solution of the
Euler equation with P = fow f(r)dr — 3|Vi[*. More generally, we have

Theorem B (Cao-Wang, [22]). Let k be a positive integer. Suppose that w € L*(D)
satisfies

k
w= Zwi, min {dist(supp(w;), supp(w;))} > 0, w; = fi(Gw) a.e. in supp(w;)s (1.12)
— 1<i<j<k
for some 6 > 0, where supp(-) denotes the essential support of some measurable function
and

supp(wi)s = {x € D | dist(x, supp(w;)) < 6},

and each f; : R — R is either monotone or locally Lipschitz continuous, then w is a weak
solution to the steady vorticity equation (1.8).

Here the definition of the essential support of a measurable function can be found in
§1.5 in [32].

Now we recall several results of desingularization that was based on the stream function
method. In [39], Smets—Van Schaftingen obtained steady Euler flows of the form (1.12)
with [ = 1 and a p-power (p > 1) nonlinearity by solving a constraint minimization
problem for the stream function. Moreover, the support of the vorticity is concentrated
near a minimum point of the Robin function. In [14], based on the reduction method,
Cao-Liu-Wei generalized Smets—Van Schaftingen’s result to general positive integer [ with
the support of the vorticity concentrated near a given non-degenerate critical point of
the Kirchhoff-Routh function. In [15], still based on the reduction method, Cao-Peng-
Yan constructed steady multiple vortex patch solutions (i.e., each f; is a Heaviside type
function) with concentrated vorticity. For general [ and p-power nonlinearity with p €
(0, 1), the corresponding desingularization result was obtained by Cao—Peng—Yan in [16].

The advantage of the stream function is that one can get more delicate estimates for the
solutions. However, it is hard to characterize the energy level on rearrangement class from
the viewpoint of vorticity which is essentially important to prove nonlinear stability. For
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example, in [39] Smets—Van Schaftingen proved existence of the following elliptic problem
for small € > 0
—Auf = E%(ug — o)k, x €D,
u® =0, x € dD,
I 6%(u6 — po)hdr =1+ o(1),
supp((u® — p°)+) C Bor)(Z)
where 1 < p < 400, §° is a real number depending on ¢, Z is a global minimum point of
the Robin function, and o(1) — 0 as ¢ — 0. This is the desingularization of a single vortex.
However, it is not clear whether the vorticity w® = % (u®— )" is an energy maximizer over
the rearrangement class R(w®). Our aim in this paper is to modify the vorticity method to
obtain steady vortex flows with an energy characterization, moreover, the corresponding
stream function satisfies a semilinear elliptic problem with a given profile function.
Now we turn to the precise statement of our main results. For technical reasons we need
to impose some conditions on the profile function. Let f : R — R be a function. We make
the following assumptions on f.

(1.13)

(H1) f is continuous, f(s) =0 for s <0, and f is strictly increasing in [0, +00).
(H2) There exists dp € (0, 1) such that

/S f(r)dr < éof(s)s, Vs >0.
0

(H3) For all 7 > 0,
lim f(s)e”™ =0.

s§——+00
Note that assumption (H2) implies lim,_, o f(s) = 4+00. By using the identity [ f(r)dr+

fof(s) J7Hr)dr = sf(s) for all s > 0, one can easily check that (H2) is in fact equivalent to

(H2)" There exists d; € (0,1) such that
F(s) > 615f(s), V5 >0,
where f~! is defined as the inverse function of f in [0, +00) and f~! = 0 in (—o0, 0],
and F(s) = [ f~(r)dr.
Note that many profile functions that frequently appear in nonlinear elliptic equations

satisfy (H1)-(H3), for example f(s) = s with p € (0, +00).
Our first result is about the desingularization of a single point vortex.

Theorem 1.2. Let f be a real function satisfying (H1)-(H3) and k be a fized positive
number. Then there exists € > 0 such that for any € € (0,¢y), there ezists a solution w®
to (1.8) having the form

1
w® = 5 f(Gw® — pf), / W (z)dz = kK,
€ D
where p° is a real number depending on € satisfying pif = —3=1Ine + O(1) as ¢ — 0%, and

the support of w® shrinks to some point r € D, which is a global minimum point of the
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Robin function, that is,
supp(s”) € Buny(3)
as € goes to zero. Moreover, w® is a mazimizer of the kinetic energy over R(w*®).

Note that H(x) — 400 as ¢ — 0D, so H attains its global minimum value in D.

Remark 1.3. For f(s) = s., Theorem 1.2 in fact provides a family of solutions to the plasma
problem, which has been studied extensively in the literature. See Caffarelli-Friedman [10],
Cao—Peng-Yan [12] for example.

Our strategy of proving Theorem 1.2 is as follows. We modify Turkington’s method by
considering the maximization of the following functional

1
Ew) = B) - Fulw), Fow) = /D F (b)) da
with F(s) = [; f~(r)dr over the following admissible class
A
A p={weLl®D)|0<w< o e in D,/ w(z)dx = Kk}.
D

It is not hard to prove that £ attains its maximum value over 4., and any maximizer
satisfies

1 A
wE,A — ?f(gws,l\ o Ma,A)X

gX{ZGD\ngﬂA(Z)*HE’AZfil(A)}

_|_

{z€D|0<Gws A (a)—ps A< f=1(A)}

for some ;" depending on ¢ and A. Then by analyzing the limiting behavior of the
maximizer as ¢ — 0 we will show that if A is sufficiently large, which does not depend on
e, the functional F, plays a dominant role so that the patch part {z € D | Gw®*(z) —pu=* >
f7YA)} is empty. Moreover, by analyzing the energy like what Turkington did in [40] we
can show that the support of w®* “shrinks” to a global minimum point of the Robin
function. In our method, the parameter A is new. Intuitively, as A is getting larger,
the functional F. becomes more dominant relative to the quadratic term FE, and finally
completely eliminates the patch part.

As mentioned before, our construction also gives characterization of the energy of the
solutions, which is essential to prove nonlinear stability. To make it clear, we recall the
stability criterion proved by Burton [9], which in our setting can be stated as follows.

Theorem C (Burton, [9]). Let w € L®(D) be a steady solution to the vorticity equation.
Suppose w € L>®(D) is an isolated maximizer of the kinetic energy E over R(w) in LP
norm with p € [1,400), that is, there exists 09 > 0 such that for any w € R(w), 0 <
|w — @ r(p) < o, we have E(w) > E(w). Then @ is nonlinearly stable in the following
sense: for any € > 0, there exists 6 > 0, such that for any initial vorticity wy € R(w)
satisfying ||wo — @||Lr(py < 0, then the evolved vorticity w(-,t) of the Euler equation with
initial vorticity wo satisfies ||w(-,t) — ©||Lepy < € for all t > 0.

