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Schwarz symmetrization

o Let Q be an open bounded set of R” and let u: Q2 — R be a
measurable function.

@ Symmetric rearrangement QF of Q is the centered open ball
having the same volume as €2, i.e.

Q' = Bg(0), where w,R" = |Q|.

@ Schwarz Symmetrization (symmetric decreasing
rearrangement) u® of u is

ut Qf R,
uf(x) = uP(|x|) = sup{t < 0 : {—|u| < t} < wp|x|"}.

@ By definition,

Vol({v* < t}) = Vol({—|u| < t}).



Schwarz symmetrization

Properties of Schwarz symmetrization:

o (Cavalieri's principle)

/|u|pdx:/ | |Pdx.
Q ot

o (Polya-Szego's principle)

/|Vu|pdx2/ |V i [Pdx.
Q Qf

o (Hardy-Littlewood's inequality)

/uvdxg/ ufvidx.
Q Qt



Schwarz symmetrization

Applications of Schwarz symmetrization I:

o (Rayleigh-Faber-Krahn's inequality for first Dirichlet
eigenvalue)
AL(Q) > M (9.

@ (Saint-Venant's principle for torsional rigidity)
m(Q) < 7(Q).

@ Because of the variational property

—in fQ Q) = su (Jo “)2
Hal)= “72; Jal U‘2 )= u#F()) JoIVul?



Schwarz symmetrization

Applications of Schwarz symmetrization Il
o (Talenti '76) Let u be the solution to

Au=finQ, wv=0on0dQ,

and
Av=fFinQf v=0o0ndQ,

Then
|uf| < v in Q%

@ Because sup |u| = sup |uf|, this gives a sharp estimate for |u].
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Tatenti-Tso symmetrization

Talenti-Tso symmetrization (Symmetrization w.r.t.
Quermassintegral)
(Talenti '81 n = k =2 and Tso '89 any n and k)

e Let Q C R” be a bounded, convex domain with C2 boundary.
@ Steiner’s formula:

n

Vol (Q+tB) =Y <Z> AW (Q),

k=0

where Wy (Q) is k-th quermassintegral given by

1 1
Wi (Q) = /aQ ———ok-1(k)dH" .

n Joa (i3)

Let (x(€2) be k-mean radius given by

C(Q) = <V\/fu(m>ik

n



Tatenti-Tso symmetrization

@ Define the following class of admissible functions
®o(Q) :={u e C*(Q) : u=0on 9Q, u strictly convex} .

o Let Q?&l be the centered open ball having the same W as Q,
i.e.
Q! | = Bg(0), where R = (4().

For u € 9o(Q),
ui_y(x) =sup{t <0: Gor({u < t}) < [x[}.

Namely,
Gafu < t}) = Ga{ul , < 1),

@ The case k =1 is Schwarz symmetrization.



Talenti-Tso symmetrization

@ The k-Hessian integral

[u, Q] = /Q(—u)ak(vzu)dx

Theorem (Talenti, Tso)

For u € 9y(Q2),
I[u, Q2] > /k[“i—vﬂi—l]‘

Equality holds if and only if Q1 is a ball and u is radial.

@ The proof used crucially Alexandrov-Fenchel's inequality
between quermassintegrals for convex domains and Reilly's
work on Hessian operators.

Trudinger '97 generalized this to k-convex domains and u
having k-convex level sets, however, used his
Alexandrov-Fenchel’s inequality between quermassintegrals for
k-convex domains, whose proof has gap.



Convex symmetrization

@ Let F be a norm on R”", i.e., positive, convex and
1-homogenous.

o Let FO be its dual norm, i.e.,

0 — sy <X7£>
PO =sup ey

o The set Wr := {F°(¢&) < 1} is called unit Wulff ball and
OWE is unit Wulff shape. Denote x, = |[WW| and Wk the
centered Wulff ball with radius R.

e Anisotropic Dirichlet integral [, F(Vu)?

