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Mean curvature flow and Gauss curvature flow

X0 : Mn → Rn+1 a smooth hypersurface in Rn+1

F-Curvature Flow: a family of smooth immersions
X : Mn × [0,T) → Rn+1 satisfying

∂
∂t X(x, t) = −F(x, t)ν(x, t),

X(x, 0) = X0(x),

where F is a smooth function of the principal curvatures of
Mt = X(M, t) and ν is the outward unit normal of Mt.

If F = H，then X is called the mean curvature flow.

If F = K, then X is called the Gauss curvature flow.



Classical results on Mean Curvature Flow and Gauss Curvature Flow

.
Theorem (Huisken, 1984)
..

......

If X0 is a closed strictly convex hypersurface, then the MCF with X0 has a
smooth solution X(·, t) on a maximal finite time interval [0,T) and X(·, t)
converges to a single point as t → T. Moreover, the hypersurface X(·, t)
converges to a round sphere after appropriate rescaling.

Tso (1985): Any closed convex hypersurfaces evolving by the Gauss
curvature flow converges to a single point.

Chow (1985): same for F = Kα (α > 0); Moreover, for α = 1
n , X(·, t)

converges to a round sphere after appropriate rescaling.
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Chow (1985): same for F = Kα (α > 0); Moreover, for α = 1
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converges to a round sphere after appropriate rescaling.



σk-curvature

κ = (κ1, κ2, ..., κn) principal curvature of M

σk: the k-th elementary symmetric functions of κ, i.e.,

σk(κ) =
∑

1≤i1<i2···<ik≤n

κi1κi2 · · ·κik .

H = σ1(κ), K = σn(κ).



σα
k -curvature flows

Under certain convexity condition or pinching condition of the
principal curvatures, a closed hypersurface evolving by the following
F-curvature flows converges to a round point.

F = σ
1
2
2 (Chow 1987)

F = σ
1
k

k (Andrews 1994, 2007)
F = σα

1 (Schulze 2005, 2006)
F = σα

2 (Alessandroni-Sinestrari 2010), ...

We call F = σα
k curvature flow σα

k -curvature flow.



Self-similar solutions of the σα
k -curvature flow

.

......

Let X : M → Rn+1 be a smooth embedding of a closed, orientable
hypersurface satisfying

(∗∗) σα
k = ⟨X, ν⟩.

Then it is called a self-similar solution of the σα
k -curvature flow.

If X is a solution of (**), then

X̃(x, t) = ((kα+ 1)(T − t))
1

1+kα X(x)

becomes a solution of the σα
k -curvature flow up to a tangential

diffeomorphism. So we call the solutions of (**) self-similar solutions of
the σα

k -curvature flow.



Type-I Finite Time Singularities in MCF and self-similar solutions

p ∈ Rn+1 is called a singularity of MCF as t → T < ∞, if ∃x ∈ M s.t.
X(x, t) → p and |A|2(x, t) → ∞ as t → T.

We define a Finite Time Singularity in MCF to be
type I singularity： sup

M×[0,T)
|A(·, t)|(T − t)1/2 < ∞,

type II singularity：otherwise.

Huisken’s monotonicity formulae implies
.
Theorem (Huisken 1990)
..

......

The solutions of MCF forming a type-I singularity can be homothetically
rescaled such that any resulting limiting hypersurface is a self-similar
solution.



Variational characterization of self-similar solutions of MCF

Define
Fx0,t0(M) := (4πt0)−

n
2

∫
M

e−
|x−x0|2

4t0 dµ.

.
Theorem (Colding-Minicozzi, 2012)
..

......

M is a critical point of Fx0,t0 iff

H =
⟨X − x0, ν⟩

2t0
.



Closed self-similar solutions of MCF

.
Theorem (Huisken,1990)
..

......

If M is a closed hypersurface in Rn+1, with H ≥ 0 and satisfies

H = ⟨X, ν⟩,

then M must be a round sphere.



