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Introduction

Nonlocal game:

Referee = Alice and Bob = Referee:
question sets X, Y = answer sets A, B

Game rules = winning pairs:
winning C (Ax B | X x Y)
Strategy = correlation:

0 < p(ablxy) < Zp ab|—)

Strategy = winning: p(losing pairs) = 0



Introduction

Quantum commuting: “Haag-Kastler”

p(ablxy) = (¢l E(alx)F(bly) [¢)

Projection valued measures:

Y E(A-)=1=) F(Bl-)

Commuting players:
[E(=|=), F(=]-)] =0
Normalized state: (p|p) =1

Quantum spatial: “Bohr-Heisenberg”

p(ablxy) = (¢| E(alx) ® F(bly)[¢)

Entangled state: p € H® K



Introduction

How do Alice and Bob answer: p(a|lx) =7 / q(bly) =7

Alice: receives x € X = answersa € A
Bob: receivesy € Y — answersbe B

Marginals = non-signaling:

p(alxy) =Y p(aBlxy) = (| E(alx) |¢) = p(alx) v
q(blxy) = p(Ablxy) = (| F(bly) @) = q(bly) v



Group algebra

Unified approach: Group algebra

= Connes implies Tsirelson

—> computing quantum values
— classifying optimal states

(= robust self-testing)



Group algebra

Step 1) Commuting families = group algebra:

Single PVM:
c* (Z E(A) = 1) = (uA - 1) = C"(Z/A)

Family of PVMs:
C*(player) := C*(Z/Ax* ... xZ]A)

Commuting families:

C*(two player) := C*(Alice) ® C*(Bob)

(POVMs = operator systems)



Group algebra

Step 2) Quantum strategies = state space:

¢ : C*(two player) — C : p(ablxy) = @(E(a\x) ® E(b\y))
Indeed: Stinespring dilation —-
C*(two player) 4 > C

\ (el=1»)

B(Hilb space)

Step 3) Later after: Connes = Tsirelson



Connes = Tsirelson

Tsirelson's conjecture: Equal correlation classes?
Quantum commuting:
CaelX = Y[A=B) = {p=w(E& E)} C M(n) & M(m)
Quantum spatial:
Cos(n|m) C Coc(nlm) :  C*(Alice) ® C*(Bob) —2= B(H © k) Y% ¢
Original quantum:
Cy(nlm) C Cys(n|m) - C*(Alice) ® C*(Bob) —— M(d) —— C

Quantum approximate:

Cys(nlm) € Cga(nm) = C*(Alice) ® C*(Bob) — C*(Alice) @, C*(Bob) — C



Connes = Tsirelson
Tsirelson's conjecture: Equal correlation classes?
Tsirelson's conjecture:
Colnlm) € Cos(nlm) € Coa(nlm) € Cac(nlm) € M(n) & M(m) -
W = Cqa(n|m) v Cqa(n|m) = Coc(n|m) ?
Synchronous correlations:
C*(nlm) := {p(a # blx = y) = 0} € M(n) & M(m)

Synchronous Tsirelson:

CEP = (C4(n|m) N C(n|m) = Cqc(n|m) N C*(n|m)

Proof: elementary vv© / MIP*=RE: = # v



Connes = Tsirelson

Synchronous games:  “Synchronicity rule”
A=B, X=Y: XxX=y = a=5b

Winning state = tracial state:

(plE(a#blx=y)|p) =0 = E@llp) =12 E|p)

= 7(=) =p(-©1), p(1® )

Shorthand notation: E(ab|xy) := E(a|x) ® E(b|y)

= group traces: Csc(n\m) = TC*(n|m) [ E(—|—) I



Connes = Tsirelson

Kim—Paulsen-Schafhauser: Elementary Lifting:

I, Man)

C*(E(1)+...+E(A) - 1) R

Tracial ultrapower: Kaplansky: Q% = R¥ (Special thanks to Mikkel 1)
i = =i N 2 = >
Q HHQ/(m ,!E;fl)Tn) 2 e =ld = (9.2 0)
Q=M M®...=x M : (Gn>0)= (2, >20) e Ma®...@ My

Tracial bound: (optimized)
lo-105ma], <212 ol + (a0 20) = (5= pn=p}) = EQV)

Iterations: cutting orthogonal (E(A) = remainder) v/



Connes = Tsirelson

CEP = synchronous Tsirelson:

[1,, Ma(n)
/,/7
Lifting
C*(player) ----------- 16)5) R — y RW
t
Csc(n|m):  some trace fw
C C

Our humble contribution: just noticing.