@ Anisotropic Laplacian

Apu = div(Ve(5 F2)(Vu))

10/28



Convex symmetrization

Alvino-Ferone-Lions-Trombetti '97 introduces the convex
symmetrization which diminishes the anisotropic Dirichlet integral

e Convex symmetrization Q* of Q
Q" = Wk, where |Wg| = k,R" = |Q].
The convex symmetrization of

ut QY — R,
u*(x) = u*(FO(x)) = sup{t < 0: {—|u| < t} < ka(F°(x))"}.
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Convex symmetrization

Theorem (Alvino-Ferone-Lions-Trombetti '97)

/QF(VU)2 > / F(Vu*)2.

Equality holds if and only if Q is a Wulff ball and u is radial w.r.t.
F, namely, u(x) = u(F°(x)).

Corollary

Let u be the solution to
Aru=17inQ, wu=0on0dQ,

and
Apv="F"inQ", v =0 ondQ*,

Then
|u*| < v in Q.
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Symmetrization w.r.t. mixed volumes

@ Our aim is to study the Talenti-Tso symmetrization in the
anisotropic case.

@ Motivation: Alexandrov-Fenchel's inequality holds for mixed
volumes for two convex bodies.
To be precise, Let F be a given norm whose Wulff ball is
given by We, Let Q be a convex domain, then

VOI((]. — t)Q + tWF) = Zn: <Z) (1 — t)”*ktk Wk(Q, WF)
k=0

Denote

Kn

Cr(Q) = <VVI<(QVVF)> =

Then
<k,F(Q) > C/,F(Q)v for0</<k<n-1.
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Symmetrization w.r.t. mixed volumes

o Let F € C3(R"\ {0}) be a strongly convex norm on R”,
strongly convex means Hess(%F2) is positive definite.

@ Denote by Ar[u] = ((AF)jj[u]) the matrix
(AF),'J'[U] = 8XJ |:3£I. <;F2> (Vu)}
= Z (;Fz)” (Vu)uy, when Vu # 0.

/

We regard Ag[u] = 0 when Vu =0, in the case that F is not
the Euclidean norm.

e In case F is the Euclidean norm, Ar[u] = V2u.
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Symmetrization w.r.t. mixed volumes

@ The anisotropic k-Hessian operator of u is defined as
Sk,F[U] = Sk(AF[u]).
@ The anisotropic k-Hessian integral of u is defined by
e flu, Q] = /(—U)SKF[U] dX:/(—u)Sk(A,:[u]) dx
Q Q

= / Slij,_-[u]FF,'Uj dx.
Q ?

The second line follows from @-53,_- =0.

@ In case F is the Euclidean norm,

AF[U] = V2U, Sk,F[U] = Sk(V2u), /k’F[U,Q] = /k[U,Q].
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Symmetrization w.r.t. mixed volumes

o Let 2} , be the centered open ball having the same (j r as
Q, ie.
Qk_1 = Wk, where R = (x F(Q).

For u € 9o(Q),

up_1(x) =sup{t <0: G-, r({u<t}) < Fo(x)} .

Namely,

Ch-1,F({u < t}) = G, F({ug_1 < t}).
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Symmetrization w.r.t. mixed volumes

Theorem (Della Pietra-Gavitone '15, Della Pietra-Gavitone-X. '19)

For u € ®y(2),

[lurax< [l g
Q Qr_

1

I flu, Q] = I Flug—_1, Qe_1]-

Equality holds if and only if Q is a Wulff ball and u is radial w.r.t.
F, namely, u(x) = u(F°(x)).

@ Della Pietra-Gavitone '15 proved the case n = k = 2 by direct
computation.

o Difficulty for general case, compare to the case of Euclidean
norm, is the study of Sx on non-symmetric matrix Ag[u].
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Symmetrization w.r.t. mixed volumes

@ Define anisotropic LP k—Hessian integral
Ik7p7/:[u, Q] = / Slij[u]Fp_kF,-uj dx.
Q
In particular,

/k,k+1,F =k /k,[:, /17P,F == /Q F”(Vu) dx.