Asymptotic behavior of α-Gauss curvature flow

For F = Kα, we call the F-curvature flow α-Gauss curvature flow.

When α = 1 and n = 2,
.
(Firey conjecture, proved by Andrews 1999)
..

......

Any closed strictly convex surface in R3 evolving the Gauss curvature flow
converges to a round point.

Andrews (1996): When α = 1
n+2

, the rescaled solution converges to an
ellipsoid.



Asymptotic to a self-similar solution

The α-Gauss curvature flow converges to a self-similar solution after
normalization in the following cases

1
n+2

< α < 1
n , Andrews (2000)

α = 1, Guan-Ni (2013)
α > 1

n+2
, Andrews-Guan-Ni (2016)

Then the characterization of asymptotic behavior of α-Gauss curvature
flow is reduced to the study on self-similar solutions.



Self-similar solutions of α-Gauss curvature flow

Choi-Daskalopoulos (2016): when α ∈ ( 1
n , 1 +

1
n ), the closed strictly

convex self-similar solution of the α-Gauss curvature flow is a round
sphere.

.
Theorem (Brendle-Choi-Daskalopoulos, 2017)
..

......

Let M be a closed, strictly convex hypersurface in Rn+1 satisfying

Kα = ⟨X, ν⟩.

If α > 1
n+2

, then M must be a round sphere; If α = 1
n+2

, then M is an
ellipsoid.

Combining with Andrews-Guan-Ni’s result, this gives asymptotic
behavior of α-Gauss curvature flow.



Question

From these theorems, the following natural question arises:

.Question

..

......

Let M be a closed, strictly convex hypersurface in Rn+1 satisfying

σα
k = ⟨X, ν⟩,

where 1 ≤ k ≤ n − 1，α ≥ 1
k . Can we conclude that M must be a round

sphere?



Affirmative answer-Main Results I

.
Theorem 2.1 (Gao-Li-M. 2018).
..

......

Let M be a closed, strictly convex hypersurface in Rn+1 satisfying

σα
k = ⟨X, ν⟩,

where 1 ≤ k ≤ n − 1, α ≥ 1
k . Then M must be a round sphere.

In fact, we prove similar results for more general speed function F.



More general F

.
Condition (∗)
..

......

Suppose F is a symmetric function defined on the positive cone
Γ+ = {κ ∈ Rn|κ1 > 0, κ2 > 0, · · · , κn > 0}, and

i) F > 0 and ∂F
∂λi

> 0 for 1 ≤ i ≤ n.

ii) F(tλ) = tβF(λ), ∀t ∈ R+.

iii) ∀i ̸= j,
∂F
∂κi

κi − ∂F
∂κj

κj

κi − κj
≥ 0.

iv) ∀(y1, ..., yn) ∈ Rn,∑
i

1

κi

∂ logF
∂κi

y2
i +

∑
i,j

∂2 logF
∂κi∂κj

yiyj ≥ 0.



Remark on Condition (∗)

Both Hα and Kα satisfy i) – iii) in Condition (∗).
Cauchy-Schwarz inequality ⇒ iv) holds for F = Hα.
iv) holds for F = Kα trivially.

Easy to check i) – iii) for σα
k and iv) is equivalent to

n∑
i=1

σk−1;i

κiσk
y2

i +
∑
i ̸=j

σk−2;ij

σk
yiyj ≥ (

n∑
i=1

σk−1;i

σk
yi)

2,

which also plays an important role in Guan-Ma’s work (2003) on the
Christoffel-Minkowski problem.
Condition (∗) also holds for Sk(κ) =

∑n
i=1 κ

k
i .

In fact, any multiplication combination of such functions, such as σ2σ3

satisfies Condition (∗).
iii) and iv) are equivalent to the convexity of the function
F∗(A) = logF(eA) defined on real n × n symmetric matrices.
Andrews studied convex and inverse convex functions, i.e., both F and
F∗(A) = −F(A−1) convex, which do not include σk.