By Burton’s result, we are able to reduce nonlinear stability of w® in Theorem 1.2 to the
uniqueness of an elliptic problem.
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Theorem 1.4. Suppose that the T in Theorem 1.2 is an isolated minimum point of the
Robin function. Suppose also that for sufficiently small ¢ the solution to the following
elliptic problem is unique
—Auf = S f(uf — 1), x €D,
u® =0, x € adD,
fD E%f(ug - ,ua)dx = 17
supp((u® — p%)+) C Bog1y(T).

Then w® is nonlinearly stable.

(1.14)

Note that by Caffarelli-Friedman [11], if D is a convex domain, then H is a strictly
convex function, thus H has a unique(thus isolated) minimum point in D.

Our third result deals with steady Euler flows with vorticity that is sharply concentrated
in a finite number of regions of small diameter. Let (Z1,- - -, Zx) be an isolated minimum
point of W, (defined by (1.7) with &y, --+, k& be k nonzero numbers) with z; € D,i =1,--- ) k
and z; # z; if i # j. For convenience we choose a small positive number r, such that

B,,(Z;) CC D, B, (Z;) N By, (Z;) = @ it i # j, and (Zy,- - -, Tx) is the unique minimum

point of Wy in B, (Z1) X - -+ X By (Zg).

Theorem 1.5. Let fi,- - -, fi be k real functions satisfying (H1)—-(HS3). Then there exists
a positive number gy such that for any € € (0,¢g¢), there exists a solution to (1.8) having
the form

k

1

W = Zw;ﬂ Wi = gsgn(mi)xBro(@)fi(sgn(mi)gwe — ,u?), /Dwfdx = Kj,
i=1

where u$ is a real number depending on € satisfying p; = —%In&t +0(1) as e — 07.
Moreover, the support of each w; shrinks to x;, that is,

supp(w;) C Boq)(T;)
as € goes to zero.

The proof is by modifying the admissible A. , by adding some suitable constraints on
the support of the vorticity.

It is also worth mentioning that except for the desingularization type there is another
type of steady Euler flows, which we call perturbation type. It consists of constructing
steady Euler flows near a given one (usually a given nontrivial irrotational flow). The
vorticity method and the stream function method still work in this situation. See Cao—
Wang-Zhan [21], Li-Yang-Yan [31], Li-Peng [30] and the references therein. Finally, we
bring to the attention of the reader that there is a similar situation with desingularization
of vortex rings and shallow water vortices. See, e.g., Cao—Wan—Zhan [17], Dekeyser [23, 24],
de Valeriola—Van Schaftingen [25] and Turkington [43].

This paper is organized as follows. In Section 2, we deal with desingularization of a
single point vortex by considering the maximization problem of £ over A, , and analyzing



DESINGULARIZATION OF VORTICES FOR 2D STEADY EULER FLOWS 9

the limiting behavior of the maximizer as ¢ — 07. We also give the proof of Theorem 1.4
in Section 2. In Section 3, we give the proof of Theorem 1.5.

2. PROOFS OF THEOREM 1.2 AND THEOREM 1.4

In this section, we give the proofs of Theorem 1.2 and Theorem 1.4. As mentioned in
Section 1, we first consider a maximization problem for the vorticity.

2.1. Variational problem. Let x > 0 be fixed and € > 0 be a parameter. Define
A
Ap={wel™D)|0<w< - ae in D,/ w(z)dr = K},
€ D

where A > 1 is a sufficiently large real number such that A, 5 is not empty. For example,
we can take A > max{1,&?x|D|"'}. Consider the maximization problem of the following
functional over A, A

E(w) = 1/ w(z)Gw(z)dr — e F(e*w(z))dz, w € A, 4.
2 Jp €2 Jp ’
As mentioned in Section 1, we denote
B(w) = = / w(z)Gu(z)dz, Fulw) = = / F(Pw(@))dz, we Ay,
2Jp € Jp

Since F' is a convex function, we can easily check that F. is a convex functional over A 4.
Lemma 2.1. & is bounded from above and attains its mazimum value over A. .

Proof. Since G(+,-) € L*(D x D) we have

A2
Ew) < —/ / |G (2, y)|dedy < +00, Yw € A .
pJp

For F. we have .
|Fe| < —2F(A)|D|, Vwe A .
3

Therefore £ is bounded from above over A, 4.
Now let {w;} C A x be a sequence such that as j — +oo
E(wj) = sup E(w).
wWEAL A
Since A, 5 is a sequentially compact subset of L>°(D) in the weak star topology(see [19]
for example), we may assume, up to a subsequence, that w; — @ weakly star in L>(D) as
J — oo for some w € A, 4.
Now we show that @ is in fact a maximizer of £ over A, 5. To this end, it suffices to
prove
E(w) > limsup €(w;).
Jj—o0
First by elliptic regularity theory we have Gw; — Gw in C (D), from which we deduce that
lim E(w;) = E(w). (2.1)
J]—00
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On the other hand, for F. we have
liminf F.(w;) > F.(@). (2.2)

Jj—+oo
In fact, we can prove (2.2) by contradiction. Suppose that iminf; . F.(w;) < Fe(w)+26
for some 6 > 0. We may take a subsequence, still denoted by {w;}, such that F.(w;) <
F-(w) + ¢ for each j. Since w; — w weakly star in L>°(D) as j — oo, we have w; — @
weakly in L?(D) as j — oo. By Mazur’s theorem, we can take a sequence {w,} that
converges to @ strongly in L?(D), where each w, is made up of convex combinations of the
w;’s, that is,

Wy, = ien Wi, f:enj =1, 0,, €[0,1]
7j=1 Jj=1

Without loss of generality we also assume that w, converges to w a.e. in D. Then by
Lebesgue’s dominated convergence theorem we obtain

lim F.(w,) = F.(@). (2.3)
n—-+o0o
On the other hand,
Felwn) = Fo(D _0n,w)) < 0y, Fulw)) < 0 (Fe(@) + 6) = Fe(@) + 6,
j=1 j=1 j=1

which contradicts (2.3). Here we used the convexity of F.. Thus we have proved (2.2).