Optimal states

Unified approach: Group algebra

—> computing quantum values
— classifying optimal states

(= robust self-testing)



Optimal states

Shorthand notation: E(ab|xy) := E(alx) ® E(b|y)
Game polynomial:
game = Z E(winning) € C*(two player) :
¢(losing) =0 <= ¢ (game) = |[X x Y|
= quantum value:

w(game) = sup p(game) = |[gamel|
¢

— split problem:
1) [lgamel| =77 = 2) J(p=77): @(game) = ||game]|

Fritz—Netzer—-Thom: “Can you compute the operator norm?”

MIP*=RE paper: — Halting problem !!!



Optimal states

Minimal example: CHSH game:
A={0,1} =B, X={0,1}=Y:
winning : a®b=x-y
Two-player algebra:
C{uv|> =1 =v?) @ C* {u,v[* =1 = v?)

Bias polynomial:
CHSH =u@Q@u+u@v4+vu—vRev



Optimal states

Operator norm: Landau’s trick!

Step 1) algebraic:  (Fritz—Netzer—-Thom + random walks)

CHSH*CHSH =4 — [u,v] ® [u,v] < 8

Step 2) good repr:  C*(two player) — B(H) : ||CHSH*CHSH|| =8

Quantum value = lgamef| _1 1+ |[bias|| _
X< Y|~ 2



[See preprint]: optimal state = single solution: (> self-testing!)

— anticommutation:

— factorization: M, = S(&Y)

o= = single solution: ¢ : C*(...) =» C:
... -®1 —-® -® -®
C*(two player) ol ! Y v
1®— 1 0 0 0
1 1
\ / ue— | 05 50
Ve — 0 L -1 0
V2 V2
Mz @ M we-— | 0 0 0 -1
Compare — Correlation table:  p(ab,xy) =

plu®l), pvel), elou), elov),
oluou), pluav), ovou), evev), pluwseviv), etc

Optimal states



Optimal states

[LLP10] and [AMP12]: Tilted CHSH games:

CHSH(e,feR)=au®@(u+Vv)+ve(u—v)+26u®l
—> basic building blocks:

13322 inequality = fin dim / spatial 7

Pal-Vertesi, Coladangelo—Stark, etc

Squared bias = tedious:
CHSH(, 8)?> = ... =717

— need systematic approach!



Optimal states

Teaser from [F-Shahiri]: repr theory | == quantum regions:

B

Unravel non-symmetry: IICHSH (v, —)|| # [|[CHSH(1/cr, —)|| (cf. [AMP12])



Optimal state =— minimal quotient: @(CHSH(a,B)):||CHSH(a,ﬁ)|| —
C* (Alice)®C*(Bob) — C* ({u.v}=2s) @ C* ({uv}=2t) — C

Theorem (F-Shabhiri):

Solution uniquely and entirely classified (including all higher moments) by

o(...) -®1 -—®u -®v - ®uv

Lo— |1=2+d| (@ - P)Wi| | (@ — P)W,l | (@ — YW P — W)
wp— | P | (PPN | (@t PW] | (2 + YW — (W)
Ve — 0 2ad|W_| —2ad|W_| 0

uv ® — 0 0 0 2ad|W4 |- |W_|

where (to be continued on next slide ... )

Optimal states



Optimal states

Theorem (F-Shahiri) continued:

where for shorthand 1 ® Wy :=1® (u £ v): |Wy |=2|a iiii \W,|:2,/1If§§2
and coefficients given by

—a232
am L 1-023 d=1 [_1

V2\ V1382 -V1+a2” T V2V V1452

from which there is no ambiguity left anymore!
The optimal state is necessarily a vector state and given by the 1-dim projections

o(-)=(ol-le):  le)pl=aP(u=1)@P ([t;=1)+dP(u=—-1)&P(=—1)
with Schmidt coefficients from above and so always partially entangled (nonlocal),
rk(j¢)) =2 <= aandd #0,

and maximally entangled only along the horizontal axis:

a=d < (a#0,5=0).
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Optimal states
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Optimal states

THANK YOU FOR YOUR ATTENTION.



Optimal states
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