Main result II

For such general F, we prove
.
Theorem 2.2 (Gao-Li-M. 2018).
..

......

Let M be a closed, strictly convex hypersurface in Rn+1 satisfying

⟨X, ν⟩ = F − C,

with constant C. For β > 1 and C ≥ 0, if F satisfies Condition (∗), then M
must be a round sphere.



Self-similar solutions in a warped product space

Self-similar solutions of the MCF were introduced in warped product
manifolds (Futaki-Hattori-Yamamoto 2014, Wu 2017, Alias-Lira-Rigoli
2017).

Let N = [0, r̄)× Sn be a warped product manifold with metric

ḡ = dr2 + λ2(r)gS,

where λ is a non-negetive function of r and gS is the standard metric of
Sn.

If a hypersurface X : Mn → Nn+1 in a warped product N satisfies

ḡ (λ(r(x))∂r(x), ν(x)) = F(κ(x)),

then it is called a self-similar solution of the curvature flow
∂

∂t X̃ = −F(κ)ν.



Self-similar solutions in the hemisphere

For a warped product N, when the warping factor λ(r) = r, sin r, or
sinh r, N is the Euclidean space Rn+1, the sphere Sn+1 or the hyperbolic
space Hn+1 with constant sectional curvature ϵ = 0, 1 or −1 respectively.

.
Theorem 2.3 (Gao-M.,2019).
..

......

Let M be a closed, strictly convex hypersurface in the hemisphere Sn+1
+

satisfying
ḡ(λ∂r, ν) = F − C.

For β ≥ 1 and C ≥ 0, if F satisfies Condition (∗), then M is a slice
{r0} × Sn in Sn+1

+ .



Self-similar solutions in the hemisphere

In Sn+1
+ , the self-similar solution of α-Gauss curvature flow is umbilic

even for α = 1
n+2

.
.
Corollary 2.4 (Gao-M., 2019).
..

......

Let M be a closed, strictly convex hypersurface in the hemisphere Sn+1
+

satisfying
ḡ(λ∂r, ν) = σα

n (κ)− C.

If α ≥ 1
n+2

and C ≥ 0, then M is a slice {r0} × Sn in Sn+1
+ .



Self-similar solutions in hyperbolic space

For self-similar solutions to a relevant curvature flow in H3, we obtain

.
Theorem 2.5 (Gao-M., 2019).
..

......

Let M be a closed, strictly convex surface in H3 satisfying

ḡ(λ∂r, ν) = K − C. (2.1)

If C ≥ 1, then M is a slice {r0} × S2 in H3.



Fundamental formulas of self-similar solutions

Define the operator L by

L =
∂F
∂hij

∇i∇j.

Denote Φ =
∫ r
0
λ(s)ds.

From the equation
ḡ(λ∂r, ν) = F − C,

we get

LF = ḡ(λ∂r,∇F) + βλ′F − ∂F
∂hij

hilhjl(F − C) +
∂F
∂hij

R̄νjliḡ(λ∂r, el),

LΦ = λ′
∑

i

∂F
∂hii

− βF(F − C).



Test function

Let (bij) denote the inverse of (hij). Set

Z = F trb − n(β − 1)

β
Φ.

LZ = 2
∂F
∂hij

∇iF∇jtrb + ḡ(λ∂r,∇(Ftrb)) + (β − 1)λ′(Ftrb − n
β

∑
i

∂F
∂hii

)

+ C(
∂F
∂hij

hilhjltrb − βnF) + Fbkpbqk ∂2F
∂hij∂hst

hijphstq

+ 2Fbksbptbkq ∂F
∂hij

hstihpqj + (trb ∂F
∂hij

− Fbkibjk)R̄νimjḡ(λ∂r, em)

− Fbkpbqk ∂F
∂hij

(R̄νipj;q + R̄νpqi;j + hmiR̄mpqj + hpmR̄miqj).