Combining (2.1) and (2.2) we get the desired result. 0
Lemma 2.2. Let w™* be a mazimizer of € over A.x. Then there exists some p=" such
that
A Looa A n D 2.4
W= (¥ )x{x€D|0<ws,A(x)<ffl(A)}—l—?X{ZEDW’A(Z)ZFI(A)} a.e. in D, (2.4)
where
Pt = Gt — o (2.5)
Moreover, =™ has the following lower bound
poh > —fHA). (2.6)

Proof. We take a family of test functions as follows

ws = W + s(w —w™), s€0,1],

e, A

where w is an arbitrary element of A, ». Since w™" is a maximizer, we have

> dg(ws) _ / (w . wa,A) (gws,A o f_1(62W6’A))dI,
s=0t D

0= ds

that is,
/ ws,A(gws,A . f71<82ws,A))dx 2 / w(gws,/\ o f71(€2w5,A>>dx
D D
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for all w € A, 5. By an adaptation of the bathtub principle (see Lieb-Loss [32], §1.14) we
obtain

A
Gt — ot > (%) whenever w™t = =
5
A
Gt — p# = f71(e%w™")  whenever 0 < W™ < - (2.7)
5

Guwst — ot < f’1(52w5’A) whenever w** = 0,

where ;% is a real number determined by
A A 1.2 eA ke’
ot =inf{s e R | {z € D | Gw>" — f7(e°w™") > s} gT}

Now the desired form (2.4) follows immediately.

Next we prove (2.6). We may suppose pu* < 0 (if otherwise, (2.6) holds true au-
tomatically). In this case, by (2.4) we have {x € D | w®* > 0} = D and w™* >
e ?min{f(|p=*]), A} a.e.in D. Since [,w"*(z)dx = k, we conclude that

2k

min{ f(|~ b

), A} < <A,

which clearly implies (2.6) by the strict monotonicity of f. Thus the proof is completed. [

2.2. Limiting behavior. In the following we analyze the limiting behavior of w®* as
¢ — 0T. For convenience we will use C' to denote generic positive constants not depending
on € and A that may change from line to line.

We begin by giving a lower bound of &(w®").

Lemma 2.3. &(w*") > %ln% - C.
Proof. The idea is to choose a suitable test function. Let xy € D be a fixed point. Define

E,A: 1

w — )
82 XBE\/H/'/I'(ZO)

It is obvious that @** € A, 4 if € is sufficiently small. Therefore
E(w™h) > E(@™M).
By a simple calculation, we get
2
1

R
E@™M>"In--C
(@ )_47Tn€ ’

where the positive number C' does not depend on € and A. Thus the proof is completed. [J

We now turn to estimate the Lagrange multiplier ;5.

Lemma 2.4. pi#* > £ In 1 —[1-26,|f7*(A) = C, where 6, is the positive number in (H2)'.



12 DAOMIN CAO, GUODONG WANG, WEICHENG ZHAN

Proof. Recalling (2.4) and the assumption (H2)" on f, we have

2
28 (W) = / WG — = | F(2w™M)da
D

g2 Jp

§/w€’A@/J6’Ad:E—251/ W 2w dw + Rt (2.8)
D D

<1 =26 |kf 1 (A) +/ wo™ (ot — f’l(A))+dx + rptt,
D

Denote US4 := (=" — ffl(A))Jr. Since p=t > —f71(A), we have Us* = 0 on dD. So by
integration by parts we have

/|VU€’A|2dx:/w5’AU€’Adx. (2.9)
D D

On the other hand, by Holder’s inequality and Sobolev’s inequality

1
A . 2
/ whAU e < S|{z € D |w™* = Ac7?})2 </ \UE’A|2dx>
D 3 D

A \
< 2—2\{95 €D |uwt = AgQ}\a/ (VU d (2.10)
D

<c </ \VUe*A]2dq;)2 |
D

Here the positive constant C' does not depend on ¢ and A. From (2.9) and (2.10) we
conclude that [ I wSAUSA dz is uniformly bounded with respect to € and A, which together
with (2.8) and Lemma 2.3 leads to the desired result. U

The following lemma shows that 1°* has a prior upper bound with respect to A.
Lemma 2.5. =% < |1 —26,|f""(A)+ £InA+C.

Proof. For any x € D, we have

1 1
M) < 5= [ In w M y)dy — per 4+ C
2 Jp |z -yl
A 1
_—2/ In —dy — p=* +C
2ne? Jp i) |yl

1
< iln——I—iln/\—;ﬁ"—l—C.
2r e 4w

Hence by Lemma 2.4 we have
M) < |1 — 260 FHA) + 4i InA+C.
T
Since x € D is arbitrary, we conclude the proof. O

As a consequence of Lemma 2.5, we can eliminate the patch part in (2.4).
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Lemma 2.6. If A is sufficiently large (not depending on €), then for all € > 0 we have
{z € D|w(z) = Ae™?}| = 0. (2.11)

As a consequence, w*" has the form

3 1 3
woh = gf(l/) ’A)-
Proof. Notice that
Y= > fTHA) on {x € D|w(z) = A2 (2.12)

Combining (2.12) and Lemma 2.5, we conclude that there exists some C' not depending on
¢ and A such that

(1—[1—25)fY(A) < %mzw C on {z€D|wz)=Ae2}. (2.13)

Note that since d; € (0, 1), there holds 1 — |1 — 24;| € (0,1). Recall the assumption (H3)
on f, that is, for each 7 > 0

Skinoof(s)e’ =0, (2.14)
which implies for each 7 > 0
. -1 . _
SEIEOO (7/7'(s) —Ins) = +o0. (2.15)

Combining (2.13) and (2.15), we deduce that if A is sufficiently large, which does not
depend on ¢, then

Hz € D|w™™(x) =Ac?} =0
as desired. m

Remark 2.7. Note that (2.15) is the only place we used (H3). Actually, it is easy to see
that (H3) can be replaced by

(H3)" There exists some 79 > 0, which depends on §y and &, such that
lim f(s)e ™ =0.

S§——+00
In the rest of this section, we fix the parameter A such that (2.11) holds. To simplify
notations, we shall abbreviate (A. x,w®™, =%, 1o4) as (Aq, we, ¥F, 1.
Now we turn to estimate the size and location of the supports of w® as ¢ — 0. To this
end, we first give a general lemma that is used frequently in such problems.