Theorem (Della Pietra-Gavitone-X. '19)
Foru e ®y(Q2), p>1,

Ik,p,F[U, Q] > Ik,p,F[U;:,p Q;k(fl]'

Equality holds if and only if Q is a Wulff ball and u is radial w.r.t.
F, namely, u(x) = u(F°(x)).
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Symmetrization w.r.t. mixed volumes

Corollary (Anisotropic Sobolev type inequality)
For u € ®4(2),
@ ifp<n—k+1, then

607ty g S €0 )l

@ ifp>n—k+1, then
HUHPOO(Q) S C(”a k7p7 F)Ik,p,F[u7 Q]7
@ ifp=n—k+1, then

HUHL\U(Q) < Clp i, r[u; Q).

where LY(Q) is the Orlicz space associated to the function
P
W(t) = elt"* —1.
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Symmetrization w.r.t. mixed volumes

Theorem (A priori estimate for anisotropic Hessian equation)

Let u € ®o(Q2) be a solution of the following Dirichlet problem

Skrlu]l =f(x) a.e inQ
u=0 on 0f2.

Then
Up—1(x) = v(x) in 4,

where v is the unique anisotropic radially symmetric solution of the
following symmetrized problem:

Srlvl =1 (x) in Gy p
v=20 on Q4.
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Important ingredients

@ A study of Si for non-symmetric matrix

1

Sk(A) = Kkl Z 5{11 {EA'LM “o Ao
' 1§”1:"'7ik7.j17'"7jk§n

i 95k(A)
SJ(A) =
Jia) = 25
1 J1jk—1J
N W Z 5111 :: 11:A11j1 “Ai i
D1ty ikt ik <n
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Important ingredients

For an n x n matrix A = (Aj;), we have

SY(A) = Sk_1(A)d; Zs

For an n x n matrix A = (Aj;), we have

Z 8j51ij,F[“] =0.
J

\




Important ingredients

@ A study of anisotropic curvatures of level sets

@ Let M be a smooth closed hypersurface in R” and v be the
unit Euclidean outer normal of M. The anisotropic outer
normal of M is defined by

ve = VF(v).
The anisotropic principal curvatures
ki = (kL,...,kF 1) € R"1 are defined as the eigenvalues of
the map

dve: TPM — Tu,c(p)WF-

For k =1,..., n the anisotropic k-th mean curvature of M is
Sk(/ﬂ:).
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Important ingredients

Assume ¥; is a non-degenerate level set of u, i.e., Vu # 0 along
Y.;. Then the anisotropic k-th mean curvature oy (k) of L+

=S (Z F,-/u/j) Fk+1 ZSkH eluluiF;,
/

4

@ In the case F is the Euclidean norm, it reduces to (Reilly '70s)

5k+1(v u)ujuj
ok(k) = Z |V u|k+2 g
iJ
@ In the case k =1, it reduces to (Wang-X. '11)

HF_ZF,JU,J (AFU—ZFFU,J>

IJ
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Important ingredients

Proposition (Reilly '73, '76)

d =N i Sk(K’F)F(V) n—1
EWk,F(Qt) - (Z) /Zt F(VU) di ’

J . 1 1 Sk(kF)F(v) n—
EC’“F(Qt) (0= K)kn(§) [k (Qe)]H At ]




Important ingredients

@ A study of anisotropic Hessian integral on anisotropic radial
function

Let u(x) = v(r), where r = F°(x). Then

- ()R () () ()
e (B’

26
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Sketch of proof
Crk[Ch1(Qe)] ("D < €, [ (7)) (kL)

k+1
- (| s

S <
P

)
k
- { okl @ 1()} [ S (e F(V0) F)am

Ik[u,Q]

>

k
Sk—1(r ) (V)d;l_["—1> g Sk_1(kF)F(Vu)*F(v)dH ?

F(V

0
i/Lsk—l(ﬁF)Fk(Vu)F(y)d’H"1dt



Thank you for your attention!
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