When N is a real space form

If the sectional curvature of N is constant ϵ, then R̄νijk = 0 and

R̄ijkl = ϵ(δikδjl − δilδjk).

Thus

LZ = 2
∂F
∂hij

∇iF∇jtrb + ḡ(λ∂r,∇(Ftrb))+(β − 1)λ′(Ftrb − n
β

∑
i

∂F
∂hii

)

+C(
∂F
∂hij

hilhjltrb − βnF) + Fbkpbqk ∂2F
∂hij∂hst

hijphstq

+ 2Fbksbptbkq ∂F
∂hij

hstihpqj+ϵF(βFtr(b2)− trb
∑

i

∂F
∂hii

).



λ′-term, C-term and ϵ-term

We pick the λ′-term, C-term and ϵ-term in LZ as follows:
.Lemma 3.1.
..

......

(β − 1)λ′(Ftrb − n
β

∑
i

∂F
∂hii

) =
(β − 1)

β

∑
i>j

λ′

κiκj
(
∂F
∂κi

κi −
∂F
∂κj

κj)(κi − κj),

C(
∂F
∂hij

hilhjltrb − βnF) = C
∑
i>j

1

κiκj

( ∂F
∂κi

κ2
i − ∂F

∂κj
κ2

j

)
(κi − κj),

ϵF(βFtr(b2)− trb
∑

i

∂F
∂hii

) = ϵF
∑
i>j

1

κ2
i κ

2
j
(
∂F
∂κi

κ2
i − ∂F

∂κj
κ2

j )(κi − κj).

Under our assumption, these three terms are all non-negative;

And each “=” holds iff κ1 = · · · = κn.



Estimate of Z at a umbilic point if β > 1

For any function F satisfying Condition (∗),

LZ + R(∇Z) ≥ λ′-term+ C-term+ ϵ-term+ Qi(κ)(∇iF)2,

where

Qi(κ) = 2
∂ logF
∂κi

(nκ−1
i − trb)− 2n

β
κ−1

i
∂ logF
∂κi

+
(n + 1)β − n + 1

β
κ−2

i .

If at x̄, κ1 = · · · = κn，then

Qi =
(n − 1)(β − 1)

β
κ−2

i > 0, if β > 1.



Introduce an auxiliary test function W

Define W by
W :=

F
κmin

− β − 1

β
Φ.

Since
trb = κ−1

1 + κ−1
2 + ...+ κ−1

n ,

nW ≥ Z,

and “=” holds iff
κ1 = κ2 = · · · = κn.



Analysis at a maximum point of W

At a maximum point of W, LW ≤ 0 and ∇W = 0.

.Lemma.

..

......

Any maximum point x̄ of W is a umbilic point of M and ∇F(x̄) = 0,

for β > 1 and C ≥ 0 or β ≥ 1 and C > 0, when N = Rn+1;

for β ≥ 1 and C ≥ 0, when N = Sn+1
+ .



Maximum points of W and Z

Z = F trb − n(β − 1)

β
Φ, W :=

F
κmin

− β − 1

β
Φ.

Z ≤ nW everywhere and Z = nW at umbilic points.

If W attains its maximum at x̄, then κ1(x̄) = · · · = κn(x̄).

This implies ∀x ∈ M, Z(x̄) = nW(x̄) ≥ nW(x) ≥ Z(x), i.e.,x̄ is also a
maximum point of Z.

By the analysis of LZ at a umbilic point, there exists a neighborhood
U of x̄ s.t. LZ + R(∇Z) ≥ 0. Since Z(x̄) = Zmax, by the strong
maximum principle, Z is constant in U.

Since Z(x̄) ≥ nW ≥ Z(x), W is also constant in U. Hence, the set of
maximal points of W is an open set.