Lemma 2.8. Let Q C D, 0 < e <1, A>0, and let non-negative I' € L'(D), [, T'(z)dx =
1 and ||T||zr(py < Che20=1P) for some 1 < p < 400 and Cy > 0. Suppose for any x € £,
there holds

(1—A)1n1§/ln
D

€

I'(y)dy + Co, (2.16)
|z =y
where Cs is a positive constant. Then there exists some constant R > 1 such that

diam(Q) < Re' ™24,
The constant R may depend on C7, Cy, but not on A, e.
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Proof. We follow the strategy in Turkington [40]. Let ¢ be the conjugate exponent of p,
that is, p™* +¢~' = 1. Let R; > 1 be a fixed number. By (2.21), for any x € €2, we have

1
—Aln—§/ (ln ‘ ) F(y)dy+/ (ln ‘ ) I'(y)dy + Csy
€ BRlﬁ(m) ‘:C - y‘ + D\BR16($) ‘x - y‘ +

1
< YT ooy | In ]| oy 0y + In o I'(y)dy + C,
1 JD\Br,.(x)

. (2.17)

<ln— U(y)dy + Cil| In |2(]| La(s, (o)) + Co
1 D\BRle(m)
1
1 JD\Bgr,(z)

Taking R; = Rye 24 with Ry > 1 to be determined. Then (2.17) yields to

€

1 1
—Aln- < (—InRy —2AIn —)/ I'(y)dy + C,
€ D\Bp, 1-24(x)

that is,
Alni+C
[(y)dy < ‘ .
/1)\BR2512A (x) ) 2Aln% +1In R,
Now, we fix Ry large enough such that In Ry > 2C. It follows from (2.18) that
1
/ I'(y)dy > <. (2.19)
DBy, 124 (2) 2

Hence the lemma is proved by taking R = 2Rs. In fact, suppose not, then there exist
x1, T € Q such that Br,a-24(x1) N Bp,a-24(2) = . By (2.19), we have

= / P(y)dy > / D(y)dy + / D(y)dy > 1.
D Bp,a-24(71) Bp,-24(z2)

which leads to a contradiction. O

(2.18)

As a consequence of Lemma 2.8, we are able to show that the size of supp(w®) is of order
€.

Lemma 2.9. There exists some Ry > 1 independent of € such that
diam (supp(w®)) < Roe. (2.20)
Proof. Note that for each x € supp(w®) there holds
k.1
© >pt>—In-—-C.
Guf(z) 2z i 2 5o In o

Now the desired result follows from Lemma 2.8. O
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We proceed to determine the limiting location of supp(w®). Define the center of w® by

1
x° = —/ aw(x)dx.
kJp

From now on for the remainder of the discussion we fix a sequence ¢ = ¢; — 0T such that
2° 1" €D as e =¢; = +o0. (2.21)
Lemma 2.10. Any x* as in (2.21) satisfies
H(z") = min H (z).

zeD

Proof. For any zo € D, we set @°(+) = w®(2° — xp + -). Since w® is a maximizer, we have
E(w®) > E(&° Notlce that

//mrz—yr sty = [, [ oo 0 oty

/ F(e*w®)dx :/ F(%a°)dx.
D D
Hence we obtain

3 | [ @ @ody <5 [ [ neg)a @i sy

By passing ¢ — 07, we get H(z*) < H(zo) as desired. O

We now turn to study the asymptotic shape of w® by scaling technique. To this end, let
(¢ € L*(Bg,(0)) be defined by

C(z) = 2w (2° + ex),
where Ry is the one in Lemma 2.9. We denote by ¢° the symmetric radially nonincreasing

Lebesgue-rearrangement of (° centered at the origin. The following result determines the
asymptotic nature of w® in terms of its scaled version (°.

Lemma 2.11. Every accumulation point of the family {(®}.~o in the weak topology of
L?(Bg,(0)) must be a radially nonincreasing function.

Proof. Up to a subsequence we may assume that (¢ — ¢* and ¢° — ¢* weakly in L? (B RO(O))
as ¢ — 0%. By Riesz’s rearrangement inequality, we first have

[ (@) (y)dady < / / ¢ (2)g° (y)dady.
Bry(0) J Bg (0) \x—y\ Bry(0) J Bry( ’5’7—3/’

Thus

1 * * 1 * *
[ [ mc@eays [ [ g @) @y (222
By (0) J Bry(0) |z — 9 By (0) J Bry(0) |z — 9

Let @&f be defined as

7 (x) = { e 27 (e Mz — %)) if x € Bp,(af),
0 if € D\Bre(2?).
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A direct calculation then yields that as ¢ — 0T,

e\ __ 1 1 € € ’%2 1 * €
‘““‘E/BR s ey D = HG) = F) o)

an

k21
()¢ (y)dxdy + — In— — H(z") — F.(@°) + o(1).
il /B |x_y|<><> it - Ha) - F&) + o)
Recalling that £(0°) < S( ) and F.(w°) = , we conclude that

/BR /BR ]x—y]g( dxdy>/BR /BR ,x_y, 9" (2)g" (y)dzdy,

which together with (2. 22) yield to

1
“(y)dwdy = 1 “(2)g* (y)dzdy.
/BRO /BR |x_y|< (e )y /BR0<0) /BRO(o) ey’ (@)g" (y)dady

By Lemma 3.2 in Burchard-Guo [5], we know that there exists a translation 7~ of R? such
that T¢* = ¢g*. Note that

/ x(*(x)dr = / zg*(z)dx = 0.
Br, (0) Br, (0)

Thus (* = g%, the proof is completed. O

Now, we turn to study the limiting behavior of the corresponding stream functions )°.
We define the scaled versions of )¢ as follows

Ue(y) ==Y (a° +ey), ye€ D :={yeR*|2° +ey € D}.
Thus, we have
—AV® = f(¥%) = (" in D", f(U®)dz = k. (2.23)

DE
Note that {z € D | ¥*(z) > 0} C Bg,(0). As in [39], we introduce the limiting profile
U* : R? — R defined as the unique radially symmetric solution of the problem

AU” — f(U"), z€eR?
Jgo f(UR)dx = k.
Lemma 2.12. As e — 0, we have ¥¢ — U” in C%(R?).

loc

Proof. Note that (¢%) is bounded in L*°(D¢). Thus, by classical elliptic estimates, the
sequence (U¢) is bounded in WP (D?) for every 1 < p < +o0. By the Sobolev embedding

loc

theorem, we may conclude (¥¢) is compact in C2*(D?) for every 0 < a < 1. Up to a

loc

subsequence we may assume (¢ — ¢ weakly-star in L>°(D?) and V¢ — U in Cllof‘(DE) By
virtue of (2.23), we get

—AT = f(¥) = ¢ in R?, F(U)dx =
R2

(2.24)
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In view of Lemma 2.11, we know that ( is a radially nonincreasing function, and hence ¥
is radial as well. Therefore, we have ¥ = U*. Thus the proof is completed. O

From Lemma 2.12, we can improve Lemma 2.11 as follows.
Corollary 2.13. As e — 0%, one has (¢ — f(U") weakly star in L>°(R?).
We end this subsection with two asymptotic expansions.