Due to the connectedness of M, W is a constant on M.



M is umbilic

Since W is constant, by the argument of W at its maximum point, M is
totally umbilic.

From

0 = ∇F = κiḡ(λ∂r, ei)ei,

we see ∂r is a normal direction of M and M is a slice in the warped product.



N = Rn+1 and α small

For F = σα
k , if 2 ≤ k ≤ n and n−1

kn+k−2
≤ α ≤ 1

2
, then

LZ + R(∇Z) ≥ 0.

By the strong maximum principle, we know Z is a constant, this
implies the λ′-term = 0.

When 2 ≤ k ≤ n − 1, λ′-term = 0 ⇒ M is totally umbilic.

When k = n, λ′-term ≡ 0. If 1
n+2

< α ≤ 1
2
, then ∇F = 0, thus M is a

round sphere centered at the origin；if α = 1
n+2

,

Cijk =
1

2
K− 1

n+2 hijk+
1

2
hjk∇iK− 1

n+2 +
1

2
hki∇jK− 1

n+2 +
1

2
hij∇kK− 1

n+2 = 0.

In Rn+1, by Berwald-Pick Theorem, M is an ellipsoid.



Jellet-Liebmann theorem

Jellet-Liebmann theorem: Any closed star-shaped (or convex)
immersed hypersurface in Euclidean space with constant mean
curvature is a round sphere.

Montiel (1999): generalized to a class of warped products. The key
tool is the Minkowski type integral formulae.

Alias-Impera-Rigoli (2013), Brendle-Eichmair (2014), Wu-Xia (2014):
hypersurfaces with constant higher order mean curvature or
Weingarten hypersurfaces in warped products



Alexandrov theorem

Alexandrov theorem: Any closed embedded hypersurface of constant
mean curvature in Euclidean space is a round sphere.
Brendle (2013): generalized to a class of warped product manifolds.
The key steps are the Minkowski type formula and a Heintze-Karcher
type inequality.
Brendle-Eichmair (2014), Wu-Xia(2014): This also works for
Weingarten hypersurfaces.
Kwong-Lee-Pyo proved Alexandrov type results for closed embedded
hypersurfaces with radially symmetric higher order mean curvature in
a class of warped products.

.
Theorem (Brendle-Eichmair 2014)
..

......

Let M be a closed, embedded hypersurface in the deSitter-Schwarzschild
manifold that is star-shaped and convex. Moreover, suppose that
σk = constant. Then M is a slice.



An integral formula

.Lemma.

..

......

Suppose x(M) is a closed hypersurface of M̄. The following equality holds∫
M
{ − (n − k)⟨∇σk, λ∂r⟩+ ((n − k)σ1σk − n(k + 1)σk+1)u

− nR̄νpjp⟨λ∂r, ej⟩σk−1;jp}dµ = 0.

Proof.
Φ := x∗(

∫ r

0

λ(s)ds), u := ⟨λ∂r, ν⟩.

To calculate ∇i(kσk∇iΦ− n ∂σk
∂hij

∇ju) and use the divergence theorem.



Jellet-Liebmann type theorem-I

.
Theorem 4.1 (Gao-M. 2019).
..

......

Suppose that (M̄n+1 = [0, r̄)×λ Pn, ḡ = dr2 + λ2(r)gP) (0 < r̄ ≤ ∞) is a
warped product manifold satisfying

RicP ≥ (n − 1)(λ′2 − λλ′′)gP,

and x : M → M̄ is an immersion of a closed orientable hypersurface Mn in
M̄. If x(M) is star-shaped and satisfies

⟨∇H, ∂r⟩ ≤ 0, (4.1)

then x(M) must be totally umbilic.

Remark. If M has constant mean curvature, Theorem 4.1 reduces to
the Jellett-Liebmann type theorem proved by Montiel (1999).



Jellet-Liebmann type theorem-II

.
Corollary (Gao-M. 2019).
..