Lemma 2.14. The following asymptotic expansions hold as ¢ — 0T

E(w) = Elng +O(1), (2.25)
ko1

f=—In- 1). 2.2

w = Ewtron 2:26)

Proof. We first prove (2.25). In fact, using Riesz’s rearrangement inequality and the bath-
tub principle, we can conclude that

1 1
/ / ——w(r)w(y)dedy < K*In- +C, Vw e A..
pJp |z =yl €

Thus we have
2

K 1
E(w) < —In-+C.
(W) = 4dm " 3 *
Combining this and Lemma 2.3, we clearly get (2.25). Note that

1
28(w°) = / we ()Y (x)de — 5_2/ F(?w(x))dr + kps
D D
= kpt 4+ O(1)
which together with (2.25) leads to (2.26). The proof is completed. O

Remark 2.15. Using Lemmas 2.12 and 2.13, one may obtain some finer asymptotic expan-
sions.

2.3. Proofs of Theorem 1.2 and 1.4. Now we are ready to give the proofs of Theorem
1.2 and 1.4

Proof of Theorem 1.2. 1t follows from the above lemmas and Theorem B. O

Proof of Theorem 1.4. Let ¢ be a fixed small number such that the solution to (1.14) is
unique. Since LP norm and L' norm are equivalent on R(w?) for fixed €, we will only
consider the case p = 1.

Since w® is a maximizer of £ over A., taking into account the fact R(w®) C A. we
immediately deduce that w® is a maximizer of £ over R(w®). But F. is a constant on
R(w?), therefore we deduce that w® is in fact a maximizer of E over R(w®). By Theorem
C, to conclude the proof it suffices to show that w® is an isolated maximizer of E over

R(w®).
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Let @° be another maximizer of £ over R(w®) satisfying [|&° — w®||p1(py < . Since F.
is a constant on R(w?), we deduce that £(&°) = £(w®), which implies that @° is in fact a
maximizer of £ over A.. Then by the above discussion we see that u° := Gw® satisfies

AT = 5 f(af — ff), x €D,
= O, x € 0D,
fD g%ﬂaf ~jif)da = 1,
supp((4® — i°)4.) C Boq)(2).
Here 7 is a global minimum point of the Robin function that may be different from z. If
Z = ¥, then by uniqueness we have w® = w®. If ¥ # 7, then by the fact that x is an isolated
minimum point of the Robin function, we deduce that supp(w®) N supp(v®) = & if € is

small, from which we deduce that ||&° —w®||11(p)y = 2k, which is a contradiction. Therefore
we have ©0° = w®, which completes the proof.

(2.27)

U

3. PROOF OF THEOREM 1.5

In this section we prove Theorem 1.5. Our idea is to solve a similar maximization
problem as in Section 2 with some additional constraints on the support of the vorticity.

3.1. Variational problem. For any ¢ > 0 and A > max{1,&?|k|/(7r3), -, e%|k|/(773)},
define
k
. o0 _ A
Aly={we Ll*(D) |w= Zwi,supp(wi) C B,y (7),0 < sgn(k)w; < 1 widr = K;}.
i=1 D

Consider the maximization problem of the following functional over AZ ,

1

Lemma 3.1. There exists & = w*" € A;A such that

E(w™) = sup &(w) < +oo. (3.1)
wG.A;A
Moreover, there exist Lagrange multipliers ,uf’A eR,1=1,--- k, such that for each 1
A
- — 2
sgn(ri)w flw ) 370<ii>m{weD|o<w5"‘<x><f;1<A>} + g2 XBW-O<a-ci>m{xeD|w?A<a:>2f;1<A>}’ (3:2)
where
Wit = 0 M e U7 = sgn(ri) G — 7 (3:3)
Moreover, each uf’A has the following lower bound
A> N A) - G, (3.4)

where Cy > 0 does not depend on € and A.
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Proof. As in Lemma 2.1 we may take a sequence w’ € A: 5 such that as j — +oo
E(w) = sup &),
wEAZ,A
w! — @ weakly star in L°(D)

for some w € A? 5. Since Gw’ — Gw in C'(D) by elliptic regularity theory, we first have

lim W (2)Guw (z)dx = / w(z)Gw(r)dr as j — +oc.

Jj—=+oo Jp D
On the other hand, we can also argue similarly as in Lemma 2.12 to obtain

1 1
liminf — [ Fj(e? sgn (K, )w ) > _/ E(€QSgn(/ﬂi)@i), i=1,---k,
e Jp

Jj—+oo 82 D

. ] . ] -~
where we write w; = w’x Brg(@ and @; = Wy Brg(@0)" Consequently, we have

i)
E(w)= lim EW) = sup Ew).

j—
J—r+oo weAL |

We now show that each maximizer @ must be of the form (3.2). Consider the following
family of test functions

ws =w+ s(w—w), se0,1],

for arbitrary w € A% ,. Since @ is a maximizer, we have

= /D( <gw — ngn ki) fi (e Sgn(/ﬁ)wz)> du,

d€ (@)

0>
—  ds

s=0"*

that is, for any w € A?

/ (gw — ngn ki) fi (e sgn(nz)w1)> dx
/ (gw - ngn ki) fi (e sgn(m)wﬂ) dz.

By using an adaptation of the bathtub principle, we obtain

A

Sgn(&) Y _fz(w )XBTO(ii)m{zemkwi/\<”><fi(A>} + 8_2XBro(ii)ﬂ{zeD\wf’A<z)2f¢(A>}’ ‘= 1’ o k’

where
- - e — g, A
w; = WXBTO(EZ-)’ ¢7, - Sgn(’ii)gw — M

2
pit = inf{t s [{o € By (@) |05 (@) > 1} < i} € R
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Now the stated form (3.2) follows immediately. Finally, we prove (3.4). Notice that
Qbf’A > —(Cy. By virtue of fD w;dr = K;, we conclude that

win{ fi(—p ™ — Co), A} <

This clearly implies (3.4). The proof is thus completed. O

3.2. Limiting behavior and proof of Theorem 1.5. As in Section 2, we analyze the
limiting behavior of w** as ¢ — 07. We will use C to denote various positive numbers that
do not depend on ¢ and A in this subsection. For the sake of convenience we also define

1

- /Dwi(x)gwi(a:)dx — 6_12/DF’ (52Sgn(/€¢)wi(x)) de, i=1,--- k.

It is not hard to check that as € — 0F
k

Ew) =) &lw)+O0(1), Ywe AL, (3.5)

i=1
where O(1) is a bounded quantity not depending on ¢, A and w.
Lemma 3.2. We have the following lower bound for &(w=™)

V23

Proof. We choose a test function w® € AZ , as follows

<N

»-b|;§
(T)I»—t
—~
@
D
S~—

k

- A Sgn(k;
F= 3wty 5(2 JXBﬁW.
€ K"i s
1<j<k,j#i

Note that £(w*") > £(&°). By a simple calculation, we get

5(€A)>“?1 Lo ik (3.7)
A Zz - —mnm-—=0, 1=1,-K, .
4 €

where the positive number C' does not depend on ¢ and A. Combining (3.5) and (3.7), we
get (3.6). The proof is completed. O

We now turn to estimate the Lagrange multiplier ,uf’A

Lemma 3.3. There exists 1 > 0 not depending on A, such that for every e € (0,e1), we
have

’Hw,

1
et > lng—|1—2(51|f[1(A)—O, i=1,--- k. (3.8)
m
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Proof. Recalling (3.2) and the assumption (H2)" on each f;, we have
2&; (W) = / Wt Gt da — %/ Fy(%sgn(r;)w™)dx
/ |we st da — 2(51/ Wi (s (k) wd ™M) de + 1SNk +C (3.9)
<=2l g )+ [ (00" = W) do il + C.
Let Cy be as in Lemma 3.1. Set
Ush = (1/Jf’A - f{l(A)>+ , Ut = (glwf’Al — 5t = ) - Co)+

Note that —AG|w™| = |w™™|. We multiply U=" on both sides of this equation and
integrate by parts to get

/]V(fo’A\de

D

— [ ot
D

< / WU e + C
D

1
2

A - &€
< At @) = A2y (/ (_)\U;Aﬁdx) e
o (3.10)

CA (1 & PN e e

< Sl @ =2t [ (VU et e + €
Bro(i'i)

Sert@] = syt [ (VOE| + 074 s + €
{lwf ™ (@)|=Ae=2}

Y ~
<l [ 19074 a0) "+ Cltls ) = A [ itiortan s 0
D D
1
< Clri </ |VU§’A\2dx) +C€x/|/<;7;|/ WM TN + O,
D D

where we used Holder’s inequality and Sobolev embedding W' (B,,(z;)) < L*(B,, (%)),
and the positive constant C' does not depend on € and A. From (3.10), we conclude that
if e < 1/(2C|k;|"/?), then [, |w™ | US  da is uniformly bounded with respect to &, A. Now
(3.8) clearly follows from (3.7) and (3.9). The proof is completed. O

The following lemma shows that wig’A has a prior upper bound with respect to A.
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Lemma 3.4. Let 1 be as in Lemma 3.3. Then for every € € (0,¢1), we have

UM <280 + S Ay 0 Ve e B @), i= 1k

Proof. For any x € B,,(Z;), we have

g 1 1 13 g
0 < 5 [ ey — i+ 0

A 1
< —/ lrl—dy—uf’A+C'
2me? Jp (0) Y]
e\/Tril/Am
. 1 ;
< Mln——i— mlnA—,uf’A—l—C'
2 ¢ Aw
Hence, by Lemma 3.3, we have

wf’A(:c) <1 =261 (A) + % InA+C.
T
The proof is completed. U
Using Lemma 3.4, we can further deduce the following result.

Lemma 3.5. Let €1 be as in Lemma 3.3. If A > 1 is sufficiently large, which does not
depend on e, then for every e € (0,e1), we have
W sgn(k;)

i = -2 fi(?/’f’A)XBTO(ii), i=1, -k

Proof. Notice that
U2 JHA) on (o€ D | Wit @) = Ae ).

Combining this with Lemma 3.4, we conclude that for some C' independent of € and A,

(1—[1 =25 f1(A) < ?ln/\%— C on {zeD|w(x)=As2}). (3.11)
7r
But the assumption (H3) on f; implies for each 7 > 0
. —1 . _
SEE})O(Tfi (s) —Ins) = +oo. (3.12)

Combining (3.11) and (3.12), we deduce that
[{z € D||wi"*(z)| = Ae?}| =0
if A is sufficiently large and 0 < € < €;. The proof is thus completed. U

In the sequel A is assumed to be fixed and large enough such that the conclusion

in Lemma 3.5 holds true, and C will be used to denote various positive numbers not

depending on e. To simplify notation we shall abbreviate (A ,,w*" f’A,l/Jf’A, fA) as

('A:’ wa’ wf’ w’f? /‘I’ZE)
Note that for every ¢ € (0, 1), there holds

Glwi|(z) > Yi(x) —C > pu; —C, Ya €supp (wi), i=1,---k,

, W
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Combining this and Lemma 2.8, we get

Lemma 3.6. There exists some Ry > 1 independent of € such that
diam(supp(w;)) < Roe, 1 =1,--- k. (3.13)
With the estimates of supp(w$), we can further determine the location of supp(w$). To
this end, we define the center of each w; to be
1 3
i = — [ awi(z)de.
Ki JpD
Lemma 3.7. lim__,o+ (25, -+ ,2%) = (ZT1,- -+ , Tk).

Proof. Up to a subsequence we may assume that

li[gl (xla U 7552) = (331(, ’xlt:) € Bro(fl) X X BT()(a?k’)'
For any (zq, -+ ,xk) € By (Z1) X + - X By (T), set

k
=D G0 = uile — k)

Since w® is a maximizer, we have E(w®) > E(@). Observe that

//ln dxdy—/ / In (2)@; (y)dzdy,
=y va —

/F(z—:zwj)d:v:/ F (%G5 )d.
D D
Hence we obtain

> [ [ e w?(y)dwdy—i | [ i@y w)dody

1#£7,1<4,5<k
k
> Y[ [ cwwssoady -3 [ [ besi@ oy
1#£75,1<4,5<k i=1 /DJD

Letting ¢ — 07, we obtain

Wila?, - ap) < Wilzy, - - @)

Since (Zy,- - -, &) is the unique minimum point of Wy in B, (Z1) X - - - X B, (Zx), we must
have (xf,-- -, x}) = (Z1,- - -, Tx). The proof is completed. d

Combining Lemmas 3.6 and 3.7, we immediately get the following result.