......

Under the same assumption of Theorem 4.1, if x(M) is star-shaped and
satisfies

H = ϕ(r),

where ϕ(r) = x∗(Φ(r)) and Φ(r) is a positive non-increasing function of r,
then x(M) must be totally umbilic.

.
Corollary (Gao-M. 2019).
..

......

Under the same assumption of Theorem 4.1, if x(M) is strictly convex and
satisfies

H−α = ⟨λ∂r, ν⟩,

where α > 0 is a constant, then x(M) is a slice {r0}×P for some r0 ∈ (0, r̄).



Jellet-Liebmann type theorem-III

.
Theorem 4.2 (Gao-M. 2019).
..

......

Suppose that M̄n+1 = [0, r̄)×λ Pn is a warped product manifold, where
(P, gP) is a closed Riemannian manifold with constant sectional curvature ϵ

and
λ(r)′′
λ(r) +

ϵ− λ(r)′2
λ(r)2 ≥ 0. (4.2)

Let x : M → M̄ be an immersion of a closed orientable hypersurface Mn in
M̄. For any fixed k with 2 ≤ k ≤ n − 1, if x(M) is k-convex, star-shaped and
satisfies

⟨∇Hk, ∂r⟩ ≤ 0,

then x(M) must be totally umbilic.



Jellet-Liebmann type theorem-IV

.
Corollary (Gao-M. 2019).
..

......

Suppose that M̄n+1 = [0, r̄)×λ Pn is a warped product manifold, where
(P, gP) is a closed Riemannian manifold with constant sectional curvature ϵ

and
λ(r)′′
λ(r) +

ϵ− λ(r)′2
λ(r)2 > 0. (4.3)

Let x : M → M̄ be an immersion of a closed orientable hypersurface Mn in
M̄. For any fixed k with 2 ≤ k ≤ n − 1, if x(M) is k-convex, star-shaped and
Hk = constant, then x(M) is a slice {r0} × P for some r0 ∈ (0, r̄).

.

......

This implies that the embeddedness condition in Brendle-Eichmair’s result
is not necessary.



Jellet-Liebmann type theorem-V

.
Corollary (Gao-M. 2019).
..

......

Under the same assumption of Theorem 4.2, if for any fixed k with
2 ≤ k ≤ n − 1, x(M) is k-convex, star-shaped and satisfies

Hk = ϕ(r),

where ϕ(r) = x∗(Φ(r)) and Φ(r) is a positive non-increasing function of r,
then x(M) must be totally umbilic.

.
Corollary (Gao-M. 2019).
..

......

Under the same assumption of Theorem 4.2, if for any fixed k with
2 ≤ k ≤ n − 1, x(M) is strictly convex and satisfies

H−α
k = ⟨λ∂r, ν⟩,

where α > 0 is a constant, then x(M) is a slice {r0}×P for some r0 ∈ (0, r̄).



Alexandrov type theorem

.
Theorem (Gao-M. 2019)
..

......

Suppose that (M̄, ḡ) is a warped product manifold satisfying conditions
(C1)-(C4). Let x : M → M̄ be an immersion of a connected closed
embedded orientable hypersurface Mn in M̄. If Hk > 0 and x(M) satisfies

H−α
k λ′ = ⟨λ∂r, ν⟩, (4.4)

for any fixed k with 1 ≤ k ≤ n and α ≥ 1
k , then x(M) is a slice {r0} × P for

some r0 ∈ (0, r̄).



Further questions

.Further questions

..

......

...1 What is the asymptotic behavior of the σα
k -curvature flow?More

explicitly, does it asymptotic to a σα
k self-similar solution?

...2 Does σα
k -self-similar solution have a variational characterization

description?

...3 Does the result hold if strictly convexity is changed to k-convexity?

...4 Existence of non-compact complete (k-)convex graph solution to
σα

k -flow?



Thanks for your attention!
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