Lemma 3.8. If ¢ > 0 s sufficiently small, we have
dzst(supp( ), 8Bro(xz)) >0, i=1,---k.
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We now turn to study the asymptotic shape of the optimal vortices. As before, let
(¢ € L>(Bg,(0)) be defined by

CE(x) = sgn(r)ews (a5 +ex), i=1,---k,

for Ry > 1 as in Lemma 3.6. We denote by g the symmetric radially nonincreasing
Lebesgue-rearrangement of (7 centered on 0. The following result is a counterpart of
Lemma 2.11, which determines the asymptotic nature of w; in terms of its scaled version

G-

Lemma 3.9. Leti € {1,--- ,k}. Then every accumulation point of the family {(f : € > 0}
in the weak topology of L? (BRO (O)) must be a radially nonincreasing function.

Proof. Up to a subsequence we may assume that f — ¢; and gf — g7 weakly in L?(Bg,(0))
as € — 0%. By Riesz’s rearrangement inequality, we first have

1 1
/ t/ hw——@@gwmws/ ‘/ In —— g2 () g5 (y)dardy
Bry(0) JBry(0) 1T =Yl Brg(0) JBry(0) [T =Yl
Thus

1
@) UM@</ / g (@)g; (y)dedy. (3.14)
/BRO (0) /BR (0) \53 -yl By (0) J Bry(0) \55 -y

Let @; be defined as

() = 52gf(5fl(m—x§)) if = € Bpy(xf),
10 if x € D\Bpr,(z5).

Let w® = Zlf< <j<kjziW; T ;. A direct calculation then yields to,

¢ (2)C (y)dedy + jln—
/BR (0)/BRO(O) \x—y\ Z

/ / G @G ey + R,
]751 Bry(0) Y/ Bry (0
and
1/ / n— f()a()dd+§k:“?11
=— n 9 (z) gz (y)dzdy L n =
T J Bry(0) J Br, (0) |z — 9 = dr e
k
+D / / T ICE( )¢ (y)dady + RS,
AT By 0) By ()
where

lim R = lim R € R.

e—0t e—0t
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Recalling that £(0°) < £(w®), we conclude that

1 * * 1 * *
/ / In ) (y)dxdy > / / In g7 (2)g; (y)dzdy,
Br,(0) J Br, (0) Y| Br, Br,(0) [z — |
which together with (3.14) yields

1
/ / ¢ (2)C (y)dady = / / In gt (@)g: (y)dudy.
Bpry(0) J Bry ( ’35 — Bry(0) J BR, (0) |z — y|

By Lemma 3.2 in Burchard-Guo [5], we know that there exists a translation 7 in R? such
that 7(* = g;. Taking into account

/ 2C; (2)dz = / 2g? (¢)dx = 0,
Bry (0) Bry (0)

we obtain ¢ = g/. The proof is thus completed. Il

Now, we turn to study the limiting behavior of the corresponding stream functions ;.
We define the scaled versions of ] as follows

Ui(y) = v5(af +ey), yeDf:={yeR®|a+eyec D}
Thus, we have

k
AT (y) = G (y) +sen(k) Y 2w (af +ey)

1<j<k,j#i
k

= [i¥9) X, o (5 +2) Hsgnlie) DY Pwl(af +ey), (3.15)

1<j<k,j#i

Note that {WU$ > 0} C Bg,(0). As before, we now introduce the limiting function Uil :
R? — R defined as the unique radially symmetric solution of the following elliptic problem

{_AUlml = fi(UM), (3.16)

Jez FiU) = [y].
Arguing as in the proof of Lemma 2.12, we can obtain the following result.
Lemma 3.10. As ¢ — 07, we have ¢ — UMl in O (R?).
As before, we can now sharpen Lemma 3.10 as follows.
Corollary 3.11. As ¢ — 07, one has ¢ — fi(USl) weakly star in L>®(R?).

Arguing similarly as in the proof of Lemma 2.14, we can obtain the following expansions.



Lemma 3.12. The following asymptotic expansions hold as ¢ — 0

. 1
S(w)="“ln-+001), i=1,- -k (3.17)

="M 0(1), i=1,-k, (3.18)

E(wf) = Z—iln1 +0(1). (3.19)

Proof of Theorem 1.5. It follows from the above lemmas and Theorem B.

U

Acknowledgements: D. Cao was supported by NNSF of China Grant 11831009 and
by Chinese Academy of Sciences Grant QYZDJ-SSW-SYS021. G. Wang was supported by
China Postdoctoral Science Foundation Grant 2019M661261.

[1]

2]

REFERENCES

V. I. Arnold, Mathematical methods of classical mechanics, Graduate Texts in Mathematics, Vol. 60.
Springer, New York, 1978.

V. I. Arnold and B.A. Khesin, Topological methods in hydrodynamics, Applied Mathematical Sciences,
Vol. 125. Springer, New York, 1998.

T. V. Badiani, Existence of steady symmetric vortex pairs on a planar domain with an obstacle, Math.
Proc. Cambridge Philos. Soc., 123(1998), 365-384.

M. S. Berger and L. E. Fraenkel, Nonlinear desingularization in certain free-boundary problems,
Comm. Math. Phys., 77(1980), 149-172.

A. Burchard and Y. Guo, Compactness via symmetrization, J. Funct. Anal., 214(1)(2004), 40-73.

G. R. Burton, Rearrangements of functions, maximization of convex functionals, and vortex rings,
Math. Annalen, 276(1987), 225-253.

G. R. Burton, Variational problems on classes of rearrangements and multiple configurations for
steady vortices, Ann. Inst. Henri Poincaré. Analyse Nonlinéare., 6(1989), 295-319.

G. R. Burton, Rearrangements of functions, saddle points and uncountable families of steady config-
urations for a vortex, Acta Math., 163(1989), 291-309.

G. R. Burton, Global nonlinear stability for steady ideal fluid flow in bounded planar domains, Arch.
Ration. Mech. Anal., 176(2005), 149-163.

L. Caffarelli and A. Friedman, Asymptotic estimates for the plasma problem, Duke Math. J., 47(1980),
705-742.

L. Caffarelli and A. Friedman, Convexity of solutions of semilinear elliptic equations, Duke Math. J.,
52(1985), 431-456.

D. Cao, S. Peng and S. Yan, Multiplicity of solutions for the plasma problem in two dimensions, Adv.
Math., 225(2010), 2741-2785.

D. Cao, Y. Guo, S. Peng and S. Yan, Local uniqueness of planar vortex patch in incompressible steady
flow, J. Math. Pures Appl., 131(2019), 251-289.

D. Cao, Z. Liu and J. Wei, Regularization of point vortices for the Euler equation in dimension two,
Arch. Ration. Mech. Anal., 212(2014), 179-217.

D. Cao, S. Peng and S. Yan, Planar vortex patch problem in incompressible steady flow, Adv. Math.,
270(2015), 263-301.



[16]

[17]

DESINGULARIZATION OF VORTICES FOR 2D STEADY EULER FLOWS 27

D. Cao, S. Peng and S. Yan, Regularization of planar vortices for the incompressible flow, Acta Math.
Sci. Ser. B(Engl. Ed.), 38(2018), 1443-1467.

D. Cao, J. Wan and W. Zhan, Desingularization of vortex rings in 3 dimensional Euler flows: with
swirl, arXiv:1909.00355.

D. Cao and G. Wang, Nonlinear stability of planar vortex patches in an ideal fluid, arXiv:1706.10070.
D. Cao and G. Wang, Steady vortex patches with opposite rotation directions in a planar ideal fluid,
Calc. Var. Partial Differential Equations, 58 (2019), 58-75.

D. Cao and G. Wang, Steady vortex patch solutions to the vortex-wave system, Nonlinearity, 32(2019),
1882-1904.

D. Cao, G. Wang and W. Zhan, Steady vortex patches near a nontrivial irrotational flow, Sci China
Math, 63(2020), https://doi.org/10.1007/s11425-018-9495-1.

D. Cao and G. Wang, A note on steady vortex flows in two dimensions, Proc. Amer. Math. Soc.,
148(2020), 1153-1159.

J. Dekeyser, Desingularization of a steady vortex pair in the lake equation, arXiv:1711.06497.

J. Dekeyser, Asymptotic of steady vortex pair in the lake equation, SIAM J. Math. Anal., 51 (2019),
no. 2, 1209-1237.

S. de Valeriola and J. Van Schaftingen, Desingularization of vortex rings and shallow water vortices
by semilinear elliptic problem, Arch. Ration. Mech. Anal., 210(2)(2013), 409-450.

A. R. Elcrat and K. G. Miller, Rearrangements in steady multiple vortex flows, Comm. Partial
Differential Equations, 20(1994), no.9-10, 1481-1490.

A. Eydeland and B. Turkington, A computational method of solving free-boundary problems in vortex
dynamics, J. Comput Phys., 78(1988), 194-214.

L. C. Evans and R. Gariepy, Measure Theory and Fine Properties of Functions, Stud. Adv. Math.,
CRC Press, Boca Raton, Florida, 1992.

E. Hélder, Uber unbeschriankte Fortsetzbarkeit einer stetigen ebenen Bewegung in einer unbegrentzten
inkompressiblen Fliissigkeit (German), Math. Z., 37(1933), 727-738.

Y. Li and S. Peng, Multiple solutions for an elliptic problem related to vortex pairs, J. Differential
Equations, 250(2011), 3448-3472.

E. H. Lieb and M. Loss, Analysis, Second edition, Graduate Studies in Mathematics, Vol. 1. American
Mathematical Society, Providence, RI (2001).

C. C. Lin, On the motion of vortices in two dimension — I. Existence of the Kirchhoff-Routh function,
Proc. Natl. Acad. Sci. USA, 27(1941), 570-575.

A. J. Majda and A. L. Bertozzi, Vorticity and incompressible flow, Cambridge Texts in Applied
Mathematics, Vol. 27. Cambridge University Press, 2002.

C. Marchioro, On the localization of the vortices, Bollettino U.M.I., Serie 8, Vol. 1-B(1998), 571-584.
C. Marchioro and E.Pagani, Evolution of two concentrated vortices in a two-dimensional bounded
domain, Math. Methods Appl. Sci., 8(1986), 328-344.

C. Marchioro and M. Pulvirenti, Vortices and localization in Euler flows, Comm. Math. Phys.,
154(1993), 49-61.

C. Marchioro and M. Pulvirenti, Mathematical theory of incompressible noviscous fluids, Springer-
Verlag, 1994.

D. Smets and J. Van Schaftingen, Desingulariation of vortices for the Euler equation, Arch. Ration.
Mech. Anal., 198(2010), 869-925.

B. Turkington, On steady vortex flow in two dimensions. I, I, Comm. Partial Differential Equations,
8(1983), 999-1030, 1031-1071.

B. Turkington, Corotating steady vortex flows with N-fold symmetry. Nonlinear Anal., 9(1985), 351—
369.

B. Turkington, On the evolution of concentrated vortex in an idea fluid, Arch. Ration. Mech. Anal.,
97(1987), 75-87.



28 DAOMIN CAO, GUODONG WANG, WEICHENG ZHAN

[42] B. Turkington, Vortex rings with swirl: axisymmetric solutions of the Euler equations with nonzero
helicity, SIAM J. Math. Anal., 20(1989), 57-73.

[43] Y.-H. Wan and M. Pulvirenti, Nonlinear stability of circular vortex patches, Comm. Math. Phys.,
99(1985), 435-450.

[44] W. Wolibner, Un theoréme sur Pexistence du mouvement plan dun fluide parfait, homogeéne, incom-
pressible, pendant un temps infiniment long (French), Math. Z., 37(1933), 698-726.

[45] V.I. Yudovich, Non-stationary flow of an ideal incompressible fluid, USSR Comp. Math. & Math.Phys,
3(1963), 1407-1456 [English].

INSTITUTE OF APPLIED MATHEMATICS, CHINESE ACADEMY OF SCIENCES, BEIJING 100190, AND
UNIVERSITY OF CHINESE ACADEMY OF SCIENCES, BEIJING 100049, P.R. CHINA
Email address: dmcao®@amt.ac.cn

INSTITUTE FOR ADVANCED STUDY IN MATHEMATICS, HARBIN INSTITUTE OF TECHNOLOGY, HARBIN
150001, P.R. CHINA

Email address: wangguodongl14@mails.ucas.edu.cn

INSTITUTE OF APPLIED MATHEMATICS, CHINESE ACADEMY OF SCIENCES, BEIJING 100190, AND
UNIVERSITY OF CHINESE ACADEMY OF SCIENCES, BEIJING 100049, P.R. CHINA
Email address: zhanweichengl16@mails.ucas.ac.cn



